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BeeaeHue

1. Hacrtosiwee un3gaHve €BRSieTCA OCHOBHbIM OpraHM3auMOHHO-METOANYECKUM [OKYMEHTOM
y4ebHO-MeToaNYEeCcKoro Kommnnekca no AMCUMMNIMHE B COCTaBe MporpamMmbl NOArOTOBKU CNeuuanucToB
cpeaHero 3BeHa (MMNCC3). OHo npegHasHa4yeHo cTaTb ANA HUX MeTOOAUYECKOM OCHOBOM MO OCBOEHUIO
AAHHOW OAMCUMMIVHLI.

2. CopepxaTenbHOM OCHOBOW s pa3paboTkM HacTosILEero mM3gaHus nocnyxuna Pabouas
nporpaMmma y4ebHOW AMCLUNMMHBI, YTBEPXKOEHHAsi B YCTaHOBNEHHOM NOpPSAKE.

3. MeToanyeckue acnekTbl HaCTOALLErO M34aHUA pa3BuTbl B y4ebHO-MeToaMYecKon nurepaType
n opyrux paspaboTtkax, Bxoaswmx B coctas YMK no gaHHon gucumnnuHe.

4. Joctyn oby4alolmxca K 3MeKTpOHHOM Bepcum MeToamyeckux ykasaHuin MO U3YYEeHUHo
ancuunnuHel, obecneyeH B MHpopmaLnoHHO-obpa3oBaTenbHOW cpeae yHuBepcuTeTa.

Mpy 3TOM B 3NEKTPOHHYHO BEPCUIO MOTYT ObiTb BHECEHbI TEKYyLIME U3MEHEHUs U OOMNOSNHEHMS,
HanpaBlieHHble Ha MOBbILEHNE Ka4yecTBa HACTOSALLIMX METOOUYECKMX YyKasaHWiA OO0 MX nepeusgaHusi B
YCTaHOBMEHHOM NOpPSAKeE.

YBaxaemble obyyvatowmecs!

Mpuctynas Kk u3yyeHuto HoBOM Ans Bac yyebHOW AMCUMNAWHBI, HaYyHWTE C BAYMYMBOIO
npoyteHus paspabotaHHbix Ans Bac cneumanbHbiX MeTOAMYECKMX YKasaHui. ITo nomoxeT Bam
BOBPEMSi NMOHATb U MPaBUbHO OLEHUTL ee porb B Bawem obpasosaHuu.

O3HakomMuBLUNCH c OpraHn3auMOoHHbIMM TpeboBaHUsIMU oTaeneHns cpegHero
npodeccuoHansLHOro 06pasoBaHMs No 3TON AUCLUMNIIMHE U COU3MEPMB C HUMU CBOM CUMbl, Bbl cmoxeTe
caenaTb OCO3HaHHbIV BbIBOP COBCTBEHHOW TaKTUKM M cTpaTernn y4ebHom gesTensHocTH, ybepeyb cammx
cebs OT Hepa3yMHbIX peLUeHWIn MO OTHOLLEHMIO K HEN B Havane cemMecTpa, a He Toraa, Koraa yxxe ctaHeT
nosgHo. Mcnonb3ysa 310 M3gaHue, Bbl 6€3 AONOMHUTENbHBIX OCMOXHEHUIW nodonaeTe K CeMecTpoBOW
aTTecTauum nNo 3Tol gUcuMniMHe. YcnewHocTb aTTectaummn 3aBncuT, npexae Bcero, oT Bac. Ee sanor —
pUTMUWYHAsA, uUeneHanpaBfeHHas, BAyMumBas yyebHas paboTta, B uendx obecneyeHuss KOTOPON K
pa3paboTaHbl 3T MeTOAMYECK e YKa3aHus.



1. MaTtepuanbl No TeopeTUYECKON YacTU AUCLUNIIUHBI
1.1. UndopmaumnoHHoe obecneyeHue obyyeHus
MepeyeHb pekoMeHOyeMbIX y4ebOHbIX usgaHun, UHTepHeT pecypcoB, OOMNONMHUTENbLHOMN
nuTepaTtypbl, CNPaBOYHbIE U OONOJNIHUTENbHbIE MaTepuanbl No AUCUUNIINHE
OcHOBHbI€e NneYvyaTHble U3aaHuA
[NeyaTHbIX U3gaHUI HET

OcHoBHbBIE 3JICKTPOHHbIC U3TAHUA

OapasaH A. A. MatemaTtuka : yuebHuk / A.A. JapgasH. — 3-e naa., ucnp. n gon. — Mocksa :
NHOPA-M, 2024. — 544 c. — ISBN 978-5-16-012592-3. - TeKCT : anekTpoHHbIN. - URL:
https://znanium.ru/catalog/product/2132236 — Pexvm goctyna: Ang aBTopus. nonb3oBaTenem.

BapaywkuH B. B. MatemaTuka. OnemMeHTbl BbiCLLEN MaTeMaTukn: yuebHuk: B 2 1. T. 1/ B.B.
BapaywkuH, A.A. MNMpokodbeB. — Mockea: KYPC: UHOPA-M, 2024. — 304 c. — ISBN 978-5-906923-05-
9. - TekcT : anekTpoHHbIN. - URL: https://znanium.ru/catalog/product/2135282 — Pexum goctyna: ans
aBTOpPKM3. Nonb3oBaTeNeN.

BbapayuwkuH B. B. MatemaTuka. OnemMeHTbl BbiCLUEN MaTeMaTUKX: y4ebHuk: B 2 1. T. 2/ B.B.
BapaywkuH, A.A. MpokodbeB. — Mockea: KYPC, UHOPA-M, 2024. — 368 c. — ISBN 978-5-906923-34-
9. - TekcT : anekTpoHHbIN. - URL: https://znanium.ru/catalog/product/2145214 — Pexum gocTyna: ons
aBTOpM3. Nonb30oBaTENEN.

JlonmoJIHUTEeIbHbIE HMCTOYHUKH

HapasH A. A. CoopHUK 3agad no matemaTtuke : y4ebHoe nocobue /dagasH A. A. - 3-e 3. -
Mocksa : ®opym, MHOPA-M, 2021. - 352 c. - ISBN 978-5-91134-803-8. - TeKCT : aNeKTpOHHbIN. - URL:
https://znanium.com/catalog/product/1362444 — Pexxum gocTyna: A4S aBTopu3. nonb3oBaTenen.

lN'ycea A. WN. nckpeTHasa maTtematuka : ydebHuk / A.W. lN'yceea, B.C. Kupees, A.H. Tuxomuposa.
— Mockea : KYPC: UHOPA-M, 2022. — 208 c. — ISBN978-5-906818-21-8. - TEKCT : 3NEKTPOHHBbIN. -
URL:https://znanium.com/catalog/product/1796823 — Pexxum gocTtyna: Ans asTopus. nonb3oBatenen.

KoraH E. A. Teopusi BeposATHOCTEN M MaTteMaTtnyeckasi ctatuctuka : yuedHuk / E.A. KoraH, A.A.
FOpueHko. — MockBa : MHOPA-M, 2024. — 250 c. — ISBN 978-5-16-015649-1. - TEKCT : 9NEKTPOHHbIN. -
URL: https://znanium.ru/catalog/product/2078388 — Pexwum goctyna: Ans aBTOpu3. Nofib3oBaTenen.

CpenHee npodpeccrnoHansHoe obpasoBaHme : TEOPETUYECKUIN N HAYYHO-METOANYECKMI XypHan /
MuHucTepcTBO 06pasoBaHus n Hayku Poccuiickon ®egepauun. - Mockea. - ISSN 1990-679. — TekcT:
HenocpeaCcTBEHHbIN.

"eomeTpus u rpadpurka: Hay4yHo-meTogmMdeckum xypHan. — Mocksa. -ISSN

2308-4898- TekcT anekTpoHHbIn. - URL: https://znanium.com

1.2. TemaTU4ecKui NfaH TEOPETUYECKOro oGyyeHus

Ne n/n HaumeHoBaHue pa3genos, TeM U cogepxaHue yye6Horo matepuana
1 2
BeepeHue 3HayeHne MaTemMaTukn B NPoheCcCUOHanbHOM AeATENBHOCTM U NPU OCBOEHUN

nporpamMmmbl NOAroToBkKM cneunanncTtoB cpegHero 3aeeHa

Pasgen 1. MaTemaTuyecku aHanus

Tema 1.1 MpounsBogHasa 1 eé npunoxeHue

CopaepxaHue y4yebHoro matepuana

OnpegeneHune nponssogHoun. Teopembl guddepeHumpoBaHus. NMponssogHbie
arieMeHTapHbIX (YHKUUKU. MexaHuyeckuih CMbICST BTOPOW MPOU3BOAHOW.
BospacTtaHve u ybbiBaHne dyHKUUKU. JKCTpeMymbl yHKUMK. Hanbonbluee u
HaumeHbLlee 3HavyeHre pyHkumn. ObLias cxema ncecnegoBaHms yHKUUK

Tema 1.2 OuddepeHumanbHoOe ncuucneHue

CopepxxaHue y4ebHOro marepmana

eomeTpuyeckmii cmbicn npou3BogHon. OuddepeHumnan dyHkumn. Tabnvua
anddepeHumnanos. [MNpumeHeHne auddepeHunana ans NpUONMKEHHbIX

BbIYNCIIEHUNA. MapameTtpuyeckoe 3afaHve PyHKLUNN " eé
anddpepeHuuporaHme. CeorcTBa auddepeHumpyeMbiX QYHKLMA.
Tema 1.3. UHTerpanbHoe ucuncneHuve

CopepxxaHue y4ebHOro marepmana

MNepBoobpasHas pyHKUUA U HeonpeaeneHHbIN uHTerpan. OCHOBHble MeTOAbI
UHTerpupoBaHus.  WHTerpvpoBaHue  ApOOHO-pauMoOHanbHbIX — OYHKLWIA.
WHTerpupoBaHune TPUTOHOMETPUYECKMX BblpaXKeHUM. MoHaTne
onpegerneHHoro  uHTerpana. OCHOBHble  CBOWCTBA  OMNpPeAeneHHoro
nHTerpana. MNMpubnwkeHHoe BblMMCIIEHNE ONPEAENEeHHOro nHTerpana.
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https://znanium.ru/catalog/product/2135282
https://znanium.ru/catalog/product/2145214
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Paszgen 2. OCHOBbI AUCKPETHOW MaTeMaTUKN

Tema 2.1 BBeaeHue B TeOpUIO MHOXECTB

CopepxaHue y4ebHOro marepmana

[NoHATne MHOXecTBa M cnocobbl ero 3agaHus. MNogmHoxecTtsa. Onepaumn
Hag MHOXecTBamu. CBOMCTBA onepauuin Hag MHOXeCTBaMU. YNopsaoYeHHble
MHoOXecTBa. psiMoe nponsBegeHne MHOXECTB.

Tema 2.2 BeepgeHune B Teopuio rpacoB

CopepxaHue y4ebHoOro marepmana

OcHoBHble noHATMS. Cnocobbl 3agaHua rpadoB. Yactu rpadgoB. Onepaunm
Ha rpadgpax. CBsiI3HOCTb B rpadax v AepeBbs.

Pasgen 3. QnemeHTbl NIMHENHOMW anrebpsbl

Tema 3.1 OCHOBHbIe cCBeAeHUs 0 MaTpuuax

CopepxaHue y4ebHoOro martepmana

Onpenenenve wmatpuubl. [elctBus Hag Matpyuamm M BEKTOpaMW.
Onpepenutens matpuubl. CBoWcTBa onpefenuTenein U ux BblYUCIIEHME.
O6patHasa maTtpmua. ObpalleHne MaTpul, BTOPOro U TPETLErO MNOPSIAKOB.

Tema 3.2 PelwieHne cMcTemM NMIMHENHbIX YPaBHEHUN

CopepxaHue y4ebHOro marepmana

PelleHne npocTenunx mMaTpuUdHbIX ypaBHEHNN. PellueHne CUCTEM NIMHENHbIX
ypaBHeHuUn no copmyrnam Kpamepa. PelleHne CMCTEM SIMHENHbLIX YpaBHEHUI
meTogom [aycca.

Pazgen 4. OcHOBbI TeoOpUn KOMMINEKCHbIX Yncen

Tema 4.1 OCHOBbI TEOPUWN KOMMNJIEKCHBbIX Yncen

CopepxaHue yyebHoOro matepmana

Onpe,qeneHme KOMMMEKCHOro Yncna. [enctensa Hag KOMMNeKCHbIMU Ynucrnamu.
nOJ'IFIprIe KoopAuHaTbl TOYKM Ha NJTOCKOCTU.

Pasgen 5. dnemeHTbI Teopun BepOﬂTHOCTeFI M MaTeMaTUYeCKON CTaTUCTUKU

Tema 5.1 OCHOBHbI€e NMOHATUA TEOPUN BEPOSATHOCTEN

CopepxaHue yyebHoOro marepmana

OcHOBHble  MOHATUA  KOMOMHaTOpuKkN.  OCHOBHbIE  MOHATMS  Teopun
BeposaTHocTen. Onepaumm Hag cobbituamu.  Cny4variHble  BEMUYUHBI.
MaTtemaTtnyeckoe oxunaoaHue.

Tema 5.2 AneMeHTbl MaTeMaTU4YeCKOM CTaTUCTUKN

CogaepxaHue y4e6HOro Mmatepuana

[ToHaTMEe O 3aga4ax MaTtemMaTu4yeckom  CTaTUCTUKN. "eHepanbHas
COBOKYMNHOCTb 1 Bblbopka. OueHka napameTpoB reHepasnibHOM COBOKYMHOCTM
no eé Bblbopke. [loBepuTenbHble NHTEPBAnbI AN NapameTpoB HOPMalibHOro
pacnpegeneHnus. NpoBepka cTaTucTndecknx runotea. JInHerHas koppensums.

2. MaTepuanbl N0 NPaKTUYECKMM 3aHATUAM

2.1. MpaKTnyeckme 3aHATUSA MO KYpPCy U NOAroToBKa 00y4aloLerocs K HUm

B xode npakTU4ecknx 3aHATUI, Kak OofHOW M3 (hopM cucTemaTudeckux y4eOHbIX 3aHATUN,
obyuvaroLmecsa NnpnobpeTaroT HEOOX0OUMbIE YMEHMS U HABLIKM MO TOMY UMW UHOMY pasgeny ANCLMNINHGI
«MaTtemaTtnyeckne meToapbl peLleHns npuknagHbix NpoeccnoHanbHbIX 3agayy.

Ob6wme Lenu nNpakTMYecKoro 3aHsTUsS CBOOATCS K 3aKpPEensieHn0 TeOPEeTUYECKNX 3HaHUn, Gonee
rmyboOKOMY OCBOEHMIO YXKE UMERLMUXCS Y 0OydaloWmMxca YMEHMIA M HABbIKOB M MPUOOPETEHUIO HOBLIX
YMEHUI 1 HaBbLIKOB, HEOOXOAUMbBIX UM AN OCYLLECTBIIEHNSI CBOEW NpoeCcCUoHansHon AeaTenbHOCTU U
COCTaBnALWUX KBannmrkaunoHHble TpeboBaHUsA K cneumanmcry.

OCHOBHbIMU 3a4a4aMn NPaKTUYECKUX 3aHATUI ABNSAOTCA:

* yrnybneHve TeopeTUYECKON U NPaKTUYECKOWN NOATOTOBKMY;

* pa3BuTUE MHMLMATMBBI U CAMOCTOSATENBHOCTU 0OYy4YaloWMXCA BO BPEMS BLINOSIHEHUSI UMW NPAKTUYECKMX
3aJaHunn.

MpuMepHble npakTUdeckMe 3afaHus ONs YCMELHOro OCBOEHWs pas3fernoB Y4eOHOM AMCUUNIWHLI,
KOTOpble pPEKOMEHAOBAHO WU3y4YNTb WU  BbIMOMHUTL HeobOXoaumble OEWCTBUST COOTBETCTBEHHO
METOAMNYECKUM YKa3aHUAM U peKOMeHAaLNsM.

PA3[EJ. MatemaTuiyeckumn aHanu3
MpousBogHasa n eé npunoxeHus
MpounssogHaa yHKUMW. [Mpon3BOAHbIE OCHOBHLIX 3feMEeHTapHbIX (yHKUUN. [ponsBogHbIe
CnoxHou un obpatHon yHkumn. [lpousBogHble norapudmMmmyeckux  yHkumin. [MpomsBoaHbie
nokasaTenbHbIX (PyHKUMA. [1pon3BoaHbIE TPUrOHOMETpUYEcKnx GyHKuun. WccnepoBsaHue dyHKUMNU C
nomoLLblo nNpoussoaHon. OCHOBHbIE POPMYMbl MHTErpUpPOBaHUS. HenocpeacTBEHHOE UHTErpMpoBaHue.
WHTerpupoBaHue mMeToaoM 3ameHbl nepemeHHon. OnpefeneHHbIn MHTerpan n ero HenocpeacTBeHHoe
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BbluMCrieHne. BblumcneHve onpegeneHHoro uMHTerpana mMeTogoM 3aMeHbl MepeMeHHon. Bbluucnenue
nrowaan nNnockon gurypel.
MpakTuyeckne paboTbl: HaxoxdeHue npou3eodHbIX yHKUuU. UccnedosaHue ¢hyHKUUU C MOMOWbIO
npou3soOHolU u nocmpoeHue epahuko8 hyHKUUU. BbelyucrieHue HeornpedeneHHbIX UHMezaparsos.
BbiyucrnieHue onpedeneHHO20 uHmezpana.
MeToaunyeckue ykazaHus

lMoHATME npOu3BOAHOM SABNAETCA OAHMM M3 (yHOAMEHTaNbHbIX MOHATMA MaTemaTtukn. MHorue
3aja4yM Kak camor MaTemaTuKu, Tak U eCTECTBO3HAHUS U TEXHWUKN MPUBOAAT K 3TOMY NOHATUIO.

Mepen Tem kak 3anucaTb NOHATUE NMPOU3BOAHOW PEKOMEHOYETCS PACCMOTPETL (OU3NYECKYHO 3afady
0 HEpPaBHOMEPHOM ABWKEHWUM U €r0 CKOPOCTU, KOTOpasi MPUBOAMNT K NOHSATUIO NPON3BOAHOMN.

» x
MpounsBoaHomn yHkuMM f(x) B Touke 7 HasbiBaeTCs Npeaen OTHOLEHWS NpupalleHns yHKLUK K

Af(x
F'(x ;.]' .11.,11 M
npupaLleHuto aprymeHTa, ecnv npupatleHme aprymeHta CTpemMmTcs K HyIto, T.e. =0 Ay
Onepaumnsa HaxoxAeHWs NPoM3BOAHON Ha3biBaeTcs anddepeHunpoBaHnem yHKUMN.

FEOMETPUYECKWUIXA CMbICI NPOU3BOAHOM
MpoussogHass dyHKUMKM f(x) B TO4ke IJpaBHa yrnoBomy KoadUUMEHTY KacaTeNbHOW,

NpoBeAEeHHON K rpadunky AaHHOM OYHKLMWM B ero Touke ¢ abcuuccon '13, T.e. f o )=k=tga. B atom
3aKN04aeTCs reoMeTpuYeCKnim CMbICI NPON3BOAHOWN.

¥y =S (g Xx=xg) ypaBHEHWe KacaTenbHo
®U3NYECKUU CMbICN NPOU3BOOHOW
MrHoBeHHas CKOPOCTb MPAMOMNWHENHOrO ABWXKEHWUS MaTepuarnbHON TOYKUM B MoBON MOMEHT
BpemMeHu t ecTb Npon3BoaHas OT NyTU S MO BpeMeHn t:

as

V(t)=s'(t)= dl | B 3TOM 3aKMIOYAETCS MEXAHUIECKUN CMbICH NpPOW3BOLHOW.
YckopeHue a(t) npsaAMONMHENHOIO ABMXEHUA MaTepuarnbHOW TOYKM B MOMEHT BpeMeHu t paBHO
nepBov NPON3BOAHON OT CKOPOCTU MO BPEMEHM UM BTOPOW MPON3BOAHOM OT NyTW MO BPpeMEHH, T.e. a(t)=

£= d*s
v(h=dt  dt’

NPABUNA OUO®DPEPEHLIMPOBAHUA
Ecnu y dpyHkumm u(x) n v(x) cywecTByoT NPOM3BOAHbIE, TO

1. (u+v)' = u'+v' 3. (uv) = u'v+uv'
2.(cuy=cu 4. (uvy=(uv-vu)ve (v* 0)
NMPOU3BOAHBbIE ANEMEHTAPHbIX ®YHKLUUA
PyHKUUNSA NMpounsBogHas
fx)=c ¢'=0, ¢ - const
=« (x) =™
f(x) =" €)' =¢
f(x) = a* (@)'=a‘lna
1
f(x) = In x -
(nx)'= *
1
f(x) = logax
(l0gaX) I_xlnea
f(x) = sin x (sin x) ' = cos x
f(x) = cos x (cos x)'= - sin x
|
f(x) =tg x -
(tgx)'= cos” x
1
f(x) = ctg x 5
(ctgx)'=-sm”x
1
f(x) = arcsin x T
(arcsin x) /= 1= X"




1
f(x) = arccos x T/
(arccos x) /= - 1= x7
1
f(x) = arctg x -
(arctgx) /= 1+
1
f(x) = arcctg x -
(arcctgx)'=- 1+ x°
NMPON3BOOHAA CITOXHOU ®YHKLIA
Ecnu y = f(g(X)) ¥ CyLLeCTBYIOT NPOU3BOAHbIE Je £ 10 v: = I g;-’ roe MHOEKChbl g U X

YKa3bIiBakT, NO KaKOMYy aprglmeHTy BbIHUCIAKOTCA NPOU3BOOHbIE.
Mpumepst: 1. (3x4) = 3-4x° = 12x°
2. (5x*+8x-10)'=(5x%)'+(8x)-10'=5-2x+8-0=10x+8
3. ((x2-x)(5x-8)2'= (x*-x)"(5x-8) + (x*-x)-(5x-8)'=(2x-1)(5x-8)+(x*-x)5= 10x*
5x= =15x"-26x+8
(ja ) et )-2 (% 41)
4 \x%+1) (22 +1)2 T (xZ+1)?
5. (sin(2x+1))’=sin’(2x+1) (2x+1)= 2cos(2x+1)

21x+8+5x°-

x*+3x°

S 1
|Vsinx | = ———
6. ~ 24fsinx

. (‘El.tj r—_ EB.J: (3")- — 363.1'

COosXx

Z-jsmx  (sin x >0)

sinx) =

. cosx
Asmx) = =

[Insinx]) =
8. 111 % BI01 X
9. @)/ =" (xInx)'=e™*(Inx +1) (x>0)

ctgx
(sin x >0)

. . , 1 , 2{2x-2) _ Ax2
10(2In(x* = 2x)) = 2(In (x" = 2x)ympx2 _ax(X° — 2X)= w2 _2x  x2_2x
3apaHuAa npakTuyeckom paboTbl

Bonpockl AnA caMOKOHTpons

1. daniTe onpegeneHne npon3soaHon yHKUUN.

2. Hanvwute Bce dopmynbl AnddepeHLnpoBaHus.

3. Oavite onpegeneHne crnoxHon yHKUMKU. Kak HaWTu ee Npon3BoaHY0?.
HanpguTte npounsBogHbie (PyHKLMNA:

y=sim(7x-1) v =cos(4x + 5)

vy =(6x-5)* v =(0.5x¢" +3)°
y=smnSx+1g3x ¥ = cos x*
y=cos'x v = In(cosx +6x)
y=In(2x" +7) y=gM

y=In’(2x +5) y =2 4y
v=(dx-1" v =sin’ x
y=(8x+3) y=03x"+5x?-8)°
v =6sin3x

v = arctex’

Tewma. Npasuna guddepeHumpoBaHms.

Lienb: npoBecTn ANarHoCTUKY YCBOEHMUSI CUCTEMbI 3HAHUIA Y YMEHUI BbIMOSMHATL 3a4aHUst

3apaum: BbISBUTL YPOBEHb YCBOEHMWS 3HAHWUIA yYaLLMMMICS.

MHCTpyKLMA NO BbINONIHEHUIO PaboThbl

Ha BbINoOMnHeHMe KOHTporbHOM paboTbl No matemaTtuke gaetca 90 muHyT. PaboTa cocTouT n3 2 yacten u
cogepxut 18 3agaHun.

YacTtb 1 cogepxuT 10 3aganHmii (A1 — A10) 6a3oBoro ypoBHs No matepuany pasgena «lpoussogHas u ee
npuMeHeHne» 1 oueHuBaeTcs B 2 6anna.



YacTtb 2 conepxuT 2 6onee crnoxHbix 3aganuin (B1, B2) no matepuany pasgena «llponssogHas n ee
npuMeHeHne» 1 oueHnBaeTcs B 5 6annos.

Mpu BLINOMHEHWM BCEX 3aaHUi HYXXHO 3anucaTtb NofHoe pelleHne n otBeT. CoBeTyeM Anst 93KOHOMMUM
BPEMEHM NMponyckaTb 3agaHne, KOTopoe He yaaéTcs BbINOMHUTL Cpa3sy, M NepexoauTb K criegyowiemy. K
BbINOMHEHMIO NPOMYLLEHHbIX 3aJdaHU MOXHO BEPHYTbCS, ecnu y Bac ocTtaHeTcst Bpems.

3a KaXXabl NpaBWibHBIN OTBET B 3aBUCUMOCTU OT CITOXXHOCTW 3agaHus aéTcsi OT OQHOMo A0 YeTbIpex
6annoB. bannel, NonyyYeHHbIe BaMn 3a BCe BbINOMHEHHbIE 3aaHusl, cymmupytoTcs. lNocTapantech
BbIMOSTHUTB KakK MOXHO BonblLue 3agaHunii U HabpaTb HanbornbLLee KONnM4ecTBo Gannos.

BapuaHT 1

R
A1. Hangute nponsBogHyt0 yHKL MM y=4x .
1) 12x° 2)12x 3) 4x° 4) 12x°
A2. Hangure nponsBogHy0 yHKLUN Y= 6x _11.
1) -52)11 3) 64) 6x
x-—1
y=—
A3. Hangute nponssBogHyo yHKUMM X
1 x-1 2x+1 1
T2 T2 T2 2
1) X 20X 3 X gX
y=xSinx

A4. Hangute nponsBoaHyt0 yHKL MK

1)SIN X—XCOS X ) SIN X+ XCOS X 3 COS X 49 X + X COS X

2 -
. y=Xx +SINX B TOYKE Xg=7
A5. Hangute nponsBogHyto doyHKL MM .

2
x* 3x?
y="— 42k
AB. Bbluncnute 3HayeHe Npon3BoOAHON OYHKLMK 2 2 B TOYKE X,=2.
1)102) 12 3)8 4) 6
y=sin(3x+2)

A7. Hangure nponsBogHyo yHKLUN

) cos(3x+2) ) —3c0s(3x+2) ) 3cos(3x+2) N —c0s(3x+2)

— 22 _
A8. BbluncnuTe 3HaveHne npoussoaHoON pyHKLMUM y= 3x 12\/;
nat 2)24 30 4)3,5

B TOYKe X,= 4.

yzitg(4x—7z)+%

A9. Bbluncnure 3HayeHne npom3BoaHON OyHKL MK

T /A V4

xo = — J— I

BTOYKE 4 . 1)2 2) 4 3)4 4) 2
y=x’cosx

A10. Hangute npon3BoaHyto dhyHKLNN
1) 2XSIN X 5y —2xSIN X 3) 2xCOS x +x° SiN x 4) 2xCOS x — x” SiN X

y=1442x—3 B TOUKE X,= 26.

_x=2

B1. Bboluucnure 3HauyeHue NnponsBogHON PyHKLMK

y

2
B2. Hanaute 3HaveHue X, Npu KOTOPbIX NponsBogHas pyHKLMM X pasHa 0.
BapuaHT 2

y=-Xx
A1. Hangute nponsBogHyt0 yHKLMMK 3



1
6 5 % : 5
1) 2X 2) 2x 3) 3 4) 6x

A2. Hangure nponsBogHy0 yHKLUN Y =12-5x .
1) 72)12 3) -54) -5x
x+3
y =
A3. Hangure nponsBogHyo yHKLUN X
3 2x-3 3 3
222
nx 2 X 3 X4 X
y=X COSx

A4. Hangute nponsBogHyt0 yHKL MK

1) COS X — XSIN X 5 COS X + XSIN X 3) —SIN X 4y X —SIN X

T
y=x"+COSX BTOUKE X,=—
AS5. Hangute nponsBogHyto doyHKL MM 2

V/
) -

1)72' -1 2)7Z'+1 3)2 4)72'—1

x®  5x°

y="——T" 43y
AB. Bbluncnute s3HayeHe Npon3BoaHON OYHKLMK 3 2 B TOYKE X,=2.
1) 13 2)3 3)8 4) 27
y =cos(5x—-2)

A7. Hangute nponsBogHyt0 yHKL MK

) —2sin(5x—2) ) —5sin(5x-2) ) 5sin(5x—2) N sin(5x—2)

A8. Bbluncnute 3HayeHe Npon3BoaHON OYHKLMK X B TOYKe 4 .
1) -47 2) -49 3) 47 4) 11,5

y :1+ctg(2x+7z')

A9. Bbluncnure 3HayeHne npom3BoHon OyHKLMK

T 1
Xg=—— ——

BTOYKE 4 . 1)2 2)-1 3) -2 4) 2

— 2 oj
A10. Hangute nponsBogHyto yHKLNN y=x Slnx.
1) 2XCOS X 5y 2x5iN x — x* COS x 3) 2xSiN X + x° COS X 4y —2XCOS X

y=30v4-3x

B1. Beluucnure 3HavyeHne nponsBogHoON pyHKLUMK B TOYKE X,= -7.

X+2

y=-"7
B2. Hangute 3HaveHue X, npu KOTOPbIX NponsBogHas pyHKLMM X pasHa 0.
OTBeThlI:
BapuaHT A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1 B2
1 1 3 4 2 3 2 3 1 1 4 2 4
2 2 3 3 1 4 1 2 2 3 3 -9 -4
A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1 B2
1 1 1 1 1 1 2 2 2 2 3 3
«2» «3» «4» «5»
0-10 6. 11-14 6. 15-17 6. 18-20 6.

MCCNEQOBAHUE ®YHKLWXU C NOMOLLbIO NPOU3BOOHON
Cxema uccre@ogaHusi pyHKUUU C MOMOWbIO POU380OHOU:




. Haitn obnactb onpeaeneHms yHKUMY;

. BbiacHuTb, aBnaeTca N gaHHaa PyHKLMS YEeTHOW UM HEYETHOW; NEPUOANYECKON;

. BbisicHUTb kOOpaMHaTBI TOUEK NepeceveHmns rpadmka yHKUNM C OCAMUN KOOPAMHAT;
. Hantn nponssogHyto;

. Hantn kputnyeckne Toukuy;

. Haitn npomexxyTkn BospactaHus n yobiBaHUs;

. Hanitu Touku skctpemyma yHKUMM U BBIYUCAINTL 3HAYEHUS OYHKLUMU B 3TUX TOYKAX;

. MoctpounTb rpaduk pyHKLMK.
ke V=xVvl-x

1. Hanpem o6GnacTtb onpegenexnst 3agaHHon pyHkumm: 1 —x 20, x=—-1,x< 1.
2. Onpegenum HanMyne acumnToT.

ONOO O WN =

Mpumep: UccnepoBaTtb (hyHKLUIO U NOCTPOUTL rpachu

a) BepTUKaNbHbIX acUMNToT HeT, Tak kak limxyv1—x =1-4/1-1=0.
x—1
. y=kx+b
©) ropnsoHTanbHbIE UMW HaKNOHHbIE aCMMNTOTLI ONPEAENstoTCH YPaBHEHUEM : .
Bbluncnmm koadgpuumeHTbl K 1 b:
oxJl-x . J—x
k=lim———=IlimJ1-x =—0
X—0 X X—>0
, CregoBaTenbHO, TOPU3OHTAaNbHbIE WM HAaKMOHHbIE acMMNTOThI
OTCYTCTBYHOT.
3. Bbluucnum Touvkn nepeceveHuns rpaduka yHKUMM C OCAMM KoopAauMHaT M uccnegyem pyHKUmMo Ha
YETHOCTb.

Ecnmy=0,10Xx=1wnmmx =0, 1o ectb umeem (1,0), (0, 0) — TOUkM NepeceyeHnsa ¢ o0CAMU KOOpPAMHAT.

y(— x)z —x,/l—i—xi = —xJl+x # y(x);t —y(x).

[MpoBepum YeTHOCTb PyHKUNK:
3HauuT, gaHHasa OYHKUMS He SBMSEeTCS YeTHOM M He ABNSAETCA HeYeTHOW, TO umeem yHKumio obLiero

BUaA.
!

4. NccnepyeM MOHOTOHHOCTbL (PYHKLIMM C MOMOLLbIO y .

y':(xm), :(x)’ -\/E+x-<\/g)' =1-E+x-f(l—x), =

1 ! ! 1 1
- Hmm(m —(x)j=\/E+x-m(0—l):\/m+x-—2m(—l)=
Y 1 _fa-_* _ZE\/E—xZZ(\/E)Z—XZZ(l—x)—x:

21— x 21— x 21— x 21— x 21— x
_2-2x-x  2-3x

C21-x  21-x

2-3x=0, =3 x=-2,x=2,

ZE # 0 ans Bcex x U3 o6nacTv onpeaeneHus.

y| + -

y ,//qu;\& 1 >0
Ha tex nHTepBan: , PyHKUMA Bo3pacTaeT. [1oaTomy
WHTepBarn Bo3pac X dyHkumm: (%5; 1) . B Touke x = %4
DYHKLIMSA NPUHNM: (+) max HayeHue:

v (A2 /1_z_zﬁ_z.i_z.i£_z£_£
"33 3 3V3 343 3.3 3 3 3 9

5. CTpOMM rpaq)m( d)yHKLI,I/IM, OTMEeTMB TOYKY SIKCTpeEMYMa N TOYKN nepeceyvYeHna C OCAMU KoopanHaT.
YTOYHUM BUA rpacpMKa npu noMoLwn ONOJTHUTESIbHbIX TOYEeK:

y(0)=0-v1-0=0;

10



y@) =1/1-1=0;

05 05

3apaHuna npakTuyeckomn paboTbl (Mo BapuaHTam)
OnpegenuTb NPOMEXYTKM MOHOTOHHOCTM (OYHKUMM (a, b) no obpasuy, uccnegosatb (MYHKUMIO U
nocTpouTb rpacmk yHKLMM (C) MO cXxeme UccregoBaHus.

1. a) y = (x-3) (x-2), b)y:x4 —8x° -9, c)y:l/3 x> — 2x% -5;

2. a)y:x3—3x2+2,b)y:xs—x3+x+2, c)y:8x3—4x2+3;

3. a)y:(x2+x2 (x-2), b) y =5 x> —4x , ¢) y = 6x°— 2x —41;

4. a)y=x"=x"+8, b)y=x>x*+x+2,¢) y=-2+x—4;

5. a)y=3x—6x+5b)y=3x"+4x>+1,c) y=3x°— 4x + 5;

6. a)y:4x4—2x2+3, b)y:2x3+3x2—12x+1,c)y:8x3—x2+7x—2;
7. a)y=x'—10x*+9,b)y=x>x*+x+2,¢)y=-7x°+xX* = 3x — 1;
8. a)y=x'—4x>-8x°* + 3, bgy:3X3—9x2+2,c)y:x3—4x2+3x+1;
9. a)y:x5—x2+8,b) y:x/3+2x2—5x+4,c)y:-5x3+6x2—3;
10. a)y:x3—3x2+2, b)y:xs—x3+x+2,c)y:8x3—4x2+3;

11. a)y:x3—3x+2,b)y:2x3+3x2—1,c;y:6x3—8x+21;

12. a)y:x(x2+ 3x + 2), b)y:x4/4—2x2— 14, c)y:2x3—4x+7;

13a)y =15 x*=%20x* =12 x, b) y =x* =3x* + 2, €) y = 7x°— 2x° + 3x — 1;
14a)y=x-3+2,b)y=xx*+x+2,¢)y=8x>—4x*+ 3.

Tema. UHTEIPAIbI
Kaxxgomy  maTemaTudeckoMy  OEWCTBUIO — COOTBeTCTByeT obpatHoe emy genctBue. [Ons
anddepeHUnpoBaHusa cyllectsyeT obpaTHoe OeWCcTBME — WHTerpuvpoBaHue. HyxHO pasobpaTbca B
onpegeneHnn nepsoobpasHon And  yHKuMm  f(X), MOHATb HEOOHO3HAYHOCTb  HaxoXAeHus
nepsoobpasHoOn, a 3aTeM crneayeT M3yduTb OnpefenieHve HeonpeaeneHHoro WHTerpana, OCHOBHblE
CBOWCTBa HeonpeaeneHHoro nHTerpana.

NMEPBOOBPA3HAA
®yHkuma F(x) HasbiBaeTcs mepBooGpa3Hom Ansd dyHkumm f(x) Ha gaHHOM npomexyTke, ecnu Ang

nMo6oro X U3 3TOro NPOMEXyTKa F0x) = (2| ynm, uto To xe camoe, dF(x) = f(x)dx.
I'I|23v|M/ep. MepBoobpasHon ana dyHkumm f(x) = X Ha Bcen Yncnoson ocu aenseTcsa F(x)= x°12, MOCKOMbKY
(x°12) "=x.

OCHOBHBIE CBOUCTBA NEPBOOEBPA3HbIX
Ecnu F(x) — nepsoobpasHas dyHkumm f(x), To n dpyHkumsa F(x) + C, rae C — nponsBonbHas NOCTOAHHAS,
Takke sBnseTcd nepsoobpasHon dyHKUMM f(X).
TEOMETPUYECKAA NHTEPIMPETALINA

/\/ Mpadukn Bcex nepBoobpasHbIX OOHOM U TOW e
/_\_/ dyHkuMn f(x OyayT nonyyatbCs OOAWH W3  LpYroro
,\/ napannenbHbiM nepeHocom BAonb ocu Oy. U Takux
% v rpachukoB ByaeT 6eCKOHEYHO MHOTO.

SN

HEONPEOENEHHbIA UHTEMPAN
MHoxecTBO Bcex nepBoobpasHbix F(x)+c  ana dyHkumm  f(X) HasbiBaeTca HeonpeaeneHHbIM

( )y
MHTerpanom n obo3HavyaeTcs ' S
I f(x)dkx.
Takum obpasom, =F(x) + C, rae C — npon3BonbHas NoCTOsIHHaA.
11



TABJIMLUA UHTETPANOB

I(‘.'r.‘f x+C _IP clgxdy = —1r1|51r11|+f:
_.{""'. (f_}"
I Fa=X _+¢C. kz-1 I T =tgx+C
k+1 COsT X
J-lnﬁ' = ]11|.1'| + I (h =—ctgx+C:
X TR X
Ja"dx-=i+C‘; I— 1 :nﬁ'=larctgi—f.‘:
Ina ¥+ a a
J’?lrh:?l*{:: I- ‘1 1Ir‘a"x_ilr11(_":?—f:
v —at 2a |xta
Isin xdx cosxy +C: I 1 de = Inlfvl a2 v+
v ta
J.cua.wfx sinx + C: r 1 X
| —=dx=arcsm—+C:
= llﬂ' T el
_lrfgndn = —1l1|L'l’J!-L 1|+ C

NPABUIA UHTETPUPOBAHUA

fﬂf(xjnﬁc = rf_r f(x)dx. (a-—const)
I (f(x) % g(x))dx = j f(x)dx £ | g(x)d

WHTErTPUPOBAHME METOAOM 3AMEHbI NEPEMEHHOW
CywHocTb 9TOro MeTofa 3aknoyaeTcs B TOM, YTO MNyTeM BBEOEHWS HOBOW nNepemMeHHown
WHTErpupoBaHna y4aeTca CBECTU 3afaHHbli MHTerpan K HOBOMY MHTerpany, KOTOpbli CPaBHUTENbHO
nerko 6epeTcs HenocpeaCTBEHHO.

lfl:n}dn

Ons HaxoxaeHus vHTerpana - 3aMeHsieM MepeMeHHy0 X HOBOW NMepeMeHHOM U C MOMOLLbO

r
v = u v = (1)edu
NOACTaHOBKMN 2 }. OuddepeHumpya aTO paBeHCTBO, MOMyYnM @ (u)d . Mopgctasnss B
noaplHTErpansHoOe BblpaXeHne BMECTO X U dx UX 3HayeHus, BblpaXeHHble yYepe3 u u du, nmeem

[ £ = | £(@G0)e @)= | FGo)du

M3 cnocoboB WHTErpvpoBaHUS PEKOMEHAYeTCs W3Yy4uTb MUlb HEMNoCpPeACTBEHHOE WHTerpupoBaHue
(npuBegeHne K OQHOMY MMM HECKOMbKMM TabnuyHbIM MHTEerpanam) M MeTof MoACTaHOBKM (3ameHa
nepemMeHHoNn).

Mpumepbi:

It L2 5y 49 - 5 L
I dx Jl InT 42492
L X J

3y vl
_ w2y :’1]11|:L'||9T—-c
x? 3 =1

=x'+2x—5ln|x|-=+¢

= D

1.

2. Hamy J¥ AT

_ 23
Cpoenaem noacTaHOBKY t=4+x". Hangem guddeperHuman obeux vacTen NOACTAHOBKMU:

3 1
dt = 3x*dx. * di_z?(ﬁ'
oTKyaa CnepoBaTtenbHoO,
.o, X 1 1 1 # 1 . 1 2\
| x*(4+x%) dx Jr"-—dr —_[r"dr ——te=—tte=—la+x}) +e
- 3 3 3 5 15 15

12




3.

dx ,
J.ﬁ = Arcsin E +C,

JH-:’

Bonpochbl Ansi CaMOKOHTpoOIs
1. Kakas pyHKums HasbiBaeTca nepBoobpasHon ans dyHkumm f(x)?
2. [lante onpeneneHne HeonpeaeneHHoro NHTerpana.
3. MNepeuncnmrte oOCHOBHbIE CBONCTBA HEONPEOENEeHHOro nHTerpana.

4. Kakum gencTememM MOXHO NPOBEPUTL MHTErpupoBaHue?

3agaHuA npakTM4yeckon paboTbl

5. Hanvwunte ocHoBHblE (hOpMyInbl MHTErPUPOBaHUS (TabnuyHble MHTerpansl).

Hamgute HeonpepeneHHble NHTErpanbl:

y [ 6% =2 x-Sy

2 '[[4.1'3 +5x

= 3)dx

3 [ (2x® + 1) dx

2 [ (3x* + 5)x

5) [ (vx + 33l

J‘(Erx‘; +5x% —4)dx
6)
j1(4x — 6)2dx
7) 2

8) [ 2x} +1) x2d

d
9 (4x+1)*

dx
10) " 5x° +1

ONMPEAENEHHbLIA MHTEMPAI

OnpegeneHHblM uHTerpanom ot dyHkumm f(x) Ha oTpeske [a; b] HasbiBaeTcAa npegen

3 £(E)A

WHTerparnbHON CyMMbl  *=1

[Fea=1mY F(&)ax
o Rm]

A
y

e

roe

roe < € [I_;.-_] s 1'_;-]

Ax

_b-a

M

CBA3b MEXAY ONPEAENEHHLIM MHTETPAJIOM U NEPBOOBPA3HOM
(POPMYIA HbIOTOHA-NNIEUBHULIA)

ion - e
AR R
L] a

[nga HenpepbIBHON PYHKLUK

A
[ rGiax=Fx)

roe F(x) - nepsoobpasHas ans f (x)

b= F{b)- Fla)

CBOWCTBA ONPEOENEHHOIO UHTEIPAN

1

b
jﬂ f(x)dx =A -

b
[ (x)dx

a

3

b a
[F(x)dx == [f(x)d
a b

13



b

a

b

a

b
RGO+ F2(0)dx =[f (x)dx + [£2(x)dx

a

o

] b
[Fdx =[f (x)dx + [ (x)dx

FEOMETPUYECKWUIM CMbICI1 ONPEOENEHHOIO UHTEFPANA

v=flx)

Mnowaab KPUBONMHEWHOW Tpaneuun, orpaHNYeHHoM
rpacpMkoMm  HENpepbIBHOM  MOSIOXMTENbHOW  Ha
npomexyTke [a;b] dpyHkuunm f(x), ocbro X 1 NpsMbIMKU X
=aux=>b

5 = j f(x)a

Mnowagb KPMBONUHENHOW Tpaneuumn, orpaHU4eHHON
rpadukoM  HenpepbiBHOW  OTpULATENbHON  Ha
npomexyTtke dyHkuun f(x), ocblo X 1 NPAMbIMU X = a
mx=>b

b
§ = —J F(x)dx

Ecnn dyHKUMA n3MeHsieT 3HaK Ha npomexyTke [a;b],
T0S

b
S, =8, =] f(x)ek

- BblHMCIneHune pa60TbI Cunbl.

OnpeneneHHbI MHTerparn LUMPOKO NPUMEHSIETCSt AN BbIYUCMEHNST Pa3NNYHbIX FTEOMETPUYECKNX
1 dunsmyeckmx BenuumnH. Cnegyet pa3obpaTtbecs B CrieayoLnX NPUNOXEHUSIX ONpeaeneHHoro uHTerpana:
- BblYMCIEHME NnoLLaan Nnockux douryp (reoMmeTpuyeckuii CMbICI ONpeaeneHHoro nHTerpana);

- HaxoxaeHve obbema Tena BpalleHus;

- BblHMUCIIEHNE NYTH, I'IpOI7|D,eHHOFO TOYKOM 1 CKOpPOCTU TENa;

®U3NYECKUX CMbICN ONPEOENEHHOIO UHTEIMPATNA

v

/—U_(.t_)/

8

~
—

v

Mpn NpsAMONMHENHOM OBWMXEHMU NepemelleHne
S u4MCneHHo paBHO nnowagn KpUBOSMHEWHOM
Tpaneuun nog rpadukom 3aBMCMMOCTU CKOPOCTHU
V ot BpemeHn tA

5= [ V(t)dt

BbIYUCIEHUE NNOWANEA U OB EMOB

14



C NMOMOLWbIO OMNPEOENEHHOIO UHTEIPANA

MNOWALb ®UTYPHI,

orpaHn4yeHHon rpadmkaMmyn HenpepbiBHbIX dYHKUUA y= f1(X)
ny = f(x) Takmx, uto f(x) = fy(x) ans noboro X Elae ,
roe a m B — abcunccbl TOYEK nepeceveHus rpadukos

dyHKUUR:

S = [(f,(0) - £, (x)ax

[}

OBBbEM TEJA,
MOMy4yeHHOro B pe3ynbTaTe BpalleHUs BOKPYr oOcu X
KPUBOSIMHENHOW  Tpaneuun, orpaHMyYeHHonm rpacdmkam

HEMpepbIBHON U HeoTpuuaTenbHON yHKuuM y = y(X) Ha
oTpeske [a,b]

b
B e fagal )
Vo = nj.y (x)dx
d

anMepbl: Bbluncnutb onpepeneHHble MHTerpanbl:

= (%' 22 +2%+ 3)—(%(—1)-‘ +(~1 +(-1)=9

1 2

[sax =2 |, =502 -0 =3
1. .j & s

(o= =i -2)=12
5 3 3 3

F(.‘{': +2x+ dy = (lx; +x° +x)

: 3
3. -

T

S 2 .

Jeos x -dx =sin x| 2 :sin%— sin0 =1- 0 =1
) 0

5

J-Tci’x

X

5) 1

5
_=7j%=?ﬂn x;.|f =T 5-hl=Th5-0)=T 5
1

3apaHuA npakTuyeckom paboTbl

Bonpochkl AnA caMOKOHTpons

1. JanTe onpegenexHune onpegeneHHoOro nHTerpana.

2. Nepeyncnnte OCHOBHbLIE CBOMCTBA ONpeAerieHHOro nHrerpana.

3. B uem 3akntovaeTcd reomeTpmMyECKUn CMbICT OonpedeneHHoro uHterpana?
4. TpuBeauTte npuMepbl MU3NYECKUX U TEXHUYECKMX 3aJad KOTOpble MOXHO peLlnTb C MOMOLLbIO

onpenerneHHoro nHTerpana.

Bbluncnure on peAaesieHHble UHTerpanbli:

l Sx e
1) 1

1
[[Q_. T+ Do
6) -1

'y

[ (637 = 5+ 4yax
2) -

j- &y
4
7 :(El—r]}
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PA3[EJ1. OcHOBbI AUCKPETHOW MaTeMaTUKun
OnemeHTbl Teopum MHoxecTB. Onepaumm Hag MHoxecTBamu. KomOGuHaTopuka. OnemeHTbl Teopuu
rpachos.
MpakTnyeckue paboTbl: BrinonHeHue ornepayuu Had MHOXecmeamu.
Tema. dnemMeHTbl TEOPUN MHOXECTB
MeToguyeckue ykasaHus

OfHMM 13 OCHOBHbIX WUCXOAHBIX MOHATUA B MaTeMaTtuke SBMSIETCA MOHATME MHOXECTBa U ero
anemeHToB. OcHOBaTenb Teopun MHoXecTB ['eopr KaHTop gan cnegyouwlee onpeaeneHne MHOXecCTBa:
MHOXecmeo ecmb cobpaHue orpedesieHHbIX U PasfuyHbIX Mex0y cobol 0b6beKkmos, MbICIUMbIX Kak
eduHoe ueroe.

MHOXeCTBO COCTOUT M3 3reMeHTOB. [1pnHaaNeXHOCTb 3anemMeHTa a MHOXecTBY A 06o3HavaeTcs
a € A; HEMpMHaANeXHOCTb aneMeHTa a MHoxecTBy A obo3HavyaeTca a ¢ Aunma € A.

MHoxxecTBO A Ha3sbiBaeTcsa noOMHoxecmeom MHoxecTBa B (A < B, rae < 3Hak BKIOYEHWS), eCnv
BCSIKUI anemeHT A aBnsieTcsa anemeHTom B.

MuoxecTtBa A n B pasHbl (A =B),ectuAc BuB c A.

Ecnu A < B n A # B, To A Ha3blBaeTca cmpoaum uniu UCMUHHbIM noOMHoxecmeom B (A < B,
3HaK CTPOroro BKMYEHNS).

B matemaTunke paccmatpuBaeTCd MHOXECTBO, He UMelollee 3neMeHTOB. Takoe MHOXeCTBO
HasblBalOT rycmsiM 1 obo3HadaT J. lMpu atom @ < A, T.e. MycTOE MHOXECTBO SBISETCS
NOAMHOXECTBOM NMo6oro MHoxecTsa A.

OObIYHO MHOXECTBO 3aJaeTcs ONMMCaHUMEM CBOWCTB 3MIEMEHTOB B HEro BXOAALWMX. Tak, 3anucb
{x| S} untaeTcs Tak: «MHOXECTBO 3NIEMEHTOB X, 00MnafatoLmnx CBONCTBOM S».

Onepauun Hag MHOXeCcTBaMU.

ObbeduHeHuem mHoXecTB A n B (A U B) HasbiBaeTca MHOXECTBO, COCTOSLLEE U3 BCEX TEX U
TONbKO TEX AMIEMEHTOB, KOTOPbIE MpMHaanexart xoTa Obl ogHOMy M3 MHOxecTB A, B: A U B = {x| X e A
unm x € B}.

MepeceyeHnem mHoxectB A n B (A n B) HasbiBaeTCs MHOXECTBO, COCTOsILLEE U3 BCEX TEX U
TOMBKO TEX 31IEMEHTOB, KOTopble NpuHagnexatu A, uB:AnB = {x| x e Anx e B}

Pa3Hocmbro mHOXeCTB A u B (A \ B) Ha3bIBaeTCa MHOXECTBO, COCTOSILLIEE U3 BCEX TEX M TOSbKO
Tex anemMeHToB A, KOTopble He cogepxatcs B B: A\B = {x| x e Anx ¢ B}

Cummempuyeckol pasHocmbio MHOXeCTB A 1 B (AAB) Ha3biBaeTCa MHOXECTBO, COCTosILLee M3
BCEX TEX U TOSMbKO TeX anemMeHToB A 1 B, KOoTOpble cogepXaTcs TONMbKO B OAHOM U3 3TUX MHOXECTB, TO
€CTb He coepaTcs B Ux nepeceyeHnn: AAB = {x| X (AU B)\(AnB)}

Mycte E — yHusepcanbHoe MHOXecmeo, Takoe 4TO BCe paccMmaTpvBaemble MHOXecTBa
ABNATCA ero nogmHoxectesamu. [lononHeHnem (ao E) MHoxecTBa A (A ) HasblBaeTCsl MHOXECTBO BCEX

3NEMEHTOB, He NpuHagnexawmx A, Ho npuHagnexawmx E: A=E\A
Mpumep. A n B — yucnosslie npomexyTtku, A = (0,5; 7]; B = [3; 8,7); E=[0; 10].

Hatimu: AUB; AnB; AAB; A\B; B\A; A; A ; &

PeweHue. B o6beguHeHne A B BomayT Te 1 TOMbKO Te Yncna (TOYKM OCK), KOTOPbIE BXOOAT XOTsi Obl B
OOVH U3 3TUX ABYX MPOMEXYTKOB; MOMy4yaeM MPOMEXYTOK YMCITOBOW OCWU, TOe LUTPUXOBKA BCTpevaeTcs
XoTs1 6bl 0AuH pas, T. e. Au B = (0,5;8,7).

B nepeceuyeHne mNA B BOMOyT Te M TONMbKO T€ 4uUCra, KOTOpble BXOOAT B 06a nMpomexyTka: nosToMy
BblIGMpaeM NpoOMeEXXyTOK YNCITOBON OCU, FTAe LTPUXOBKA HaHeceHa ABaxabl, T. . A NB= [3;7].

MHoxecTtBo A\B copepxuT Te U TONbKO Te uncna 3 A, KoTopble He BXxoadaT B B: noatomy Bbibupaem ToT
M3 3alTPUXOBaAHHbIX MPOMEXYTKOB MEPBOM OCU, KOTOPbIA HEe 3alTpuxoBaH Ha BTopon, T. e.. =A B\
(0,5;3) . Touka 3 He BXOOAUT B MPOMEXYTOK, T. K. Be3.

AHanornyHo, B\A = (7; 8,7).
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CummeTpuyHas pasHocTb AA B ecTb 06beamHeHue A\B u B\A, T.e. AA B= (0,5;3) v (7; 8,7) ononHeHune
A , oBosHayaemoe -1, COCTOMT M3 Tex 1 TOMbKO TEX ToUEeK yHMBEpCanbHOro MHoXxecTBa |, koTopble He

BxogaTBA , T.e. A= [0; 0,5] v (7; 10]. AHanornuHo, B= [0; 3) v [8,7; 10]
Tema. dneMeHTbl KOMOUHATOPUKN
MeToaunyeckue ykazaHusi

MycTb umeeTca MHoxectBO S = {s;, Sy, ..., Sn}. Habop anemeHTOB Sj; , Sj» , ..., Sk U3 MHOXecCTBa S
HasbiBaeTcH Bblbopkon obbema k (Kk-anemMeHTHON BbIGOPKON) M3 N 3NIEMEHTOB.

Bbibopka HasbiBaeTcs yriopss004YeHHOU, ecriv MOpsifoK 3MeMEeHTOB B Hel 3agaH. WHadve BbiGOpka
Ha3blBaeTCsA HeYyNnopsiA04YEHHON.

Tak e pasznuyatoT BbIOOPKU C NOBTOpeHUSAMU 1 6e3 NOBTOPEHUI B 3aBUCMMOCTM OT TOrO, AOMycKaeTcs
Unn He JonyckaeTcsa NOBTOPHOE BXOXAEHWE B BbIOOPKY OOHUX M TeX e anemeHToB. [Tpumep 1. yctb S
={1, 2, 3}. Torma (1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3) — BCe BO3MOXHblE
yrnopsiaoyeHHble BbIDOPKM 06beMa ABa U3 TPEX NIEMEHTOB.

BcAkuin  ycTaHOBNEHHBbI B KOHEYHOM MHOXECTBE MOPSOOK HasblBaeTcs rnepecmaHosKol €ero
3MneMeHTOoB. Yncrno Bcex NepecTaHoBOK M3 N 3anieMeHToB 00o3HavaeTcs Py,

Po=n!=1234...(n-1)n

Pa3meuwjeHuemM 13 n anNeMeHToB Mo K HasbiBaeTcH ynopsgoveHHas Bblbopka 6e3 noBTopeHun obbema
K M3 N-aMeMeHTHOro MHOXeCTBa.

lMockonbKy 9nMemMeHTbl Halero MHOXeCTBa S MpOHyMepoBaHbl HEKOTOpbiM 06pa3om, He ymanss
OBLWHOCTU MOXHO HasblBaTb pasMelleHMeM M3 n 3nemMeHToB no Kk ynopsigodeHHbln Habop w3 k
pasnuyHbIX Y1cer, NpuHagnexawmux mHoxectsy {1, ..., n}.

k i #al

O603HauMM ~" KONMMYECTBO PasnUYHbIX pasMelleHnii s nno k., =~ = G — &t
lpumep 2. 1) MNycTb Ha 3K3aMeHe y npenogaBaTens n pasnuyHbiXx GuneToB U caaeaTb NpuWo K

¥

cTygeHToB. Torga cywecTByeT poBHO ~ " cnocoboB BbiAaTb BCeM CTyAeHTam Mo OAHOMY GuneTy Ans
MOATrOTOBKW.

2)MNyctb S ={1, 2, 3} Torga (1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2) — BCe BO3MOXHble pa3MeLLeHns n3
Tpex anemMeHTOoB Mo ABa.
CoyemaHuem 13 n aneMeHToB No k Ha3blBaeTCcHA HeynopsaoveHHas Bolbopka 6e3 nosTopeHuii obbema k
13 N-3NIEMEHTHOIO0 MHOXECTBA.
Kak u paHblue, MOXeM cuuTaTb, YTO COYEeTaHMEM M3 N 3NeMeHTOB Mo kK Ha3biBaeTCca HeyrnopsgoYeHHbIN
Habop 13 kK pasnuyHbIX Yncen, npuHagnexawmux MmHoxectsy {1, ..., n}. Konnyectso coyetanui n3 n no k

nml
L3 L3

0603HaunMMm C . Co = Kln—k)!
lMpumep 3. 1) MpegnonoxmMm M3 N y4acTHUKOB CMOPTUBHOIO Kryba Ha COPEBHOBAHWA LOIMKHbI NoexaTb

[
kakue-To k. Torga umeetcs " pasnuyHbIX BO3MOXHOCTM cobpaTb KOMaHAY.
2) Nyctb S ={1, 2, 3}. Torga {1, 2}, {1, 3}, {2, 3} — BCE BO3MOXHblE COYETAHNSA U3 TPEX INIEMEHTOB MO
AaBa.

3agaHuA npakTuveckon paboTbl

Bonpockl AnA caMOKOHTpons
1. Uto Takoe n-cbaktopuman?
2. YT0 Ha3blBaeTcH nepectaHoBkaMu? 3anuwmnte dopmyny.
3. UTo Ha3blBaeTcsa pasmelleHneM? 3anuwmnte oopmyny.
4. Yto Ha3bIiBaeTCsa codeTaHmeM? 3anuwmnte dopmyny.
BbinonHuTe ynpaxHeHus:

1.NMycte E={1,2, 3,4}, A={1, 3,4}, B={2, 3}, C = {1, 4}. Hanitu: a) ]u E; 6) An 5 B) (B\A) U C
2. MNyctb A={1, 2}, B={2, 3}, C={1, 3}. Hantn: a)A u B U C; 6)An B n C; B)A\ (B U C); r)(A\B) U C;
A)(A v B)\(A n B).

3. U306pa3unTb ¢ nomoLubio guarpamm Jrnepa — BeHHa cnegytolme MHoXecTBa: a) AN B ; 6) A B; B)

AU B r) AU B.

4. O6cnepoBaHne 100 CTygoeHTOB By3a, M3yyarlMx pasfnnyHble 12 MHOCTPaHHble $3blKW, Aarno
cnegywouune pesynbtaTthl: 28 YenoBek U3yyaroT HeMeLKkuin A3bik, 30 YenoBek — aHrMUNCKUI, 12 YyenoBek —
paHUy3CKMIA; HEMEUKUW W aHrMACKMA — 8 4enoBeK; HeMeuKkun u dgpaHuy3Ckun — 5 4Yernosek;
aHrnunckun 1 dpadHuysckuin — 10 yenoeek; Bce Tpu si3blka — 3 4yenoBeka. Onpegenutb, CKOSMbKO
CTYOEHTOB M3y4aeT TONbKO OAMH MHOCTPaHHbIN S13bIK (HEMELKWUA, aHIMMACKUIA, OpaHLy3CKUA); HEe ulydaeT
HW OIHOrO MHOCTPAaHHOrOo A3blKa.
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5. A n B — uncrnoeblie npomexyTtku, I=[0, 10]. Hangute: AnB, AUB, A\ B, B\ A, AA B, ] B ecnu: a) A
=[2;7),B=(1;5];6) A=[1;5],B=(2;8];B) A=[3;9),B=(2;4);1) A=[0;8],B=(3;9]; ) A=[0; 8], B=
(3;9]; €) A=[1;4], B=(2; 6]; )A=[4,; 9], B=(3; 5); 38) A=(7;9], B= [3; 8); n) A=[3; 6], B=(5; 7).

108! 36l

6. Boluncnure: 1) 8 ; 2) 4 ; 3) 6!(7!-31)
13 4 1 4
C]i : 2) Cs + Ci; 3) 4y
A A

8. Pewnte ypaBHeHus: 1) =42x; 2) "1 =5m(m+1)
Tema. Onepauumm Hag MHOXecTBamMu
Llenb: 3akpenuTb HaBblKM OCYLLECTBMEHUST Onepauuin Hag MHOXeCTBaMu, HaBblKM WCMONb30BaHUSA
anarpamm Jnnepa-BeHHa.
MNepea Havyanom 3aHATUA HEOOGXOAMMO 3HATb: MOHATUS MHOXECTBA, MOAMHOXECTBA, YHMBEPCANbHOro
MHOXeCTBa, NepeceyeHnss MHOXECTB, 00beAMHEHNS MHOXECTB, Pa3HOCTU OBYX MHOXECTB 1 AOMOSTHEHUS;
NoHsITMe guarpamm Jrinepa-BeHHa.
lNocne OKOHYaHMA 3aHATMA HEOOXOAMMO yMeTb: HaXoOuTb nepeceveHne, obbeanHeHne, pasHOCTb U
AOMNONHEHNE MHOXECTB, B TOM YKCIIe C UCMOMb30BaHMEM anarpamm Annepa-BeHHa.
OcHOBHbIe TeopeTUUYECKME NONOXEHUA U NPUMEPDbI PELLeHUSI TUNOBbIX 3aAaHUM.
Monssmue mHoXxecmea. [ToOMHoOXecmea.
[MoHATHE MHOXECTBA OTHOCUTCS K aKCMOMATUYECKUM MOHATUSM MaTeMaTuKu.
MHOXeCTBO — COBOKYMHOCTb OMpeAenéHHbIX, pasnninmbix mexagy cobon obbeKkToB, paccMaTpyBaeMbIxX
Kak eguHoe uernoe, 1 obnagatooLwas HeKOTOpPbIM OBLLMM CBONCTBOM.
MmeeTcs Tpy BaxXHbIX MOMEHTA, XapakTepu3yloLnx NOHATUE MHOXECTBA:!
1) o6bekTbl, BXOAALWME BO MHOXECTBO, ONpeAenéHHble — T.€. AN KaXaoro obbekrta MOXXHO OAHO3HaYHO
ckasaTb, NPUHAANEXWT N OH AaHHOMY MHOXECTBY UMW HET;
2) oObeKTbI, BXOASALME BO MHOXECTBO, pas3nuMyMMbl Mexay coboin — T.e. BO MHOXECTBE HE MOXET ObITb
ABYX unu 6onee oaMHaKoBbIX OO LEKTOB;
3) Bce OOBbEKTbl, BXOASLIME BO MHOXECTBO, MbICMIATCS Kak eQuHOEe LEenoe — T.e. BO MHOXECTBE
abcTparmpyoTcs OT CBOWCTB OTAEJIbHbIX OOBEKTOB, HO roBOpAT 0O OOLleM CBOMCTBE MHOXECTBA, Kak
€0UVHOro Lenoro; Takoe obLlee CBOVCTBO Ha3blBaOT XapaKTepUCTUHECKUM.
Harpumep, MOXHO FrOBOPUTE O MHOXECTBE BCEX KHUI OAaHHOW OUONMOTEKM, MHOXECTBE BCEX BEpPLUMH
AaHHOr0 MHOrOYrofbHKKa, MHOXECTBE BCEX HaTyparbHbIX YACEN, MHOXECTBE BCEX TOYEK AaHHON MPSMOWN.
MHoxecTBa o603HaualTCs NponucHbIMM BykBamu natuHckoro andasuta: A, B, C,Du 1.4. Ob6bekTbI,
BXOZSILLME BO MHOXECTBO, Ha3bIBalOT 3fieMEHTaMu.
Hanpumep:
— MHOXeCTBO OyKB pycckoro andaButa;
— MHOXECTBO HaTyparbHbIX YMCETT;
— MHOXECTBO CTYAEHTOB, CUASALLNX Ha 1-M psay.
MHOXeCTBO, COCTOSILLEE U3 KOHEYHOrO YMCra 3NEMEHTOB, Ha3blBaeTCA KOHEYHbIM, B MPOTMBHOM Criyvae
MHOXeCTBO Ha3blBaeTCs 6€CKOHEeYHbIM. MHOXECTBO MOXET codepaTb U BCEro Nullib OAWH 3MEMEHT.
MHoOXecCTBO, He codepallee 3N1eMeHTOB, Ha3biBaeTCs NyCTbIM 1 0603Ha4vaeTcs @.
MHoxecTBa A 1 Sy, paCCMOTPEHHbIE Bbllle, — KOHEYHble, @ MHOXeCTBO N — BecKoHeuHoe.
MpuHagnNexHOCTb aNeMeHTa MHOXECTBY 3anncbiBaeTcd 3Ha4YkoM €. Hanpumep:
— BykBa «63» NpUHagnNeXuT MHOXeCTBY ByKB pyccKkoro andasuTa;
— bykBa «b6eTay» He NPUHAANEXUT MHOXeCTBY BYKB pycCKOro andasuTa;
—4ucno 5 NpMHaaNeXnT MHOXECTBY HaTyparbHbIX YACEN;
—4ucno 5,5 — He NpUHaAANEXNT MHOXXECTBY HaTyparibHbIX YMCETT;
— Bonbaemap He cuauTt B NEpBOM psiay.
Takum ob6pa3om, ecnm MHOXECTBO COAEPXKUT KOHEYHOE YMCIO ANIEMEHTOB, TO OHO MOXET ObITb 3adaHo
nepeyvmcrieHneM ero anemeHToB. MHOXECTBO MOXET ObiTb Takke 3agaHo Mpu MNOMOLM NpaBwuna,
NO3BOMAILLEIO ONpeaennTb, ABNAETCA N AaHHbIN OOBbEKT SIEMEHTOM MHOXECTBA uUnun HeT. Mpu 3anmcu
npaswuno, 3agdatoLLiee MHOXECTBO, OTAENAETCH BEPTMKanbHON YepTON v OBOETOUYNEM.
Hanpumep,
1) — MHOXeCTBO u4ucen, npuvHagnexawmx oTpesky (MogpasymeBaeTCs MHOXECTBO AeNCTBUTENbHbIX
yncen, KOTOpble MePEYNCIUTL Yepes 3ansaTylo y)Ke HEBO3MOXHO);
2) — MHOXXECTBO pauuoHarnbHbIX 4YWCEn, TO eCTb, 4YvCern, MpeacTaBuMmblXx B Buge Apobu C uenbim
YUCNUTENEM U HaTypasbHbIM 3HAMEHATENEM.
MHoxecTBO B HasbiBaeTCs NOAMHOXECTBOM MHOXeCTBa A, €eCnn Kaxabln 3anemMeHT MHoXecTBa B
O[HOBPEMEHHO SBNSETCHA SNEMEHTOM MHOXecTBa A. VIHbIMU crioBamun, MHOXecTBO B cogepxutcs Bo
MHOXecTBe A: . 3Ha4OK Ha3bIBalOT 3HAYKOM BKITHOYEHUS.
Hanpumep:

1. A — 3to MHOxecTBO BykB pycckoro andgasuta. O6o3Haumm yepe3 C — MHOXECTBO €ro rmacHbIX

OykB, KOTOPOE OyAeT NOOMHOXECTBOM MHOXecTBa A. Torga: .

7.Bbluncnure: 1)
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2. TlycTtb 3apgaHbl MHOXecTBa A = {1, 3, 5, 7} u B = {3, 5}. OueBngHo, uTO B €CcTb NOAMHOXECTBO A,
T.e..

3. MHoxecTtBo N HaTypanbHbIX YMCEN ABNAETCS NOAMHOXECTBOM MHOXECTBA Z LiefbiX Yncen
M3 onpepneneHns NOAMHOXeCTBa criedyeT, YTo foboe MHOXECTBO SBNSAETCS MOAMHOXECTBOM CaMoro
cebsi, T. e. cnpaBennIMBO yTBeEpPXXAeHUe . [oBopAT, YTo A — caMmoe LKnpokoe noamHoxecTBo A. [yctoe
MHOXECTBO SIBNSIETCHA NOAMHOXECTBOM Nto6Oro MHoXxecTBa. [ycToe MHOXECTBO SIBMISIETCA CaMbIM Y3KUM
NogMHOXeCTBOM Moboro MHOXeCTBa.
3acpmkcupoBaHHOE KaknuM-nmbo o6pa3om MHOXECTBO OOBEKTOB, AONYCTUMbIX NPU AAHHOM PacCMOTPEHMMU,
Ha3blBalOT YHUBEpPCaribHbIM  MHOXeCTBOM (0a30BbIM  MHOXECTBOM,  OCHOBHbIM  MHOXECTBOM,
yHuBepcymom). Hacto obosHavaeTcs U.
MHoxecTBa A 1 B cuntalotca paBHbIMKW, €CINN OHU COCTOSAT U3 OAHUX M TEX Xe 3NeMeHTOB. PaBeHCTBO
MHOXecTB 0603Ha4atoT Tak: A = B.
Onepayuu Had MHoxecmeamu. [Juazpammbl Jlinepa-BeHHa.
MepecevyeHnem mMHOXeCTB AM B  HasbiBaeTca  MHOXECTBO, COCTOSILLIEE M3 BCEX  3IIEMEHTOB,
npuHagnexawmx n MHoxxecTBy A n MHoxecTBy B. Ob6o3HavaeTcs .
O6beanHeHmnem MHoXxecTB A 1 B Ha3biBaeTcA Takoe MHOXECTBO , KaXXObI 9NEMEHT KOTOpOro
coaepxutcs xoTsa 6bl B 0gHOM M3 MHOXecTB A nnm B. ObosHavaeTcst .
Pa3sHocTblo AByX MHOXeCTB A 1 B Ha3biBaeTCa MHOXECTBO , coepKallee NM1lb Te 3MNeMeHTbl 13 A,
KoTopble He BxoaAaT B B. O6o3HavaeTcs .
Ecnn mHoxecTBO B — noamHoxecTBo MHoXecTBa A (), TO pa3HOCTb Ha3biBaeTCs AONONIHEHMEeM KB B
MHOXxecTBe A. O6o3Ha4vaeTcs .
JononHeHnem MHoxecTBa A MO OTHOLIEHUIO K YHUBEpcarbHOMY MHOxecTBy U eCTb MHOXECTBO
COCTaBIEHHOE M3 BCEX TEX aneMeHToB U, KOTopble He HaxoasTcs B A
MpakTu4yeckas 4yacTtb.
3adaHus ebironHAMCS no apuaHmam, 3adaHHbIM ripernodasamesnem.
3apaHue 1. O6pa3yiiTe BCe NOAMHOXECTBA MHOXeCTBa OyKB B CIOBeE.
BapuaHT 1
BapuaHT 2
BapuaHTt 3
«pynb»
«papbI»
«ONCK»
3apgaHue 2. [laHHble MHOXeCTBa 3a4aTb NepeyncrieHNeM BCEX CBOMX 3NIEMEHTOB.
BapuaHT 1
BapuaHT 2
BapwuaHnTt 3
A={xeR|x3—3x2+2x=O}.
A={x€Z|<2"<5}
A={XeN|x*-3x-4<0}
3apanue 3. [Janbl MHOXecTBa A 1 B. Hantu: ANB, AUB, A\B, B\A, .
BapuaHT 1
BapuaHT 2
BapuaHT 3
a)
A, Bcz
A ={1,2;5;7;9;11}
B ={1,4:6;7}
A, BcZz
A ={3;6;7;10}
B ={2;3;10;12}
A, BcZ
A ={1,2;5;7;9;11}
B ={1;4,6;7}
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A=1[4;7),B=]3; 6]
3apaHue 4. Vicnonb3ya anarpammel Ouinepa-BeHHa gokasaTtb TOXOECTBO.
BapuaHT 1
BapuaHT 2
BapuaHTt 3
A\(B U C) = (A\B) N (A\C)
AU (B\C) = (AN B)\C
AU(B \C) = (ANB) \ (ANC)
HononHumensHbie 3a0aHusi:
PelwmTe 3agady ucnonb3sysi kpyrm Junepa: B rpynne aHrnmnckuin sa3bik u3yyarot 15 cTyaeHTOB, HEMEeLUKUIA
— 10 cTypeHTOB, a (paHuy3ckui — 5, npuyem 3 CTygeHTa w3ydaloT OAHOBPEMEHHO aHIMUMACKUA 1
HEMELKKMA 4a3blkK, 2 CTyAeHTa M3y4valoT OOHOBPEMEHHO aHIMUUACKUA N dpaHLy3CKUA a3blki, 1 CTyaeHT
n3yyaeT OQHOBPEMEHHO (PpaHLly3CKUA U HEMELIKUIA sA3blki. CKOMbKO BCEro YenoBeK B Kacce usyyaroT aTu
WHOCTpaHHble £3blkn? CKOMbKO YenoBeK W3y4alT TONMbKO aHIMUACKMA  A3bIK?  HEMEUKUN  A3bIK?
dopaHLy3CKniA A3bIK?
PA3LEJ. 3nemeHTbl NMHENHOMN anre6pbl

Tema. MaTtpuubl 1 onpegenuTenu

OcHOBHbIe onpepeneHus

. mxn
MaTtpuuen pasmepa Ha3blBaeTCs NpsSIMOYroNbHas Tabnuua uncern, coaepxatyas M
ctpoku N cTon6uos. Yncna, coctapnsiolme MaTpULLy, Ha3bIBAIOTCA ANEMEHTaM1 MaTpULibI.
MaTpuubl 0603Ha4aloTCa NPONUCHBLIMK (3arnaBHbiMK) BykBaMu naTUHCKOro andasunTa, Hanpuvep, A,
B, C, ..., a ansa 0o603Ha4YeHnsa aneMeHTOB MaTpuLbl UCMOSb3YITCA CTPOYHbIE BYKBbI C ABONHOW

nHpekcauven: @, roe i - HOMep CTpokM, | - Homep cTonbua.
a;, 4, ... a“ e Qg
B 8y ... By ... @y,

mxn A Ay . . @,
B @y - @y . A
WNK B coKpaLLeHHol 3anucy, A = (aij) ; 1=12,....m; j=12,...,n
Hanpuvep, A = . Hapsiy ¢ kpyrnsimu ckoGkamu ncnonb3ytoTes u apyrve

>3 \3 -b 8

0003Ha4eHus Manl/ILl,bIZ[ ]1 ” || '

[Bee MaTpuubl A n B OAHOro pasmMepa Ha3blBakTCA pPaBHbIMU, €CITM OHU coBnaaakoT

a. = b i = . i=
nosneMmeHTHo, T.e. Y U nnsa nobbix 1=12,...m, J 12,...,n.
Buabl maTtpuu. MaTtpuua, coctosiwasi U3 OgHON CTPOKM, Ha3biBaeTCs MaTpuULLen-CTPOKOMN

(BEKTOPOM-CTPOKOM), a U3 OQHOro CToNbua — MaTpULEeNn—CTONOLOM (BEKTOPOM-CTONOLIOM):
bll
b21

A:(an Qg yeen aln)— maTpuua-ctpoka; B = — matpuua-ctonbed,.

b

MaTpuua HasbiBaeTcs KBaapaTHou [1-ro nopsiaka, ecrv 4nMcno eé cTpok paBHO YMCHY CTOMGLIOB U
paBHoO n.

ml

-1 7 4
Hanpumep, A=| 0 5 -7 | -«BagpaTHas maTpuua TpeTbero nopsaka.
4 8 3

JnemeHTbl MaTpulbl @; , Y KOTOPbIX HOMep CTonGLa paBeH HOMEepY CTPOKU (i = j) Ha3sblBaloTCs

ij
AnaroHanbHbIMM 1 06pasyloT rnaBHYIO AvaroHanb MaTpuubl. [Ing KBagpaTHOW MaTpuLbl rMaBHYyo
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AnaroHans 0bpasyloT anemeHTbl a;,d,,,..., & Ecnu Bce HeamaroHanbHble 3N1eMeHTbl KBagpaTHOM

nn *

6 0 O
MaTpuLbl PaBHbI HYMIO, TO MaTpuLa HasbiBaeTcs guaroHanbHon. Hanpumep, A=[0 10 0 |-
0 0 -8

AnaroHarnibHaa MaTpuua TpeTbero nopdaka.
Ecnu V4 AuaroHanbHom mMaTpuubl N -ro nopsagka Bce AnaroHanbHble aNneMeHTbl paBHbl edunHuLe, To

MaTpula Ha3blBaeTCAa €ANHUYHON ManVILJ,eVI n -ro nopdaka, oHa o60o3HavaeTcs 6y|<3017| E .

1 00
Hanpumep, E=|0 1 0| - eauHnuHas matpuua Tpetbero nopaaka.
0 01

Onepauvwl Haa maTpuuamu.
YMHOXeHue mMaTpuubl Ha Yucno

MpousseaeHnem matpuLbl A hauncno @ waswisaercs maTpuvua B=aA , ANEeMEHTbI KOTOPOVi
b; =aay npi 1=12,...m; j=12..,n

-2 4 -10 20
A= ., To BA=
8 15 40

CneactBue. OOLWMIA MHOXUTENb BCEX 3NIEMEHTOB MaTpuLbl MOXXHO BbIHOCUTb 3a 3HaAK MaTpuLlbl.

20 12 6 10 6 3

52 2 0/ (26 1 0/

. Hanpuwmep, ecrin

Hanpuwmep,
A 0-A=0
B wactHocTu, npom3BegeHne maTpumubl Ha uncno 0 ecTb HyneBas MaTpuua, T.e. .
N A ubB
CnoxeHue matpuu. Cymmon asyx maTpuu, OIMHaKOBOro pasmepa
mxn C=A+B - Cij:aij+bij
HasblBaeTCcA MaTpuvua , 9NIEMEHTbI KOTOPOM npu
1=12,...m; j=12,...,n
(T.e. MaTpuMUbI CKNaabIBaOTCH NOANIEMEHTHO).
2 30 01 -4 2 4 -4
A= , B= , C=A+B=
6 5 6 2 5 1 8 10 7

Hanpumep,

B yactHom cnyyae A+O=A.
BbiuMTaHue maTpuu. PasHOCTb [AByx MaTpuL, OOMHAKOBOrO pasmepa onpeaensieTcs yepes

. A-B=A+(-1)B.
npeabigylive onepaumun:

YMHOXeHMe MaTpul. YMHOXeHMe maTtpuubl A Ha maTpuuy B onpeaeneHo, korga 4ucrio ctonouos
nepBol MaTpuvubl PaBHO 4YMCIly CTPOK BTOPOM.

Torga npousBeneHuMeM maTpuy, mxk kxn - aspiBaeTcs Takas matpuua ™" kaxablii anemeHT

C; _
KOTOpOou I paBeH Cymme npounsseneHnn 3anemMeHToB I-U CTPOKKU MaTpuULbl A Ha cooTBeTCTBYHOLMNE

ANeMEeHTbI J-I'O ctonbua maTpuubl B:

k
c; =auby +a,b, +...+a by =>abg, 1=12,...m; j=12,...,n.
s=1
. A-B
pumMep. Bbluncnntb npon3sseaneHne matpuy )
3 0
-1 0 2
A= ;, B=| 5 4 4]
3 40
-2 01

roe
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PeweHune. Hailgem pasmep maTpuLbl-nponsBeaeHnst (Ecnvm yMHOXEHUe MaTpuL, BO3MOXHO):
23 33 23, BblYMCNMM 3M1IEMEHTHI MaTpULbI-NponsBedeHns C, yMHOXasi 3rIeMEHTbI KaXaoW CTPOKM
mMaTtpuubl A Ha COOTBETCTBYIOLLME 3NEMEHTbI CToNoLoB MaTpuubl B cnegytowmm o6pasom:

G _((D3+0:5+2:(-2) (-1):0+0:4+2:0 (-1)-1+0-4+2.1
3.3+4.5+0-(-2) 3-0+4-4+0-0 3-1+4-4+0-1 )

-7 0 1
Monyyaem C = .
29 16 19

MHoruve cBoncTBa, NpucyLimMe onepaunsam Hag Yucnamu, crpaBeanuebl U Ans onepauui Hag
mMaTpuuamm (4To cnegyeT U3 onpeaeneHuin 3Tux onepauumn):
1. A+B=B+A. 2. (A+B)+C=A+(B+C). 3. a (A+B)=aA+ aB.
4. A(B+C)=AB+AC. 5. (A+B)C=AC+BC. 6. a(AB) =(ad)B = A(aB).
7. A(BC)=(AB)C.

OpHako MMerTCH U OTANYMS.

a) Ecnu npounssegenue matpuy AB cyLLecTByeT, TO NOCre NeEPeCTaHOBKA COMHOXUTENEN MecTamm
npoussegeHne matpuy BA  moxeT u He cywecTBoBaTh. [IeCTBUTENLHO, B MpUMeEpe MNony4mnm

nponssenenne matpuu 4, .-Bi ., anpoussederve B ;- A, He CcylwecTByeT, Tak kak 4ncno

CcTONGUOB NEPBOW MaTpULbl HE COBMAaAaeT C YMCIIOM CTPOK BTOPOW MaTpuLbl.

6) Ecnn paxe npoussegenns AB n BA cyLlecTBYHOT, TO OHU MOTYT ObITb MaTpuLamMmn pasHbix
pa3MepoB.

B) Korga o6a npounssegerHns AB un BA cywectByloT n o6a — maTtpuubl OAMHAKOBOro pasmepa (31o
BO3MOXHO TOJIbKO MPU YMHOXEHMUN KBagpaTHbIX MaTpuy, A u B ogHoro nopsaka), KOMMyTaTUBHbIN

(nepemMecTUTENbHbLIN) 3aKOH YMHOXEHUS, BOOOLLE rOBOPS, He BbINONHAETCS, T.€. A-B#B-A.
B yacTHomM cryyae KOMMyTaTMBHBIM 3aKOHOM ObnagaeT npov3seaeHne nobon KBagpaTHON MaTpuyLbl

AN, nopsiaka Ha eAMHUYHYI0 MaTpuLy E Toro e nopsiaka, mpryem 3To Npou3BeaeHre paBHo A:
AE=EA=A.
TakuMm 06pa3oM, eAMHUYHAs MaTPULIA UFPAET NPU YMHOXEHUU MATPWL, Ty e Pofib, YTO W Ymucrho 1 npu
YMHOXEHUMN Yncer.

r) Mpon3BeaeHne ABYX HEHYMEBbLIX MATPUL, MOXET PaBHSTLCS HYNEBON MaTPULIE, T.€. U3 TOTO, YTO
4-B=0, o cneayet , yto A=0 unu B=0.
Bo3eeneHue B cTeneHb. Llenom nonoxutennHoii ctenenbto A™ (M >1) keagpaTHoi Matpuusl A
Ha3bIBAETCS NPOM3BEAEHNE M MaTPWLL, PaBHbIX A, T.e.

A"=A-A-...-A

3ameTum, 4To onepauna Bo3BeAeHUA B CTENEHb onpeaendaeTca TONbKO ANA KBagpaTHbIX MaTpul,. Mo

A°=E, A'=A
onpeaeneHnio nonaratoT HeTpyaHo nokasaTh, 4To
Am ‘Ak _Am+k (Am)k _Amk
: 12
A, tme A= .
8 4

Mpumep. Hantu

-1 2\(-1 2 17 6

8 4) 8 4 24 32)

PeweHue. Heobxogumo 3ameTuTb, 4YTO M3 paBeHCTBa

A2

A"=0
= ewwe He cnepyert, uto matpuua A=0.
!
TpaHcnoHMpoBaHWe MaTpuubl — Nepexos OT MaTpuubl A K Matpuue A , B KOTOPOM CTPOKU U

!’
cTonGUbI NOMEHSNMCL MECTAaMM C COXpaHeHMeM nopsigka. Matpuua A’ asuisaetcs
TPaHCNOHUPOBAHHOM OTHOCUTENBHO MaTpUUbl A:
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A dy, Ay s, A d;; 8y Ao
A A .- A, a;, ady, ... Ay,
N3 onpegeneHns cnegyeT, 4To ecnu matpuua A vMeeT pasmep m>n , TO TpaHCMO- HUPOBaHHas
mMaTpuua A’ umeeT pasmep xm.
7 4
A N Y 2 5
2x3 — , 3x2 ™ .
) 4 5 6
-3 6
Hanpuwmep, B nutepatype BCTpevaroTCs "

T
Apyrune 0603HayYeHNst TPaHCMOHMPOBAHHOW MaTpPULLbl, HanNpumep A

OnpepenuTtenu KBagpaTHbIX MaTpuL
HeobxoamMmocTb BBeAEHMS onpeaennTens — Yncra, XapakTepm3yoLero KeaapaTHyto MaTpuuy A,
TECHO CBSI3aHO C PELUEHMEM CUCTEM JIMHEWHBIX YPABHEHWIA.

A, A
OnpenenuTens MaTpuupbl A o6o3HavaeTca | | unu det A.

A= (all)
Onpe,qenMTeneM MaTpuubl NepBOro nopsdaaka , N onpegenutTenem nepBoro

a11; A1 :‘A‘ =a

nopsigka, HasblBaeTCs ANIeMEHT 11 Hanpumep, nyctb A= (8) Toraa

A=A =8

A= (a.. )
Onpepenutenem maTpuvLbl BTOPOro nopsiaka Y/ wnu onpeaenutenem BTOpOro
nopsaka, HasblBaeTCsl YACIO, KOTOPOE OTbICKMBaeTCs no hopmyne

a,, a -2 8
A, :‘A‘ = all alz = 85585 —a5,8y. A= 1 5
2 22 Hanpumep, nycTb
-2 8
A2=‘A‘= L 5=—2°5—8-1=—18.

d;p Ay Aygg
A=la, a,, a,

a a a
MycTb AaHa KBagpaTHas MaTpuua TpeTbero nopsiaka 31 32 33

A =\a..
OnpeaenuTenem MaTpuLbl TPETLEro nopsaka ( 1 ) , UN1 onpeaenuTenem TpeTbero
NopsiAKa, Ha3bIBAETCs YNCIIO, KOTOPOE HAXOAMUTCS! MO hopMyrie
ady Ay Ay Ay dy Ay
A3:‘A‘:all' — A T a3
dz; dgj a3 Az a3 Aag
1 -1 3
‘A‘ =2 2 1
1 4 2
Mpumep. BbluncnnTb OnpeaenuTens TpeTbero nopsiaka
2 1 2 1 2 2
A=1 —(-1)- +3. =1.0+1-3+3-6=21.
4 2 1 2 1 4

PewieHue.
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OnpegenuTenb TpeTbero nopsaka yaobHo BbIMUCAATL MO NpaBuy TPEYroNbHUKOB (MK MO NpaBuny
Cappyca). Nokaxkem 3TO Ha cxeme

o o o=|oc e of+|lo o el +|® o ol—|lo e o|l—|® o o| —|o o e
Hanpumep,

1 2 3

~1 0 1/=1-0-5+2:1-2+(-1)-4-3-2-0-3—(-1)-2-5-4-1-1=
2 45

=0+4-12-0+10-4=-2.
MuHopom M jj 3nemeHTa @; MaTpuLbl A n-ro nopsigka HasbiBaeTcd onpefenurens maTpuubl (n-

1)-ro nopsigka, Nony4YeHHON 13 matpuubl A BblMEPKMBAHUEM i-1 CTPOKN U j-ro cTonbua. Hanpumep,

a
MWHOPOM 3fiemMeHTa 12 maTtpuubl A  TpeTbero nopsiaka oyoet

A Gy Qg

_ (@ Gyl
= = Qy1Uzz — A31Uys3-
a3 Ay

M12 =

Ay, dy,, Ay

3 A3 Az

2
Kaxxgas maTpuua n-ro nopsigka umeet N~ muHopos (n-1)-ro nopsiaka.
AnreGpanyeckum fononHeHneM A sremeHTa &;; MaTpuLibl N-ro nopsiaka HasbIBaeTCst €ro MUHOP,

i+i i+]
y (7 Ay=(1)"My,
B3ATbIN CO 3HAKOM T.e. anre6paMHeCKoe AonorHeHne coBnagaetT C

I+
MWHOPOM, €Crn CyMMa HOMEPOB CTPOKK 1 ctonbua ( J) - YeTHOE Y1CIo, U OTNN4aeTcsa OT MMHOpPa

I+
3HaKoM, ecnu 1) HeuyeTHoe uuncno. Hanpumep,

Ay = (_ 1)2+3M23 =—My,; Ay = (_ 1)3+1M31 =M.
Mpumep. HanTtu anrebpanyeckme JONONHEHNUsT BCEX 3NIEMEHTOB MaTpuLbl
1 -1 3
A=l2 2 1
1 4 2
PeweHune
421 L2 1 L2 2
A11:(_1)114 220; Alzz(_l)lzl 2:_3’ A13_(_1)131 4:6’
4-1 3 L1 3 L1 =1
A21:(_1)21 A 2214; Azzz(_l)zzl 2:_1; A23=(—1)231 A =-5;
4-1 3 L1 3 L1 -1
A31:(_l)3 ' 2 1 =1, As :(_1)3 i 2 1 =9, Ag :(_1)3 ’ 2 9 =4.

Onpe,qenMTeneM KBa,D,paTHOI7I MaTpuLbl A Nn-ro nopdagka Ha3blBaeTCA 4uCcno, paBHoOe CyMMme
ﬂpOM3BeLI,eHVIl7I 3neMeHToB 1-i CTPOKN Ha nx anre6pa|/|quKV|e AONOJIHEeHUA:

n
A= a11A11 + a12A12 +.o.oF alnAln = zalsAls
s=1 (pasnoxeHune no anemeHTam 1-n cTpokn).
Tak, Hanpumep, BblYUCIIEHNE onpeaennTenst 4-ro nopsiaka CBeAETCH K BbIMUCTIEHMWIO YEThIpex
onpegenuTenen 3-ro nopsaka.
3HaHMe CBONCTB onpeaenuTenei No3BonmT n3bexaTb rpPOMO3AKUX BbIMUCIIEHWIA.
CBoicTBa onpegenuTtenen
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1. Ecnum kakasi-Hnbyab cTpoka (ctonbel) MmaTpuLbl COCTOUT N3 OAHUX HyNen, To e€ onpegenuTenb
paBeH Hyrto.

2. Ecnv Bce anemeHTbl Kakoii-nnbo cTpoku (cTonbua) MaTpuLbl yMHOXMTb Ha uncrio & | 1o eé

onpegenntTesib YMHOXUTCA Ha 3TO YUCIIO
3amevaHue. 3a 3Hak onpepgennTena MOXHO BbIHOCUTb o0 M MHOXUTENDb NtoBOW CTPOKM UInn
cTonbu; 3a 3Hak MaTpuubl MOXHO BbIHOCUTb o0 MHOXNTEND NULLL BCEX SNIEMEHTOB.

3. [lpu TpaHCnoHMpOBaHUN MaTpuLbl €€ onpeaenvTenb He 3MeHAETCS: ‘ ‘A‘
4. Tlpn nepecTaHOBKe ABYX CTPOK (CTONOLOB) MaTpuLbl €€ onpeaenvTenl MEHSET 3HakK Ha
NPOTUBOMOSOXHbIN.
5. Ecnu anemeHTbl ABYX CTPOK (CTONGLOB) MaTpuLbl NPONOPUUOHanbHbI ( B 4aCTHO-
CTW, paBHbI), TO €€ onpeaenuTens paBeH HyIHo.
6. OnpepenuTens KBagpaTHOW MaTpuLbl paBeH CyMMe Npou3BeaeHnIn aNemMeHToB nobon eé

n
A= ZaisAis :
CTpoku (ctonbua) Ha ux anrebpanyeckme ONOMHEHUs, T.e. s=1
7. Cymma npov3BeeHUn 3N1ieMEHTOB Kakon-nnbo cTpoku (ctonbua) matpuubl Ha
anrebpaunyeckue JONOSIHEHMS ANEMEHTOB APYron CTpoku (cTonbua) aTon MaTpuubl paBHa Hynto, T. €.

iaiSAjS:O opu 1 # j
S=1

8. OnpepenuTens MaTpuLbl HE U3MEHUTCS, ECIN K ANIEMEHTaM Kakon-nmbo cTpoku (ctonbua)
MaTpuLbl TpubaBuTb dNEMeHTbl APYron CcTpoku (ctonbua), npegBapuTenbHO YMHOXEHHbIE Ha OOHO U TO
Xe yucno.

9.Ecnu kaxablit anemeHT |-t cTpoku maTpuLbl npeacTaBnsieT coboit cyMMy ABYX CriaraeMbix, TO

onpepennTtesb aTON MaTpuLlbl paBeH cymme onpe,qenMTeneVl Takux MmaTpuu: y ﬂepBOVI N3 HUX I -A
CTpOKa COCTOUT U3 NepBbiX CliaraembliXx, a 'y BTOpOVI — N3 BTOPbIX. Bce ocTanbHble CTPOKKM Yy BCeX TpeXx
MaTpul HE USMEHATCA.

a;p T By A By Ay Ap + By Bp
ay ap Ay Ay @y Ap

10. Cymma npounssefeHunii Mpon3BoNbHbIX Yncen L'~ 27°°'™n ya anreGpanyeckne OOMNONHEHUS
anemeHToB ntobow CTpokM (cTonbua) paBHa onpegenqTento MaTpuubl,
NoJly4eHHON U3 AaHHOW 3aMeHOVi 3NIeMEHTOB 3TOM CTPOKM (cTonbua) Ha yucna L' 27"’ =n

11. Onpegenutens NPon3BeAeHNs ABYX KBaApaTHbIX MaTpu1L, paBeH NPOM3BEeaEHMIO UX

Cl=|A-B

Hanpuwmep,

, roe C=A. B; A n B - maTpuubl n-ro nopsigka.

, AB % BA, |AB|=|BA|

3ameuaHue. /13 ceonctea 10 cnegyet, UTO Aaxe ecnu .

MepeyncneHHble CBOMCTBA onpeaenuTenel No3BONSOT CYLECTBEHHO YNPOCTUTL UX BblYUCIIEHUE,
0cobeHHO onpeaenuTeneit BbICOKMX NOPSAKOB. [py BblUMCIIEHUN ON-peaenuTenei LenecoobpasHo Tak
npeobpasoBaTb UCXOAHYIO MaTPULLy C MOMOLLbIO CBOMCTB 1-9, 4TOGbI Npeobpa3oBaHHas maTpuLa nvena
CTpoKy (Mnm cTtonbeu), coaepxa-Liyto Kak MOXHO Gonblue Hyrer, a NoTOM HaWTK onpeaenuTens
pasnoXeHnem Mno 3TOW CTpoke (cTonbuy).

onpenen nTenem:

4 6 -2 4
1 2 -3 1
‘A‘:4 _2 1 0
6 4 4 6

Mpumep. Boluncnnts onpegenvterns YeTBepTOro Nopsiaka

PeweHune. MNpeobpasyem maTpuuy Tak, YTOObI B 3-11 CTPOKE BCE 3NIEMEHTbI, KPOME o;u-loro
obpalyanuck B Hynb. 118 3TOro YMHOXUM, HanpuMep, anemMeHTbl 3-ro ctonbua Ha (-4) uHa 2 n
npubaBnM MX COOTBETCTBEHHO K anemeHTaMm 1-ro n 2-ro cronbuos. PacknagbiBas Nony4yeHHbIN
onpegenuTens NO 3feMeHTam TPeTben CTPOKKU, Hangem
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4 6 -2 4 [12 2 -2 4
12 2 4
1 2 -3 1 (13 -4 -3 1 33
Al = = =1-(-1""| 13 -4 1,
4 -2 1 0|0 0 1 0 0 1 6
6 4 4 6 |-10 12 4 6

MonyyeHHbIV oNpeaenuTenb TPETLEro Nopsigka MOXHO BbIYUCIUTL MO NpaBuiy Tpe-YrofibHUKOB Uin
C NMOMOLLIbIO CBOWCTBA 6, O4HAKO MOXHO NPOAOIHKUTb yrpoLleHne matpuubl. «OB6HYNMM» B matpuue
TpeTbero nopsigka anemeHTbl 2- CTpokn (Kpome ogHoro). [ns aToro anemeHTa 3-ro ctonbua matpuup,
npeaBapuUTeNbHO YMHOXMB Ha
(-13) n Ha 4, crnoXnMm ¢ anemeHTaMmn 1-ro n 2-ro cTondLOB COOTBETCTBEHHO:

12 2 4 |-40 18 4
A=12 -4 1={0 0 1
~10 12 6 |-88 36 6

PacknagpbiBasi N0 anieMeHTam BTOpOVI CTPOKKM N BbIHOCA obLwmne MHOXMUTENM, nosydyaemMm

.a|-40 18 5 1

Al =1-(-2) g g =D (B)18 I=-144
Mpumep. BbluvcnnTb onpegenutens TPEYronbHON MaTpuLibl

2 -3 5 0

0 3 -2 1

0O 0 -1 3

O 0 0 4

(KBagpaTtHasi MaTpuua HasbiBaeTCA TPEYrofnibHON, eCnu BCe ee 3reMeHTbl, pacnonoXeHHble Huxe (Mnu
BblLLe) rMaBHOW AnaroHarnu, paBHbl HYrHO).

PacknagpiBas no nepBomy CTOJ'I6LI,y, nony4yaem

2 -3 5 0
3 -2 1
0 3 -2 1 » -1 3
=2-(-D)*0 -1 3+0+0+0=2-3 +0+0=
0 0 -1 3 0 4
0 0 4
00 0 4

=2.3(-1) -4+0=-24.
Ha yactHOMmM npumepe y6e>|<,u.aemc;| B TOM, 4YTO onpegennTesb Tpeyroanoﬁ (I/I, o4yeBUnaHO,

AvaroHanbHO) MaTpuLbl paBeH NPoM3BeAeHUI0 31eMEHTOB TaBHOWN aAuMaroHarnu.
O6partHas maTpuua

-1
Ona kaxporo 4ucna az0 cyliecTByeT obpaTHoe uucrio @ | Takoe, YTO npouaBepe-Hue
a-at=1
=, ﬂﬂﬂ KBaﬂpaTHle ManVILL TOXe BBOOUTCA aHaJlTOrTM4YHOE NOoHATHUEe.

-1
OnpepeneHue. Matpuua A Ha3biBaeTCs 06paTHOM MO OTHOLUEHUIO K KBaApaTHOM maTpuue A,
€CInu NPy YMHOXEHWM 3TOM MaTpuLbl HA JaHHYI0 Kak cripaBa, Tak U crieBa nonyyaeTcs eQnHu4Has

mMaTpuua: A_l A=A A_l =E .

W3 onpeneneHns crieqyeT, YTO TOSbKO KBaApaTHas MaTpuua umeeT o6paTHyto; B 3TOM Criy4ae u
obpaTtHas MaTpuLa siBMSieTCs KBaapaTHOW TOro e nopsiaka.

OpHako He kakgast KBagpaTtHaa matpuua nmeet o6paTHyro. Ecnn a# O SIBNSieTCA HEOOXOANUMbIM U
-1 -1
OOCTaTO4YHbIM yCloB/eEM CyLLeCTBOBaHUA Yncna a , TO And cyuecTtBoBaHUA MaTpuLlbl A Taknm

A\;tO_

yCcrnoBuem aBrdeTca Tpe6OBaHI/Ie ‘

#0)
Ecnu onpegenutens matpuubl OTAMYEH OT Hyns q ‘ , TO Takaa KBaapaTHas
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u v (npu |Al =0)
MaTpuLa HasblBaeTCs HEBbIPOXAEHHOW, UM HEOCOGEHHOM; B NPOTUBHOM Cryyae -
BbIPOXAEHHOM, NI OCOOEHHOMN.

Teopema (Heo6xoQuMoOe U 4OCTaTOUYHOE YCIIOBUE CYLLeCTBOBaHUSA 06paTHOM MaTpuLlbl).

-1
Ob6patHas maTpuua A cyliecTByeT (M €4MHCTBEHHA) TOr4a 1 TONMbKO TOrAa, Korga ucxogHas
MaTpuua A HeBblpoxaeHHasi.  MoxHO gokasaTtb, YTo obpaTHas maTpuua UMeeT BUA

A’1=i~;&;(jA|¢O)

A , W

roe A. KBagpaTHas Martpuua n-ro nopsiaka, anemMeHTaMy KOTOpOW sBRStOTCS anrebpau-yeckue

~ !
A! . ai' = Ai' = A'i ,
OOMOMHEHMST  3NEeMEHTOB  MaTpuubl ,  TPaHCMOHMPOBAHHOM K A ) ] !
i=Ln; j=1n A 5 N
. MaTtpuuy Ha3bIBaOT NPUCOEANHEHHOW UM COKO3- HOM K maTpuue A.
Anroputm BblYMCNEeHUA 06paTHON MaTpuLbl
1. Haxogum onpepenurens ncxogHom matpuubl. Ecnn ‘ ‘ o , Tomatpuua A — Bbl-
Al A

poxaeHHas n obpaTHasa maTpuua He cywecTtByeT. Ecnu , TO MaTpuua A — HEBbIPOXXAEHHas

1 obpaTHasa MaTpula CyLlecTByeT.

!
2. Haxogum matpuuy A , TPAHCMOHMPOBAHHYIO K A.
3. Haxogum anrebpaunyeckne 4ONONMHEHUSA 3NIEMEHTOB TPAHCMOHNPOBAHHOW MaTpULibl

A=A (i=12,..n; j=L2.n)

1 COCTaBISIEM U3 HUX MPUCOEOUHEHHYIO MaTpULly A.

a; =A;=A;(=12,.,n; j=12,..n)

ij
4. Beluncnsiem obpaTHyto maTtpuuy no gopmyne (1).

-1
5. MNpoBepsieM NpaBubHOCTb BbIYUCIEHNS 0OpaTHOW MaTpULbl A NCXOAs N3 ee onpeaeneHns

A7A=A-A"=E (n.5 He obsaAsaTeneH).

1 -1 3
A=2 2 1
N y 1 4 2
MNpumep. Haitn matpuLy, o6paTHYO K AaHHOMN:
IAl=21+0
PeweHnne. 1. Onpepgenurtens mMatpuubl , T. e. matpuyua A — HeBblpOXAeHHas u
-1
obpaTtHasa maTtpuua A cylwecTByer.
1 21
A=|-1 2 4

3 1 2

!
2. Haxogum matpuuy A , TPQHCMOHUPOBaHHYIO K A:

!
3. Haxogum anre6pa|/|qe0|<v|e OOoNnoNHeHnA anemMeHToB MmaTpuubl A N cocTaBndemM U3 HMX

0 14 -7
A =A; A=[-3 -1 5
A 6 -5 4
NPUCOEOUHEHHYIO MaTpuLy -\, yuuTbiBas, 4YTo
1 ~
At=""-A
A

4. Bbluncnsiem obpatHyto maTpuly
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21 3 3

0 14 -7\ = —i —i i

L1 21 21 21
A :2—1 -3 -1 5 E _i i
6 -5 4 21 21 21

A -A=A-A"=E

5. MoBepsieM NpaBUbHOCTb BblMUCIIEHMS 06paTHOM MaTpuLbl MO hopMyram:
(pexoMeHayeM B 3TOM yGeaMTbCS CaMOCTOSATENBbHO). [N HEBbIPOXKAEHHbIX MaTPULL BbIMOJTHAOTCS

Wik

cnegywowue ceonctea: 1) |AI ;
o (W =R (AT = (A () =), (AB) =B AT
PaHr maTpuupbl

Ons peweHna n nccnenoBaHnda pdaga MmatemMmaTtn4ecknx U npuknagHbiX 3agad BaXXHoe
3Ha4YeHne nmeetT NoHATUE paHra MmaTpulbl.

B mMmaTtpuue A pasamepom mxn Bbl4EpPKMBaAHNEM Kakux-nmbo CTPOK ” CcTON6LUOB MOXHO BbIYSIEHUTb

k <min(m;n)
KBagpaTHble nogmatpuubl k-ro nopsgka, roe . Onpegenutenu Takux nogMmatpuy,

Ha3blBalOTCA MUHOpPaMM k-ro nopsagka matTpuubl A.

Hanpumep, 3 matpuubl A3x4 MOXHO MONYYNTb NOAMATPULbI MEPBOrO, BTOPOro U TPETHEIO
NopsiAKOB.

PaHrom MaTpuubl A Ha3biBaeTCsi HAMBLICLLUIA NOPSAOK OTAMYHBIX OT HYNSI MUHOPOB 3TOWM MaTpULbI.

Panr maTpuubl A o6o3HavaeTcs rang A, rg A nnu r (A). I3 onpeaenenunsi cnegyert:

A r(A) <min(m;n),
a) paHr Matpuubl ©  MXN He NPeBOCXOAUT MEHBLLETO U3 ee pa3Mepos, T. €. ;

6) r(A)=0

TOrga v TOJNbKO TOoraa, Korga afieMeHTbl MaTpulbl paBHbI HYIHO, T.€. A=0;
N r(A)=n
B) AN KBaApaTHOW MaTpuubl N-ro nopsaka
HEBbIPOXOEHHad.

Toraa v TonbKo Toraa, koraa matpuua A —

1 3 0 4
A=[3 2 0 1
-1 0 -3

Mpumep. Bblumcnutb paHr maTpuubl

A,, 1(A)<min(3;4)=3 )
PeweHune. [ns matpuubl = 34 ( ) ( ! ) . MpoBepum, paBeH Ny paHr Tpém, ans
3TOro BbIYMCIUM BCE MUHOPbI TPETLETO NopsaaKa, T. €. ONpefAenuTeny Bcex NogMaTpuL, TPeTbero
nopsiaka (UX BCero 4, OHU Nony4varoTcst NPU Bbl4EPKMBaHUM OOHOTO 13 CTONGLOB MaTpuLbl):

3 0 4 10 4 1 3 4 1 30

> 0 1/1=0 |30 1]/=0 B 2 1|=0 [3 2 0/=0

10 -3  po-3 |2 -1-3 P -10
r(A)<2

nOCKOﬂbe BCe€ MMHOPbI TpeTbero nopdaaka Hyrnesble,

13

. Tak kak cyliectByeT HeHyneBoun

r(A)=2
MWHOP BTOPOro Nopsiaka, Hanpumep , TO .

B obwem crnyyae onpegeneHne paHra MaTpuubl nepebopomM BCEX MUHOPOB AOCTAaTOMHO  TPYAOEMKO.
[ns obneryeHns aToW 3agayn UCMOMb3YOTCS Npeobpas3oBaHus, COXpaHSALWMNe paHr MaTpulbl.
HazoBeM anemMeHTapHbIMU Npeo6pa3zoBaHUAMU MaTPWLbl CneayloLLme:

1. OTOpacbiBaHWe HyNeBOW CTPOKK (cTonbua).

2. YMHOX€EHMNe BCEX 3JIEMEHTOB CTPOKM (CTONOLA) MaTpuubl Ha YUCIO, HE paBHOE
HyI0.

3. NameHeHne nopsgka CTPOK (CTONBLOB) MaTpuubl.
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4. NpubaBneHne K KaxXaomy 311EMEHTY OOHOWM CTPOKM (CToNbLa) COOTBETCTBYHOLLUX SIEMEHTOB
OPYron cTpoku (cTonbua), yMHOXEHHbIX Ha foboe uncro.

5. TpaHcnoHpoBaHve MaTpuLbl.

Teopema. PaHr matpuubl He N3MEHSIETCS NMPU ANIEMEHTAPHbIX NPeobpasoBaHUSX MaTpULLbI.

Mpun n3yyeHnn cBoNCTB onpegenuTenen bbino NnokasaHo, YTo NpU Npeobpas3oBaHMAX KBagpaTHbIX
MaTpuL UX onpeaenuteny nmbo coxpaHsaTCs, TMBO yMHOXAalOTCS Ha YMCOo, He paBHOe Hynt. B
pesyrnbTaTe CoOXpaHsieTCs HauBbICLUMIA NOPAOOK OTIIMYHBIX OT HYNSI MMHOPOB WUCXOOHOW MaTpuubl, T. €.
€e paHr He U3MeHsIeTCs.

C nomoulblo 3nemMeHTapHbIX MNpeobpas3oBaHUi MOXHO MPUBECTM MaTpuuy K Tak HasbiBAaeMOMy
CTyneH4yaToMy BuAy, KOrga BblYMCIEHNE €€ paHra He NpeacTaBnseT Tpyaa.

Matpuua A HasblBaeTCA CTyneH4YaToMn, eCiv OHa MMeeT Bug

8 Gy e A e By

Az 0 a, .. 3, .. a,
0O 0 .. a, ay

a; #0,1=L2,...,r; r<k
roe .

r<
3ameuaHume. Ycnosue BCerga MoxeT OblTb JOCTUIHYTO TPAHCNOHMPOBAHNEM MaTpULb.
OuyeBUOHO, YTO paHr CTyneH4YaTon MaTpuLbl paBeH I, Tak Kak MIMeeTCa MUHOP F-ro nopsgka, He
PaBHbIN HYIHO:

8 8 .. By

0 a, .. a,
=a,; Ay .., %0

rr

0O 0 .. a

MokaxxeM Ha NpYMepe BbIUYMCIEHME paHra MaTpuLibl C MOMOLLBIO 3NIEMEHTapHbIX Npeobpa3oBaHui.

0 -1 3 0 2
2 -4 1 5 3
-4 5 7 -10 0
-2 1 8 -5 3

rr

A

Mpumep. Hantu paHr matpuubl

a,; =0 a, =0
PeweHune. 1. Ecrin , TO MpW NepecTaHoOBKe CTPOK unun ctonduos AobuBaoTcsa TOro, 4To

. B oaHHOM npumepe nomeHsieM MecTaMu, Hanpumep, 1-10 1 2-10 CTPOKM MaTpuLbl .

a,; =0 oA

2. Ecnu , TO, YMHOXasq anemMeHTbl 2-1, 3-1 1 4-i CTPOK Ha noaxoAsLumne ymcna (MMeHHo Ha

-a,la,, =0, —a,/a, =2, —a,/a, =1
217711 ! 317711 ! 417 711 ) 1 NpMOaBnssi NoNy4YeHHbIe YMcilia COOTBETCTBEHHO

L. . a
K anemMeHTam 2-i, 3-i1 u 4-i cTpok, o6Gbemcs Toro, YToGbl BCe anemMeHTbl 1-ro ctonéua (kpome — 11)
PaBHAMNNUCH HyIHO:

2 -4 1 5 3 2 -4 1 5 3

o -1 3 0 2 0 -1 3 0 2
-4 5 7 =10 O 0 -3 9 0 6
-2 1 8 -5 3 0 -3 9 0 6

3. Ecnu B nonyyeHHon matpuue Ao 7 0 (B paHHOM cnyyae A = -1=0 ), TO, YMHOXas 3NeMEHTbI

L -a,la,,=-3, —a,/a,,=—3
3-11 1 4-iA CTPOK Ha noaxofsiime Ynucna (a UMeHHo Ha 327 %22 ! 427 =22 ) ,
Jobbemcs Toro, YTobbl BCce anemMeHThl 2-ro ctonbua

a,,,a .
(kpome 127 722 pagHanuck Hyno. Ecnn B npouecce npeobpasoBaHmi Nony4aTcst CTPOKM (Unu
cTonbubl), LENIMKOM COCTOSILLME U3 Hyrnel (Kak B 4aHHOM MpuMMepe), TO OTOpackiBaeM 3TW CTPOKM  (Unu
cTonbupl):
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o O N
|
-
o O O

3
2
0

(@)
O O W -

2 415 3
) (o 13 0 2}
0 0 000
rlOCJ'le,D,HFIFl matTpulda wmeeTt CTyﬂquaTblﬂ Bl/lﬂ, n COOEPXNUT MUHOPbLI BTOPOro nopsaaka, He paBHbIe

2 -4
=-2#0

HYMO,  Hanpumep . MoaTomy paHr nonyyYeHHOW CTyneH4YaTon, a cnegoBaTenbHo,
W OaHHOW MaTpuLbl paBeH ABYM.
3AOAHMUE. Bouluncnutb onpegenurenu:

L 3 2 1 4 3 5 32 4 1134
a)253; 6)3—2 8| B)41—2 2 0 0 8
3 4 2 1 -7 -5 5 2 -3 "3 00 2
4 4 7 5
2 3 4 -5 4 2 1 11 0520
a)|8 7 =2|; 6)|5 3 -—2|; B) (1 3|; 8 3 5 4
2 -1 8 3 2 -1 36 "7 241
0410
3 1 5 3 3f>1_23_1
ayll 0 1f; 6)[0 1 O B)|7 1 6 > 3 4 4
1 A 31 2 2
1 3 7 6
4 1 5 25 12 3 10 )
a)[l 7 49 6) |4 )4 1 1 2 22
1 8 64 7 3 2 2 22
2 2 3 2
2 2 2 4
5. 1 1 1 2 1 0 1 23 |2 10 2
al4 5 9 6|3 -4 5 al2 14 |3 21 0
16 25 81 0 1 2 1258 "l101 3
' 12 1 3

SAOAHMUE. YMHOXMTb MaTpyUbl:

R
N -

L 1 2)(-3 4 © ®)
11 -4 1)1 1 111
0 7)l5 8) 123
2) |- 9 -2|5 4 4
15 5 1){10 5
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2 1 2\(4 3 1 2 3Y4 1 2 1 1 1Y1 4
) 0 3\2 1) -11 2|0 11 1 2 32 5
| 3 2 -1)l1 2 1 1 4 9)|3 6
6) B) .
3 2 1)(-1 2 © ®)
1 -2 -1\/(-2 2 -3
0 3){3 5 1 2 -1
a) ; 3 1 2|4 3 -5
0 3 4
1 2 2)5 -4 7 1
4. -1 0)(2 5 0 2 -1\4 3 2 1 2
1 2 -1
4 307 1 -2 -1 2|3 2 1 0 3
a) ; 5 5 1 3 O
5) 3 -2 -1){1 3 5 ) 4 _
S. [_2 0](2 5) 1 3 22 2 3 { 3 { 1 2
" 4 113 1 ; -3 2 00 1 4 (2 0 Sjl
6) 4 -3 5S5\A-1 1 0 5)
3AOAHMUE. Hanntun obpaTHble maTpuubl Ans MaTpuL:
L. 3 2 1 -2 -1 2. 3 4 1 11
a) ; a) ;
2 1 6)|3 1 2 2 6)| 5 4 3
1 2 2 10 5 1
3. 2 -3 2 -1 0) |4 3 2 1 1
a) ; a) ;
4 7 6)| 5 3 -6 2 6)|0 2 1].
-1 -2 3 31 2
S 2 3 4 5 -5
N1 oa) 6|1 2 2
5 7 2
3AOAHME. Haintu paHr matpuupbl AByMS cnocobamu:
1. 1 3 50 2. 1 2 1 4 1 211
2 4 7 1 01 -1 3 2 515
3 7 2 1 2 5 1 11 3 819
4. 1 4 3 2 1 S 1 -3 50
01 -1 -2 2 3 -1 3 2
0 9 5 5 -3 2 3

2 4

Tema. CucteMbl MIMHENHBbIX YpaBHEHUN
K cucremam nuHenHbIX ypaBHEHUI NPUBOAUT MHOXECTBO MPUKNaAHbIX 3agay.
OcCHOBHbIe NOHATUA U onpeaerneHus
Cuctema m nNMHENHbIX ypaBHEHUA C N NepeMeHHbIMU UMEET BUA
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Ay Xy + X, et A X e+ X = b;
Ay Xy F AppXy e+ X F o+ Ay X, =D,

Ay Xy + Ao Xy o+ LX)+ A XD

mn“*n~m* (2)
a;,b,(i=12..,m; j=12,...,n)
roe - NPOn3BOJ1bHbIE YNCJ1a, Ha3blBaeMbleé COOTBETCTBEH-
HO K03dhdULMEeHTaMM NPU NepeMeHHbIX 1 CBOGOAHLIMU YNleHaMu ypaBHeHUI. B 60-
nee KpaTKOI7I 3anuncu ¢ NOMoOLLbO 3HaAaKOB CYMMUPOBaHUA CUCTEMY MOXHO 3anuncaTtb B BuAe

Zn:aijxj =b. (i=12,.,m)
-1

(%, =Ky, X, =Ky X, =K.)
PeweHnem cuctembl (2) Ha3biBaeTCs Takasi COBOKYNMHOCTb N yucen %, 1r 72 72 O ns,

npv NOACTaHOBKE KOTOPbIX KaXAoe ypaBHEHME CUCTEMbI 0DOpaLLaeTCcs B BEPHOE PaBEHCTBO.

Cnctema ypaBHeHVMIN Ha3blBaeTCsd COBMECTHOM, eCrvM OHa MMeeT XOoTs Obl OgHO pelleHue, u
HECOBMECTHOW, €eCnn OHa He wumeeT peweHun. CoBMecTHass CUCTeMa YypaBHEHWI Ha3blBaeTcs
onpenerneHHon, ecrnm oHa MMeeT eOWHCTBEHHOE pelleHVe, U HeonpeneneHHOW, ecrnn oHa uveeT
Honee ogHoro peweHns. Hanpumep, cuctema

X, + X, =10,
. %=X, =10
ypaBHeHW - COBMECTHas 1 onpefeneHHas, Tak Kak UMeeT eMHCTBEHHOe
2X, + X, =10,
2%, + X, =15 3
pewweHue (10;0); cuctema - HECOBMECTHas!, a CUCTEMA YpaBHEHUN
2%, + X, =10,
4x, +2x, =20

- COBMECTHas 1 HeonpeaeneHHas, Tak kak uMeeT 6oree ogHoro, a Tou-
. (X =C, X, =10—2c, rne c— ar000€e qI/ICJIO)
Hee, 6eCKOHEYHOE MHOXECTBO peLleHuii \ 1 2 .
[iBe cncTembl ypaBHEHWI Ha3bIBAOTCSl PaBHOCUITbHBLIMU, UMY 3KBMBaNEHTHbIMM, ECINN OHW UMEIDT
O[HO U TO XK€ MHOXECTBO peLUEHUN.
3anuwem cuctemy (2) B maTpuyHon chopme. OB6o3Haumm

a; & - &,y Xy b,

a, a, .. a X b
A: 21 22 2n ; X — 2 ; B — 2 ’

aml amz amn Xn bm

roe A — matpuua koddhdOULUMEHTOB NMPU NEpPeMEHHbIX, UM MaTpuua cucteMbl, X — MaTpuua-ctonbeu
nepemeHHblx; B —matpuua-crtonbey, cBOGOAHBIX YNIEHOB.

A X .
Tak kak yuMcno ctonbuoB mMaTpuubl ~ MXN paBHO 4mcny cTpok MaTtpuubl ~ ™1 ux npoussepeHue
A X 8 X, T+ X

AX — dy X + Ay X+ + 3, X,
a. X +a X, +..+a_ X
mi1 m272 mnTn/ - ecTb MaTpuua-ctonbel. AneMmeHTamu
Morny4YeHHON MaTpuLbl ABMAOTCA NeBble YacTu cucTeMbl (2). Ha ocHoBaHUM onpepgene-HUs paBeHCTBa
mMaTpuL cuctemy (2) MOXHO 3anucaTb B BUae

AX=B. 3)
Cuctema N T§MHENHbIX YpaBHEHWA C N nepemeHHbiMU. MeToa obpaTHoi maTpuubl U opMyIbl
Kpamepa
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MMycTb YMCno ypaBHEHUIN CUCTEMbI (2) paBHO YNCITY NEPEMEHHBIX, T.€. M=N_ Torga MaTpuua

CUCTEMbI ABNAETCA KBAJPATHOIA, a ee onpeenuTens ‘ ‘ Ha3blBaeTCs onpeaAenuTenemMm cucTemMsbl.
Ons nonyvyeHus pewweHns cuctemsl (2) npu M =N npeanonoxum, uto kBagpaTHas MaTpuLa

A %

cuctemMbl —  M™N HeBbIPOXAEHHAS, T.€. ee onpeaennTenb ‘ ‘ . B aTom cny4ae cywecteyeT
A

obpaTHaga maTtpuua .

-1
YMHoxas crieea obe yacTi MaTpUYHOro paBeHcTBa (3) Ha MaTpuly A , ONy4nMm

A (AX)=A"B A(AX)=(ATA)X =EX =X

. Tak kak , TO peLleHnemM cucTembl METOAOM
obpaTHoM maTpuubl OyaeT maTpuua-crtonodel
X=A"B _ 3)
Teopema Kpamepa. [NycTb A . onpegenuTens MaTpuubl cuctemsl (2), a I onpegenuTens MaTpubl,

nonyyaemomn n3 matpuubl A 3ameHon j-ro ctonbua ctondbuom cBoOOAHbBIX YnieHoB. Torga, ecnu A# O,
cucTema UMeeT eANHCTBEHHOE peLLeHne, onpeaensieMoe no popmynam

A .
X, =— (j=12,..,n)
A
: (4)
®opwmynbl (4) nonyymnu HassaHue popmyn Kpamepa. B cootBeTCcTBUMM C chopmyrnon (1) obpaTHas
4 1 =
At=—A
mMaTpuua ‘ ‘ , roe A mMaTpuua, npucoeanHeHHast K matpuue A. Tak Kak ariemMeHThl

Iy !’
MaTpuLbl A ecro anrebpaundeckne AOoMOMHEHUS 3NIEMEHTOB MaTpULbl A , TPAHCMOHUPOBAHHOM K A,
3anuiemM paBeHCTBO (3) B pa3BepHyTON hopme:

Xl All A21 Anl bl
X2 i A12 A22 An2 b2

A
Xn Aln AZn Ann bn
Al=A
YuutbiBass, 4TO , Nony4YmMm nocne yMHOXeHUsa Mmatpul
X1 b1A11+bz'6‘21—l""'i'bnAnl
X _ 1 b,A, +b,A,, +..+b A,
A | o e,
Xn blAln +b2A2n +"'+bnAnn

OoTKyga crnepgyet, 41O OnA J'|+o6oroJ (121’2"“’n)

1
b,A; + DA+ D A=A, A

Ha ocHoBaHuu cBonctea 10 onpegenutenen ), roe )

(j=1,2,...,n)

onpegenuTens MaTpuubl, MOMYYEHHOW N3 MaTpuubl A 3aMeHoM j-ro ctonbua cTtonéuom

i
cBobOAHbIX YneHoB. CnegoBaTtenbHO, A
Mpumep. Pewntb cuctemy ypaBHeHMI
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X, =X, + X3 =3,
2X + X%, + X, =11,
X, + X, +2X; =8.

a) meTogom obpaTHon MmaTtpuubl; 6) no dopmynam Kpamepa.

1 -1 1 X, 3
Pewenue. a) O6osHauum A=|2 1 1|; X=|X, |; B=|11|. Torna B maTpuuHoit copme
1 1 2 X3 8

faHHasa cuctema nmeet Bug AX =B . Hallnem onpepenutens |A|:5 . Tak Kak |A|¢O, mMatpuua A —
HEeBbIPOXAEHHAs, 1 CyllecTByeT obpaTHasa maTpuua

113—2 113—231204
A’lzg -3 1 1 X:A’lB:g -3 1 1|11 :E 10 |=| 2|,
1 -2 3 1 -2 3 )8

T. €. pewleHue cuctemsl (4; 2; 1) .

) b A=|A|=5 A#0

) Hangem onpegenutens cuctemsl . Tak kak , No Teopeme Kpamepa cuctema
UMeeT eQUHCTBEHHOE peLleHme.

ALA, A,

Bblumcnum onpegenuteny martpui Nony4eHHbIX U3 MaTpuy, A, 3ameHomn
COOTBETCTBEHHO NEPBOro, BTOPOro 1 TpeTbero ctonbuos ctonbuom cBo6OHbIX YNEHOB:

3 -11 1 3 1 1 -1 3
A=l11 1 1]=20; A,=[2 11 1/=10; A,=2 1 11=5.
8 1 2 1 8 2 1 1 8
A 5 A 5 A 5

Tenepb no dopmynam Kpamepa (4)
T. €. peweHue cuctembl (4;2;1).
MeToa lNaycca
PaccMoTpuMm pelueHue cuctemMbl (2) m NUHENHbIX YpaBHEHUA C N NepeMeHHbIMU B 06LeM Buge.
MeTtop MNaycca — meTop nocreaoBaTeNbHOro UCKMIOYEHUS NepeMeHHbIX — 3aKro-4aeTcs B TOM,
YTO C NOMOLLbIO 3fIeMeHTapHbIX Npeobpa3oBaHnin cucTeMa ypaBHEHWUI NPUBOANTCH K PaBHOCUITbHOM
cucTemMe CTyrneH4yaToro (unm TpeyronbHoro) Buga. 13 Hee nocnegoBaTtensHO, HaYMHas ¢ nocnegHux (no
HOMepY) NepeMeHHbIX, HaXOAATCSA BCe OCTarbHble NepeMeHHbIE.

. X
MpeanonoXxum, 4to B cucTeme (2) KoadPUUNEHT Npu NepeMeHHo 1 B NepBOM ypaBHEHWU

a,; #0 . . a,; #0
(ecnu aTo He Tak, TO MEPECTAHOBKOW ypaBHEHUI MecTaMu oObeMcs TOro, YTo ).
LWar 1. YMHOXasi nepBoe ypaBHEHME Ha NOAXOAsLME Yncna (a MMEHHO Ha

—-a,la,, —a;l/a,,..,—a.,/a
217 711 317 F1lrrm ml® ™11} ¥ npuGaenss nonyvyeHHble ypaBHEHNS COOTBETCTBEH-HO KO

X
BTOPOMY, TPETLEMY, ..., M-MY YPABHEHUIO CUCTEMBI (2), WCKIMIOUYMM NepemeH-Hyo ~ 1, 13 Bcex
nocnegyoLwmnx ypaBHEHUIN, HA4YMHasA Co BTOPOTO.
Mony4nm

(2, X, +a,X, +...+a,X, =b,,
alx, +..+alx =b?®,
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roe GykBamm ¢ BEpXHUM MHAEKCOM (1) 0603HaueHbl HOBbIE KOIMPULIMEHTLI, MOSTyYeHHbIE NMOCNEe NePBOro
wara.
@
LWar 2. Mpeanonoxum, 4yto — 22 (ecnu 31O He Tak, TO COOTBETCTBYIOLLEN NEPECTAHOBKOW

1
) al) #0
ypaBHEHUN nnm nepemMeHHbIX ¢ UISMeHEHNeEM NXx HOMepoB ﬂ,06beMCﬂ TOro, l-|TO6I:| )
1 1 1 1
(~al/al -ad/al..
YMHOXas BTOpOE€ ypaBHEHME Ha nogxoasdilimne 4mcna
_a® [a®
, m2 " %22 1 npnbaBnsas nonyyYeHHbIe ypaBHEHWUs COOTBETCTBEHHO K TPeTbeMy, YeTBEepTOMY,
X .
. m—My ypaBHeHVIIO CUCTEMbI, UCKINMHOYUM I'IepeMGHHyro 2 N3 BCeX I'IOCJ'Iep,erUJ,I/IX ypaBHeHI/II/I,
Ha4vYnHaqa C TpeTberO.

Xgy X4y X

Mpoaomkas NpoLecc NocneaoBaTenbHOro UCKMOYEHNS NepeMeHHbIX r-1 nocne

(r-1)

—ro wara, nojily4dmmMm cuctemy
&, X; +a,X, +on 8, X, +8,,,X

(©) (@) @ (6)) _h®
a‘22)(2 +"'+a2r Xr +a2,r Xr+1 +"'+a2n Xn _bz )

+..+a,X,=b,,

r+l1

al™x +allx  +..+alPx =bY,

rr+l “Yr4l

0=bU™?
mo
Uucro Hynb B nocriegrux M —1 ypapHeHnsix osHauaeT, uTo WX neBble YacTW UMEIOT BUA
(r-1) (r-1)
0- X +0- Ay et 0- X”. Ecnu xota 66l 0gHO 13 Yucen br+1 ""’bm
COOTBETCTBYIOLLEE PABEHCTBO NPOTMBOPEYMBO, U cucTema (2) HeCoBMeCTHa.
b(r—l) b(r—l)
Takvum o6pa3som, Ans No6oi COBMECTHOM cucTembl Yucna 1 ’***'~m g cucteme paBHbl HYIIO.
B atom cnyyae nocnegHue m-—r ypaBHeHW B cucteme (5) ABNSAOTCA TOXAECTBAMU U UX MOXHO He
npMHUMaTb BO BHMMaHuWe npu peweHnn cuctemsl (2). OueBnaHo, YTO nocne oTopachiBaHUS «IULLHUXY
ypaBHEHU BO3MOXHbI [Ba Cny4vas: a) YACNO ypaBHEHWUNA CUCTEMbI (5) paBHO YMCIYy NEepPeMeHHbIX, T. €.
r=n (B aTOoM cny4ae cuctema (5) nmeeT TpeyronbHbIn BUA); 6) r<n (B aTom cnyyae cuctema (5)
umeeT cTyneHyaTbin Bua). lNMepexon cuctemsl (2) K paBHOCUITBHON e cucteme (5) Ha3biBaeTCsl NPAMbIM
xopoM MeTofa [aycca, a HaxoxaeHne nepeMeHHbIX U3 cuctembl (5) — oGpaTHbLIM XO40M.
Mpeobpa3oBaHus [aycca yaobHO nNpPoOBOAUTb, OCYLLECTBNSAS Npeobpas3oBaHWss He C caMUMuU
ypaBHEHNsMU, a C MaTpuLen nx koapdpuumeHToB. PaccMoTpum maTpuly

all a12 "'aln bl
a, a, ..a, |b,

He paBHO Hyn, TO

Al

a b

m2 i mn m

a a

Ha3blBaeMylo paclUMPEHHON MaTpu1Len cucTeMbl (2),Tak Kak B Hee, KpOMe MaTpubl CUCTEMBbI A,
AOMNOMHUTENBHO BKMtOYeH cTonbel, cBO6OAHBIX YIEHOB.

X, +2X, +3X; — 2X, =6,
2X, +4x, — 2X,; —3x, =18,
3X, + 2X, — X, + 2X,=4,

ml

2X, —3X, + 2X, + X,=8.

r

Mpumep. Peunts cuctemy ypaBHeHUN
PeweHue. PacluvpeHHas maTtpuua cucteMbl UMeeT BUA

35



1 2 3 -2,6
2 4 -2 -3]|18
3 2 -1 2 |4
2 -3 2 1 |-8
LWar 1. Tak kak allio, WCKITIOYUM NEePEMEHHYHO X1 N3 BCEX CTPOK, HAYMHas CO BTOPOU, YMHOXas

BTOPYIO, TPETBIO M YETBEPTYH CTPOKU MaTpuLpbl Ha uncna (-2), (-3),
(-2) n npnbaBnss Nony4YeHHble CTPOKM COOTBETCTBEHHO KO BTOPOW, TPETLEW, YETBEPTON CTPOKAM.
M _

3ameTuB, YTO B HOBOM MaTpuue 22—, MOMEHSIEM MECTamMm1 BTOPYHO M TPETbIO CTPOKM:
1 2 3 -2 6 1 2 3 -2 |6
0O 0 -8 1 6 0 -4 -10 8 [-14
0 -4 -10 8 |-14 0O 0 -8 1 6
0 -7 -4 5 120 \0 -7 -4 5 20
War 2. Tak kak Tenepb aglz) ==4=0 , UCKITOYNM MEPEMEHHYHO X2 13 BCEX CTPOK, HAuYMHas c
TpeTbeil, yMHOXasi BTOPYD CTPOKY Ha (_ 71 4) Z

NpuGaBnss Nony4YeHHY CTPOKY K YeTBEPTOM:

A I é 24 io -;f i4
0 -4 -10 8 |-14 X 1) _8 X —6
0 0 -8 1] 6 o o0 o 117 117
0 0 135 9 '45) 6 '8 )
(2) _ _
LWar 3. YuntbiBas, 4to A33 =~ 8¢O, YMHOXaem TpeTbio CTPOKY Ha 135/8=27/16 ",

o X
npuGasnsasa Nony4YeHHY CTPOKY K YeTBEPTON, UCKMHOUYNM U3 Hee nepemMeHHyo 3. Monyyum (cm.

NOCNeaHIon MaTpuLy) CUCTEMY YPaBHEHMWI
X, +2X, +3X; —2X, =6,
—4x, —10x,; +8x, =—14,

—8X; + X, =6,
a7, 7
16 8'
oTKyAda, ucrnonb3aya obpaTHbIn Xxoa MeToaa aycca, Haigem U3 YeTBepToro ypaBHeHMUs X4=— 2, "3
6-X, 6+2
X3 = = =—1,
TpeTbero -8 -8 N3 BTOPOro
« _—14-8x, +10x, -14-8(-2)+10(-1) _ 9
,= — =

-4 -4 " 3 nepBoro ypaBHeHUs
X; =6+2x, —3X; —2X, =6+ (-2)-3(-1)-2-2 :1, T.€. peLLeHne CUCTEMbI
@;2;-1;2)

Mpumep. MeTogom MNaycca pelwmnTb cUCTEMY ypaBHEHUN
X, +2X, =X, =1,
2X, —3X, + X, =3,
4x, + X, — X, =16.
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PeleHue. npeobpasyem pacLLUMPeHHY0 MaTpULy CUCTEMBI

1 2 1|7y (1 2 -1|7 1 2 -1 7
2 -3 1 (3| |0 -7 3 |11| |0 -7 3 11
4 1 -1l16) \0 -7 3 F12) (0 0 0O +1

Utak, ypaBHeHMe, COOTBETCTBYIOLLEE TPETbEN CTPOKE NocneaHen MaTpuLbl, NPOTUBOPEYMBO — OHO

NPVBENOCh K HEBEPHOMY PaBEHCTBY , CrefoBaTensbHO, JaHHaa cuctema HeCOBMECTHa.
Cuctema m NUHENHbIX YpaBHEHUM C N NepeMeHHbIMU
Bonpoc o paspelummocTn cuctemsl (2) B 00LEeM Buae paccmaTpmBaeTcs B Crieqyowen Teopeme.
Teopema KpoHekepa-Kanennu. Cuctema nvHenHbIX ypaBHEHMI COBMECTHA Toraa U Tonbko Toraa,
Korga paHr MaTpuLbl CUCTEMbI PABEH pPaHry pacLUMPEHHON MaTpULbl 3TOW CUCTEMBbI.

[1ns1 COBMECTHbBIX CUCTEM JIMHENHbIX YPaBHEHWIA BEPHbI CeAyloLLINe TEOPEMbI.

1. Ecnu paHr matpuLbl COBMECTHOW CUCTEMbI PaBEH YNCITY MEPEMEHHBIX, T. €. , TO cuctema (2)
UMeeT eQUHCTBEHHOE peLleHme.

y r<n
2. Ecnn paHr maTtpuLbl COBMECTHON CUCTEMbI MEHbLLIE YACNA NEPEMEHHBIX, T. €. , TO cMctema
(2) HeonpepeneHHasa n nmeeT 6eCKOHEYHOE MHOXECTBO PeLUeHUN.

r<n Xp s Xy yeeny X
nyCTb , I nepemMeHHbIX I Ha3sblBalOTCS OCHOBHbLIMU (VIJ'IVI 6a3VICHbIMVI), eciun

onpegenuTenb MaTpuubl U3 KO3(PMULMEHTOB MpU HUX ( T.e. GasuCHbIM MWHOP) OTNIMYEH OT Hyrs.
OcranbHble 11— T nepemeHHbIX Ha3bIBaIOTCS HEOCHOBHBLIMM (MMM CBOGOAHBIMM).

PelueHne cuctemol (2), B KOTOPOM BCe N — T HeocHoBHBIX nepeMeHHbIX paBHbl HYMO, Ha3bliBaeTcs
0a3uUCHbIM.
NccnepoBatb Ha COBMECTHOCTb M peLLUTL METOAOM [aycca JaHHY CUCTEMY:

2X, — X, + X3 — X, =9,
X, +2X, — 2X, +3X, =6,
3X, + X, =X; +2x, =-1.
PeweHue. [Npeobpasyem paclumpeHHyto MaTpuuly cuctemsbl (4N yaobcTea BblumcrieHun 6epem B
KayecTBe MepBov CTPOKN KOIPAULIMEHTLI BTOPOrO YpaBHEHUS, Y KOTOPOro KOIMULIMEHT npn X; paBeH

eavHuue):

1 2 -2 3 |-6 1 2 -2 3 |-6
2 -1 1 -1|5 0 -5 5 -7 117
3 1 -1 2 |-1) \0 -5 &5 -7 |17
1 2 -2 3| -6
0 -5 5 7|17
O 0 0 0] O

1 2 -2 3| -6
0 -5 5 7|17

r<n, (n=4). Takum obpa3om, cuctema nMeeT GECKOHEYHOE MHOXECTBO PeLIEHUI.

,T.e. F(A)=r(A)=2. CnegosatensHo, cuctema COBMeCTHa.

y X, X
OcTaBunM B NeBo YacTu nepemeHHble ~ 1'°"2 koTopble GepemM 3a OCHOBHbIE (ONpeaenuTens 13
KO3(PhULIMEHTOB NPU HNX (DA3UCHBLIN MUHOP) OTIIMYEH OT HYMs, T. €.

1 2
#0
0 -5 X5, X
) . OctanbHble HEOCHOBHbIE nepemMeHHbIe 3 4 nepeHocunm B NnpaBble
X, +2X,=—6+2X, —3X,,

§ —5X,=17-5X, +71X,,
YyacTu ypaBHeHUIN. B pesynbTaTte nosiy4Mm cuctemy
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17 7 17 7 4 1
X,=— + X, ——X M:—6+2x5—$g—2ﬂ~—+x3——xJ:———x4
oTKyAna ’ S ’ S * 7] 5 5 5 5 .
X;=C,, X, =C

3apaBasi HEOCHOBHbBIM NePEMEHHbIM NMPOU3BOSbHbIE 3HAYEHUS 2, Hapem BeckoHeuyHoe

4 1 17 7 _
Xl:g_gcz’ XZ:_€+C1 _gcw X3=C1: X, =G
MHOXECTBO PELLUEHUA CUCTEMBI
X—Yy+z2=2
2X+y—-z=1
3agava. Pelwuntb cucteMy MaTpU4HbIM CNOCOBOOM: X= 2y =3 .
X 1 -1 1 2
X=|y|, A=[2 1 -1|, B=|1
1 -2 0 -3
PeweHue. MycTb . Toraa gaHHy CUCTEMY MOXHO
3anvcaTb B BUAE MAaTPUYHOIO ypaBHEHUS AX = B. Pewaem ero, fomMHOXas cneea Ha 0b6paTHyHo
. ATAX=A"B = EX=A"B. X=A"B
MaTpuLy: OTctoga nonyyaem peLueHue .

-1
Hanpem cHavana A .

1 -1 1 Q 1|1 11

A, =12 1 - = 010 :3@3“-2 J=3FD®—CQD=—6
1 2 0 1 20 o

(AA #0 ,3HaYnT Ail 7 .

A11 = (_ 1)1+1
(+)

A21 =(- 1)2+1
=)

A31 = (_ I)M
(+)
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A, =( 1)3+21 l—(l 2)=3 A, =( 1)1+32 1—4 =-5
2 ) 2 -1 7 B « 11 = 7
_ 2+31 _1_ _ _ 3+31 _ _
A, =(-1) =—(=2+1)=1 Ay =(-1) =1+2=3
(=) 1 -2 (+)
CocTtaBnsiem obpaTHyl MaTpuuy
1A11 A, A, 1—2 2 0 12 2 0
A—l_Z A Az Ag|=Zf -1 -1 3=g1 1 3
Ap A, Ay 5 1 3 5 -1 -3
Hangem
. 2 2 0)(2 . 2.2+2-1+0-(+3) . 1
sz—leE 11 31 |=¢ 1-2+1-1+(=3)(-3) =|12|=| 2
5 -1 -3)|-3 5.2+ (~1) -1+ (-3)(-3) 18) (3
X 1
X=|y|=|2
Z 3
T.e. .

MpoBepka. MoacTaBUM HalOEHHOE peLLUeHME B UCXOAHYIO CUCTEMY: 1-2+3=2 (McTrHa),

2-1+2-3=1 (McTuHa), 1-2-2=-3 (nctuHa).

x=1
y=2
Z=3

OtBerT:
1) PewwuTtb cuctemy metogom Kpamepa.
Bo3bmeM 3Ty e CUCTEMY U pelliMM e€ C MOMOLLIbIO onpeaenuTenei.

X—y+2=2 1 -1 1
2X+y-z=1 A=2 1 -1=-6
X—2y=-3 1 -2 0

, 3anuwem onpegenuntesnb CUCTEMbI

3ameHnm B A ctonbel k03adhHULNEHTOB Npu X' Ha cTon6e npaBbIX YacTen
2 -1 1 2 -1 1

A =1 1 -1 = =3(-1)*
3 -2 0 3 20 "

|=30)0+2)=-6

1‘

3amMeHum B ctonbew k03 OULNEHTOB NpU y Ha cTonbey, NnpaBbIX YacTewn

1 2 1 ,
A=2 1 -1=|3 3 (=1(-1"
1 3 0| |1 -3 )

3
‘:—9—3:—12
3

3ameHnmv B ctonbey ko3 PULNEHTOB Npwm Z wa cronbeu npasbIxX YacTemn
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1 -1 2| (2 [+t

3 3
A=2 1 1 / =3 0 J|=(-1 (D" . 7‘:—21+3:—18
1 2 -3 1 0 - I
Ax_6_,
A -6
Ay _-12
A -6
_Az_-18
n A -6
o dopmynam Kpamepa nonyvaem pelieHune
x=1
y=2
OTBerT: z=3 .
3) Pewntb cnuctembl metogom lMaycca:
X-y+z=1
2X+y—-z=1
) X—2y=-3
1 -1 1,2
B={2 1 -1|1
1 -2 0 |-3

BbinucbiBaeM pacluMpeHHyo MaTpuLy 1 C MOMOLLbIO 3N1EMEHTapPHbIX
npeobpa3oBaHuii NPUBOAUM €€ UMK K TPEYronbHOMY BUAY, UMK K BUAY Tpaneumm (Kak nony4unTcs).

1 -1 1 [2)(2) (-1

B=|2 1 -1 1| 1 -1 1 |2 1 -1 1 |2
1 -2 0 |-3 03—3—3[0—1—1—5</
=0 -1 -1]-5)=1{0 3 -3 -3/,
1 -1 1 |2 ) 1 -1 12
0 -1 -11|-5 6 0 1 115
—~ (0 0 -6 |-18 - (0 0 113) rA=3rB=3 = r_3

Tak Kak YNcno HEN3BECTHbIX n= 3 M paBHO paHry CUCTeMbl, cCuctema nmeet eanHCTBEHHOE peLueHne.
Mo I'IOJ'Iy‘-leHHOIZ MaTpule BOCCTaHaBlIMBaeM CUCTEMY ypaBHEHI/II7I. Naos CHM3y BBEpX, nony4yaem 3To

X—-y+2=2

y+z=5

z=3
peLueHwne:

7=3 y=5-z=5-3=2.
M3 nocnegHero ypaBHEHUA , C MOMOLLbK BTOPOIro HaxoamMm MoacTaenss
N y=2 z=3

B nNepBoe ypaBHEHNE HangeHHble n Haxoamm

X=2+y—-2=2+2-3=4-3=1.
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x=1
y=2
OTBerT: Z:3.
X—y+z2=2
2X+y—-z=1
5) X+2y—-2z=1

1 -1 1(2)(-2) (<) (1 -1 1 |2

B=21—114/ 0 3 -3|-3
1 2 211 ~lo 3 3la)de

1112
R
rA=2rB=3.

CnepoBartenbHo, no Teopeme KpoHekepa-Kanennu cuctema HecoBmecTHa (T. €. He
umeeT pelueHns). Beinvwem ypaBHeHue, COOTBETCTBYIOLLEE NOCNeAHEN CTPOKE NONYy4YEeHHOW MaTpuLbl:

0-x+0-y+0-z=2
, YTO HEBO3MOXXHO.

OT1BeT: cucteMa He umeeT peweHuns.

3X-2y+z=-1
—2X+Yy—-22=2
X-y-z=1

B)

3anucbiBaeM paclUMpPeHHyo MaTpuLy:

3—21—1j 1 -1 -1(1Y2 (-3 1 -1 -1]1

B=|-2 1 2|2 2 1 -2 22/ 0 -1 -4 |4
1 111 /= (3 =2 1 |1 ~lo 1 4 |4

1

1 -1 -1]1 1 -1 -1 1

0. -1 —4 |4 0 1 4 4
= (0 0 0 10)= O 0 0 O
rA:rB:ZO

. OUTCcrogda cnengyet, YToO cCUucTtemMa CoBMeCTHa.
N=3>r=2

Yuncrno Hem3BECTHbIX . CJ‘IeﬂOBaTeﬂbHO, cuctema nmeet 6eckoHeYHoe MHOXEeCTBO

peLeHnn: n-r=3-2= 1. OTtcropa cuctema umeeT ogHy CBOOOAHYH NEepPeMEHHY0, NyCTb 3To byaeT

X
Z torpa y_ 6asncHble (6asnCHbIX HEM3BECTHbLIX CTOMNBKO, KAKOB PaHr CUCTEMbI, T. €. CKONbKO
HEHyneBbIX CTPOK OCTAETCS B NocneaHen matpuue).

X-y-z=1
y+4z=-4

3anuwem CncrtemMy, COOTBETCTBYHOLLYIO FIOﬂy‘-IGHHOVI maTtpuue:
CnepoBatensHo, ngs CHM3y BBEPX, BblpaxaeM Ba3suncHble HensBecCTHbIe vyepes CBO60,D,HYIO Z 7K}

y= —4- 42’ 13 NepBOro ypaBHEHMS
X=y+z+1=(—4-4z)+z2+1= 4 _4717+1=-3-32

BTOPOro ypaBHEHWs! Bbipaxkaem
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X=-3-3z

y=—-4-4z
O6Lee pelueHune: 2=z
M3 06Lero peleHnss MoXHO nonyyunTb noboe yacTHoe pelueHune. IMycTb Z= _2, Torga nony4vmm
X=-3-3(-2)=—3+6=3, y=—4-4(-2)=—4+8=4
YaCTHOE peLlleHne:
X=3
y=4

z2=-2

YacTHoe pelleHue:

- X z
BbInosiHum NPOBEPKY obuiero peweHuna. [ns aToro nogcraBMm HangeHHbIE BblpaXXeHun4 ! y’ B
YpaBHEHUA NCXOLHOM CUCTEMBI:

1) 3(-3-32)-2(-4-4z)+z=-1
-9-9z+8+8z+z=-1 -1=-1 (HCTHHa)

2) —2(-3-3z)+(-4-4z)-2z2=2
6+6z2-4-4z-2z=2 2=2 (uctuHa)

3) (-3-32)—-(-4-4z2)-z=1
—3-3z+4+4z-z=1 1=1 (ucruna)

X=-3-3z
y=-4-4z
OtBerT: z2=2 .
3AO0AHME. Peluntb cuctembl MaTpuyHbiM cnocobom u no cpopmynam Kpamepa:
L 2X =3y +z=2 (2x —4y +3z =1
IX+5y—4z=-5 X—2y+4z=3
2) 4x+y—32=—{ 6)\3x—y+52:2.
2. X+2y+3z2=7 X+y-2z=-3
X—-3y+2z=5 SX -2y +7z2=22
a) X+y+z2=3 , 6)2x—5y+4z:4_
3. X+2y—-3z2=0 X+2y+3z2=2
2X—-y+4z=5 X-y+z=0
a)ﬁX+Y—Z=2; 5) x+3y—z=—2
4. X+2y+z=4 2X+Yy+22=6
3X-5y+3z=1 3x-z=0
a)\2x+7y—z:8; 5) X+y+z=2
5. X+Yy+2=6 (2x+3y—z=-3
12X-y+2=3 4X+y+32=9
2) X—-Yy+22=5 6)\x+y+z=2

3apgaHue. Pewntb cnctembl metogom lMaycca:




L 2X -y +3z=—7 (2X+y+2=2
X+2y—-6z=-1 X+3y+z=5
a) —x+5y—152:8; X+y+5z=-7
6) 2x+3y—3z:14;
X—-3y+2z=5 2X—-y+3z—-7t=5
13X —y+4z=7 6X —-3y+z—-4t=7
) 5x—7y+82:1; ) 4x—2y+14z—31t:18_
2. X—-2y+3z=1 2X +5y—8z=8
X+2y—-4z=2 4x+3y—-9z=9
a) 5x—2y+22:4; 2X+3y—-5z=17
5) x+8y—7z:12;
(x+y+z=1 Ox —3y +5z + 6t =4
Xx—-11ly+4z=13 6X -2y +3z+t=5
) 2x—10y+52=1; ) 3x—y+3z+14t:—8_
3 X+2y+3z=7 X—T7y+6z=4
X—-3y+22=5 X+12y -11z =7
a) 2x—y+52:12; X-2y+z=1
6) 8Xx+y-3z=-1
(x -3y +4z=1 X+3y+2z=4
2X—-Yy—2=—06 2X+6y+z2=2
5) 3x—4y+32=0; 4 +8y—z=2
) 3X+9y+32=6
4. (X +2y+3z=4 3X -2y +5z+4t=2
2X+Yy—-2=3 6X -4y +4z+3t=3
a) 3x+3y+22:7; 5) 9x—6y+32+2t=4;
(X +2y—-2z=5 X+2y+3z=2
12X—-y—-3z=4 X-y+z=0
‘) 3x+y—52:1; X+3y—-z=-2
) 3X+4y+3z=0
5. 3X+2y+z=-1 2x -3y +5z2+7t=1
IX+6y+52=5 4X -6y +22+3t=2
9X+4y+32=2 2X -3y —11z -15t =1

a)
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X-y+3z=0 X+2y+32+4t=5
2X -1y +5z2=1 X-y+z-t=1
3X—-8y+8z=5

r)

B)
PA3[EJ]. 3nemMeHTbl TeOpUU BEPOATHOCTENM U MaTeMaTU4YeCKOM CTaTUCTUKN
MoHATne cobblTuA 1 BEPOATHOCTM COObITUS. [locTOBEpPHbIE M HEBO3MOXHbIE CODbITUA. Knaccuveckoe
onpegeneHne BeposiTHOCTEN. TeopemMa CroXeHUs BepOosATHOCTEN. TeopeMa YMHOXEHUA BEPOATHOCTEN.
CnyyanHaa BenuuvHa. [uckpeTHas WM HenpepbiBHas cryvyanHas BenuyuHa. 3akoH pacnpegeneHus
Cny4yaHON BENUYMHbI.
MeToaunyeckue ykazaHusi
Mpexge Yyem MO3HAKOMUTBCA C OCHOBHBIMM MOHATUAMU TEOPUWM BEPOSTHOCTEN crniedyeT pacCMOTPeTb
TpU TuNa KOMOWHALMI: NEPECTAHOBKW, pa3MeLLeHUs, codeTaHms. YScHUTb ans cebs, yem oTnuyalTcs
nepecTaHOBKM OT pa3MeLLEeHUs, NeEPEeCTaHOBKM OT coYeTaHusl, pa3MeLLEeHNs OT coveTaHus.
Mo pekomeHagyeMon nutepaTtype pasobpaTbcsi B hopMmynax M B peLUeHHbIX KOMOMHATOPHbIX 3adayax.
PaccmoTpuTe noHsiTME cny4yamHoro cobblTMst U Ha Mpumepax pasbeputecb B BuAax COObITUSA:
HEBO3MOXHblEe, JOCTOBEPHbIE, COBMECTHbIE, HECOBMECTHbIE, 3aBUCUMbIE, HE3aBUCUMbIE.
lMocne 9TUX NOHATMI crnegyeT W3Yy4uMTb KracCuyeckoe onpeaeneHve BEpPOSiTHOCTU CoObITUs, U
Hay4YNTbCA HAaxXOAWUTb BEPOSITHOCTb B MPOCTEMWIMX 3ajadax, UCNOoNb3ys Krnaccuyeckoe onpepeneHve
BEPOSATHOCTEMN.

M3 onepauwnii Hag cobbiTuaMy HeO6X0ANMMO NO3HAKOMUTBLCS UL C CYMMOW KOHEYHOTO YMcna cobbITun.
M3yyeHne TeopeTmyeckoro martepuana criefyet COnpoBOXAaTb PAacCMOTPEHMEM peLUEHHbIX 3agad no
npeanoXxeHHbIM yyebHukam, a 3aTem criefyeT OTBETUTb HA BONPOCHI 41151 CAMOKOHTPOSS.

Cny4yanHoe coObiTMe, CBA3aHHOE C HEKOTOpPbIM OMbITOM, SIBMAETCA KayeCTBEHHOW XapaKTepUCTUKOW
onbiTa. KonnyecTBEHHOW e XapakKTepUCTMKOW pe3yrbTaTa NpOBEAEHHOro OMnbiTa SIBNAETCA Crny4vanHas
BENMYMHa.

PaccmaTtpuBasi npumepbl, HEOOXOAMMO YCBOWUTb MOHATME CRyYalHOW BEMNWYUHLI, BUAbI CIydaiiHOW
BEMWYMHbI (ANCKPETHOW M HEMPEPLIBHOW) M UX onpeaeneHnsi. HykHO paccMOTpeTb COOTBETCTBUE MEXAY
BO3MOXHbIMW  3HAYEHUAMU CINYyYaWHOW BEMNUYMHBI U WX BEPOSITHOCTAMMW. Takoe COOTBETCTBME
HasblBaeTCAd 3aKkOHOM p onpefdeneHus CrydarHoW Benu4YMHbl. 3akoH pacnpegeneHvst cryyYyanHomn
BENUYMHbI yOOOHO faBaTth B BMAe Tabnuubl.

Bonpochl Ansi CaMOKOHTpOS
. Uto noHumaeTcs nog cnyvarHeiM cobbiTnem? MNprBeante NpuMepsl.
. Kakne cobbitusa HasbiBaoTCa AocToBEPHBIMU? [MprBEaUTE NpUMeEpHI.
. Kakune cobbiTnsi HasbiBatoTCA HEBO3MOXHBIMU? MpuBeanTe npumepsi.
. UTo noHumaeTcst nog BEpPOATHOCTLIO COObITUA?
HaiiTe knaccuyeckoe onpegeneHme BepOsiTHOCTU COObITUS.
. Kakue cobbiTnsi HasbiBaloTCA HECOBMECTHbLIMU, COBMECTHBIMU? [MpuBeamTe npumepsl.
. Kak hopmynunpyeTtca Teopema CnoxeHns BepoATHOCTEN?
. JaiTe onpegeneHne 4acToTbl HACTYNIEHNSI COOLITUA N OOBSACHMTE OT Yero oHa 3aBUCUT?
. Kakumun csoncteamu obnagaet BepoATHOCTb COBObITUNA?
10. Kakne cobbiTus Ha3blBalOTCA HE3aBUCMMbIMU, 3aBUCUMbIMU? [puBeanTe Npumepsl.
11. Kakas BenuumHa HasbiBaeTCs criyqyanHon?
OCHOBHbIe NOHATUA U MeTOAbl TEOPUN BEePOATHOCTEN U MaTeMaTU4eCKOMN CTaTUCTUKH
Tema. CnoxeHue U yMHOXeHue BepOATHOCTEN
Llenb: HayunTbCcA BbIMUCIATL BEPOATHOCTUM CYMMbl COBMECTHBIX W  HECOBMECTHbIX COOLITUA,
Npoun3BefeHNsi HE3aBUCUMbIX U 3aBUCUMbIX CODLITUIA.
Ansi BbiNONHeHWst paboTbl HEOBX0AMMO 3Hamb OCHOBbI TEOPWUM BEPOSITHOCTEW; HEOOXO4MMO ymMemb
BbIYMCMSATb BEPOATHOCTb COOLITUI C UCNONb30BAHUEM 3IEMEHTOB KOMOUHATOPMKN.
KPATKAA TEOPUA U METOOWYECKME PEKOMEHOALIN
1. Cymmol A + B gByx cobbiTnii A n B HasbiBaloT cobbiTue, coCTosiLLee B NOSIBNEHUN cOObITUS A,
unu cobblTnsa B, nnn obomnx aTnx coobITUNA.
a. Teopema CnoXeHUs BepoOATHOCTEN HECOBMECTHbIX COObITUI. BepoaTHOCTb
NOSIBIIEHUS OOHOrO M3 ABYX HECOBMECTHbLIX COObITWI, paBHa CyMMe BEPOSATHOCTEMN 3TUX
cobbituii: P (A + B) = P(A) + P(B)
b. Teopema cnoxeHus BepOSTHOCTEN COBMECTHbIX COObLITUN. BEpOATHOCTL NOSABNEHNS
X0T Obl OOHOrO M3 OBYX COBMECTHbIX COObLITUA paBHA CyMMeE BEPOSATHOCTEN 3TUX
cobbITuIN 6e3 BEpOATHOCTM Ux coBMecTHoro nosienexus: P(A+B) = P(A) + P(B) — P(AB)
2. [lpou3eedeHuem fByx cobbiTn A 1 B HasbiBaoT cobbiTe AB, cocTosiliee B COBMECTHOM
NOSABMEHUN 3TUX COBbITUN.
a. Teopema npousBefeHUA ANA He3aBUCUMbIX COOLITUN. [INa He3aBUCUMbBIX CODLITUIA
BEpPOSATHOCTb COBMECTHOIO MOSIBNEHWUS COObITUIA paBHA NPOU3BEAEHUIO BEPOSTHOCTEWN
aTnx cobbitnii: P(AB) = P(A) P(B).

©CONDORWN
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b. Teopema yMHOXeHUSI BepoOATHOCTEWN. BepoATHOCTL COBMECTHOro MOSIBNEHUS [OBYX
COObITWIN paBHa NPOM3BEAEHNI0 BEPOATHOCTU OAHOMO U3 HUX HA YCITOBHYK BEPOSATHOCTb
APYroro, BbIYMCMEHHYIO B NPEANOSIoXEHMN, YTO NepBoe cobbiTne yxe HacTynuno: P(AB)
= P(A) Pa(B).
3. BepossmHocmb nosiesieHUs1 xomsi 6b1 0OHO20 U3 He3aeUCUMbIX CO6bIMuLll.
Ecnn cobbitust Ay, Ay, As,... A, HE3ABUCUMbI B COBOKYMHOCTH, npudeM P(A;) = p1, P(As) = p2, P(Az) = psu
T.4.; d1, 92, 93, ---, Qn— BEPOATHOCTU MPOTUBOMONOXHbLIX COBLITUN.
BeposiTHOCTb HacTynneHus cobbiTua A, COCTOSLLIEro B HACTyNNeHnn XoTa 6bl 0AHOro M3 cobbitun A, A,,
As,... A, paBHa:
P(A) =1 -0d10203---Gn.
4. BeposimHocmb nosiesieHuUsi MoJsibKo 00H020 u3 d8yx cobbimudi. P(A) = p1Q, + p2Q:
3apauu
1.
Cpeau coTpygHunkoB ompmbl 28% 3HalOT aHrMMACKUA a3blK, 30% — HEMELKUIA; aHTITMNCKUA U HEMELKKUI —
8%. HaliTn BepOosiTHOCTb TOro, YTO CIy4ariHO BbIOpaHHbIA COTPYAHMK (hMpMbl 3HAET XOTS Obl OAMH A3bIK.
MmeeTcs 3 awmka, cogepxawmx no 20 getanen. B nepsom dwmke 12, BO BTopom 5 1 B TpeTbem 9
CTaHOapTHbIX AeTanen. M3 kaxgoro siliMka Haygady BbIHMMAKT MO OAHOW AeTanu. HaWTu BeposiTHOCTb
TOro, YTO BCE AeTanm OKaXyTca cTaHAapTHbIMMU.
2.
Mpoussoagntca 6ombomeTaHue no Tpem cknagam 6oenpunacos, npudem cbpackiBaetTca ogHa Gomba.
BeposaTHocTb nonagaHus B nepsbivi cknag 0,025; Bo sTopon — 0,03; B Tpetun 0,019. MNpn nonagaHun B
OIMH U3 CKNagoB B3pbIBAlOTCS BCe TpU. HaliTu BEpOSITHOCTL TOrO, YTO Cknaabl OyayT B3OpBaHbI.
B anekTpuyeckyto Lenb nocnefoBaTenbHO BKOYEHbI TPY deMeHTa, paboTatolmne He3aBMCcMMO OOUH OT
apyroro. BepoaTHOCTM OTKa30B NepBOro, BTOPOro U TPETLEFO 3fIEMEHTOB COOTBETCTBEHHO paBHbl: P, =
0,1; p, = 0,15; p, = 0,2. HaiiTu BepOATHOCTb TOrO, YTO TOKa B Lenu He OyaeT (He paboTtaeT xoTsa Obl 1
3MEMEHT).
3.
MmeeTcs 3 awmka, cogepxawmx no 15 getanen. B nepsom dwmke 5, Bo BTopom 7 1 B Tpetbem 10
CTaHOapTHbIX AeTanen. M3 kaxgoro siluvka Haygady BbIHMMAKOT MO OOHOW AeTanu. HawmTu BeposiTHOCTb
TOro, YTO BCE AeTarnm OKaxyTcs CTaHOapTHBIMU.
Cpeau ctygeHnToB rpynnbl 15% MMeT OTNnYHbIE OLEHKM no matematuke, 34% — no uctopun. MNpu aTom
12% saBngawTCa OTNUYHMKaMM no obeum aucuunnuHam. Hamtm BEpOATHOCTb TOro, YTO CryYanHO
BbIOPaHHbIA CTYOEHT YUNTCH Ha «OTAIMYHO» XOTsi Obl MO OAHOM ANCUUMNINHE.
4,
OTaen TeXHNYECKoro KOHTPOIS NPOBEPSET U3Oenusa Ha CTaHAapTHOCTb. BeposiTHOCTL Toro, UTo M3genve
cTaHgapTHo, paBHa 0,9. Hantm BepoATHOCTb TOro, YTO U3 ABYX MPOBEPEHHbIX U3AENWA TOMBKO OLHO
CTaHAapTHOE.
B awmke 10 getanen, u3 KOTOpbIX YeTblpe OKpalleHbl. COopLMK Haygady B3an Tpu getanu. Haintu
BEPOATHOCTb TOrO, YTO XOTHA Obl OAHA U3 B3STbIX AeTanen okpalleHa.
Pewums 3adayvy dgymsi criocobamu.
5.
Ha nonke ctoat 6 yyebHnkoB no marematuke n 3 no nHdpopmatuke. C nonku Hayaady 6epetca cHavana
OAuH y4ebHuk. MNoTom BTOpOW. HawmTn BepoATHOCTb, YTO MnepBas B3dTad kHura 6yget yd4eBHukoM no
WHpopmaTumke, a BTopas y4ebHMKOM NO MaTeMaTUKE.
B awumke Haxoautca 8 ctaHAapTHbIX U 6 HeCTaHAapTHbIX AeTanu. Hayaayy BblHMMAETCA CHavana ogHa
AeTtanb, a noTom BTOpas. HalTu BeposATHOCTb, YTO MnepBas B3dATas geTanb CTaHgapTHad, a BTopas
HecTaHgapTHas.
6.
YCTPOWCTBO COOEPXMT OBa He3aBMCMMO paboTalolmx arnemeHTa. BeposiTHOCTM oOTkasa 3neMeHTOB
cootBeTcTBEeHHO paBHbl 0,05 u 0,08. Hantu BeposaTHOCTM OTKasa YCTPOWCTBA, ecnv And 3Toro
[OCTaTO4YHO, YTOObI OTKa3arn xoTa Obl OAWNH 3MEMEHT.
M3 naptum magenun ToBapoBen oTOMpaeT v3genus BbiCLLEro copta. BepoaTHOCTb TOro, 4To Haygady
B3ATOE WU3Jenve OKaXeTCHa Bbiclero coprta, pasHa 0,8. HanWTu BepoATHOCTb TOro, 4TO M3 OBYX
NPOBEPEHHbIX N3AENUA TONBKO OAHO BbICLLErO COpTa.
7.
Ha ctennaxe 6ubnmoTekn B Cny4YaiHOM Mopsiike paccTaBneHo 15 y4yeBGHUKOB, Mpuyem MsTb M3 HUX B
nepennete. bubnuortekapb 6epeT Hayaayvy Tpu y4yebHUKa. Hantn BepoATHOCTb TOro, YTo XOoTsa 6bl 0aMH
13 B34TbIX Y4eOHUKOB OKaxkeTcs B nepennete (cobbitne A).
Pewums 3adayy dgymsi criocobamu.
MacTtep obcnyxuatoT 5 ctaHkoB. 20% paboyero BpeMeHU OH NMPOBOAWUT y NMepBoro crtaHka, 10% - y
BTOpOro, 15% - y Tpetbero, 25% - y yetBeptoro, 30% - y naTtoro craHka. Hamtu BepoAaTHOCTb TOro, 4YTO B
Haygady BblOpaHHbIi MOMEHT BpeMeHU MacTtep Haxoantea y 1, nnm 2, unu 3 ctaHka.
KOHTPOIJIbHBLIE BOMPOCHI
1. Yem oTnunuaeTcs onepauusi CroxXeHns BepOATHOCTEN OT Npon3BeaeHns?
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2. 3anvwwuTte cnocobbl, KOTOPbIMM MOXHO paccyuTaTb BEPOSTHOCTb MOSBMEHUss XOTA Obl 0gHOro
cobbITna?

Tema. 3aKkoH pacnpeneneHus
Llenb: npoBecTM AMarHOCTMKY YCBOEHMS OCHOBHbIX MOHATMI U (POpPMYyn MO TEOpUMU BEPOATHOCTU U
NOHVMaHWs 3aKoHa pacrnpeaeneHus
3apaum: BbISBUTb YPOBEHb YCBOEHMWS 3HAHWUI yYaLLMMmICS.
MHCTpyKLUMA NO BbINONIHEHUIO PaboThbl
Ha oTtBeThl Ha Bonpockl No matematuke gaeTca90 muHyT. PaboTa coctouT n3 25 BONPOCOB Ha 3HaHUe
onpegeneHni n matematmyecknx opmyrn, a Takke BO3MOXHOCTU CaMUM NPUBECTU NPUMEPSI.
B 3apaHusx HyXKHO HanucaTtb YeTkoe onpegenexHme unu opmyny unm npusectu npumep. CoseTyem
AnNsi 93KOHOMUM BPEMEHN MPOonycKaTb 3agaHue, KOTopoe He yAaéTcs BbINOMHUTL cpasdy, 1 NepexoanTsb K
cnegyowemy. K BbINOMHEHMIO NPONYLLEHHbIX 3a4aHn MOXXHO BEPHYTbCH, ecnu y Bac octaHeTcs Bpems.
3a KakabI NpaBuibHbIN OTBET Aaétca oguH 6ann. bannbl, nony4YeHHble BaMu 3a BCE BbINOSHEHHbIE
3agaHus, cymmumpytoTes. [NoctapanTeck BbINOMHUTB Kak MOXHO 6onblue 3agaHun n Habpatb
HanborbLuee kKonuM4yecTso Ganmos.
Bonpocbl

1. CdopmynupyiTe Knaccuyeckoe onpegeneHme BeposITHOCTU. B 4yem orpaHM4YeHHOCTb 3TOro
onpegenenuns? B yem pasnuune mexay BEpPOATHOCTBIO U OTHOCUMTENBHOW YacTOTON?

2. Korga npymMeHsioT reomeTpuyeckoe onpegeneHue BepoaTHOCTM? MNovemMy B 3TUX criyyasix
Hemnb3s NoNb30BaTbCS KNAaCCUYEeCKNM onpegeneHnem?

3. [Hawvite onpegenexHve cymmbl cobbITMR. [NpuBegnTe NpUMeEpbl: CyMMbl ABYX HECOBMECTHbIX
COBbITMIN; CYyMMbI ABYX COBMECTHbIX COBObITUN.

4. CdopmynmpynTe 1 AOKaXKMUTE TEOPEMY O CITOXKEHUN BEPOSATHOCTEN HECOBMECTHbIX COObLITUI.

5. [awvite onpegenexHve nponsseneHns cobbiTun. MNpuBeguTe npyMepsbl: NPON3BeaeHNs OBYX
HEe3aBNCUMbIX COObITUI; MPOU3BEAEHMS OBYX 3aBUCUMbIX CODBLITUNA.

6. UYTo Takoe ycrnoBHasi BEPOSATHOCTbL?

7. Cdopmynupyinte Teopemy 06 YMHOXEHUN BEPOSITHOCTEN AN ABYX COObITUI (00LLMIA
cnyyan). Kakyto doopMy NpuUHMMaEeT 3Ta Teopema B criyyae, Korga cobbiTusa He3aBUCUMbI?

8. [lpueeante hpopmyny NONHON BEPOATHOCTH.

9. [pueeaute copmynsl baneca.

10. Yro Takoe cxema bepHynnu?

11. B kakux cnyyasx npumeHsiotcs: dopmyna bepHynnu; Teopema lNyaccoHa; Teopema Myaspa-
Jlannaca?

12. MNpueeguTe NpuMepbl ANCKPETHBIX U HEMPEPLIBHBLIX CyYariHbIX BENUYMH.

13. YTto HasbiBaeTCH 3aKOHOM pacnpegeneHns BepOsSTHOCTEN CryYanHON BENUYMHbI?

14. YT0 Ha3blBaeTCA MaTteMaTU4eCKUM OXMaaHueM cry4amHon BennumHel? Kak oHo
obo3HavaeTca? [JokauTe ero cBomcTaa.

15. Yto HasbiBaeTcHa aucnepcuer cnyvyanHom BenmumHbl? Kak oHa obosHavaeTcsa? [okaxuTe ee
cBouncTBa. Kak B3anmocBs3aHbl cpegHeKkBaapaTU4eckoe OTKNOHeHWE 1 agucnepcus?

16. Yemy paBHbI YNCIOBbIE XapaKTEePUCTUKM BUHOMMANbLHOIO pacnpeaeneHus; pacnpeaeneHns
MyaccoHna?

17. Yo HasbiBaeTcHa hyHKUMEN pacnpegeneHms cnydaiHon senuuuniel? ChopmynupynTte ee
cBouncTea. B yem pasnuune rpadmkoB ddyHKUUI pacnpeneneHns Ans HenpepbiBHOW N AN ANCKPETHON
CnyvavHbIX BENUYNH?

18. JanTe onpeneneHne NNOTHOCTW pacnpeaeneHns BEpOATHOCTEN HeENPEepPLIBHOW CryYanHon
BENNYMHbLI, CHOPMYNUPYNTE ee CBONCTBA.

19. Kak HarTu BEpOSAITHOCTb TOrO, YTO HENPEpPbIBHAA CnyyanHasi BenuuvHa npumeT 3HaYeHne n3
OaHHOro UHTepBarna, ecnv U3BecTHa: ee yHKUUSA pacnpeaeneHus; ee nNNoTHOCTb pacnpeneneHuns
BEPOATHOCTEN?

20. Kak B3aMmMocBsi3aHbl (PyHKLMSA pacnpeaeneHns u NroTHOCTb pacnpeaeneHnsi BEpOsTHOCTEN
CcnyyavHon BENUYMHbI?

21. Hangute M[X] n D[X] cny4aiiHon BENWYMHLI, pacnpeaeneHHon paBHOMEPHO Ha UHTepBarne
(a; 8).

22. KakoB BEpOATHOCTHbIN CMbICI NapaMeTpoB a U 0 Cny4yanHOW BENUYUHbLI, pacnpeieneHHon no
HOpManbHOMY 3aKOHY? HanuwimnTe NAOTHOCTb HOPMAanbHOIO pacnpeaeneHns.

23. B uem 3akntovaeTtcd “npasuno Tpex curm®? Kak, nonb3ysce 9TUM NpaBuioMm, HamTu
HavMeHbLUlee 1 HanborbLuee 3Ha4YeHNst HOPMarbHO pacnpeaeneHHON CryYanHON BENUYMHbBI?

24, CKonbko napaMeTpoB UMEET NokasaTenbHoe pacnpenenenne? Kak Hantu ans gaHHoro
pacnpegenexus M[X], o[X]?

Tema. BbluncneHme mateMaTn4yeckoro oXXupgaHusa u gucnepcum cry4yanHom BenmUmHbl

Lenu n 3apgaumn: 0606WNTb U cMCTEeMaTU3MpOBaTb 3HAHWS MO TemMe, NPOBECTU AMAarHOCTUKY YCBOEHMS
CUCTEMbI 3HAHWI U YMEHWI BbINOMNHATL 3a4aHus CTaHAapPTHOrO YPOBHS.

O6ecneyeHue NpakTUYeCKom paboThbl:

KoHcnekT.
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KapTouku ¢ 3agaHnsmu.

1. OGpa3syloT N NONHYH rpynny crieaytoLme rpynnbl COObITUIA: a) ONbIT — OpocaHne MOHETLI; CObbITUS:
A1 — nosiBneHune repba; A2 — nossneHune undpbl; 6) onblT — GpocaHue OBYX MOHET; cobbITus: Bx—
nosieneHue AByx repbos; B2 — nosiBnieHne AByx uudp; B) ONbIT — ABa BbICTPEna no MuULLEHN; cOBbITUSA:
A0 — Hu opgHoro nonagaHus; Ax — ogHO nonagaHve; A2 — ABa nonagaHus; r) onbliT — [ABa BbiCTpena
no mueHun; cobbitua: CT— xoTa Obl ogHO nonagaHue; C2 — xoTa 6bl oguH Npomax; A) onbiT —
BblHMMaHWe KapTbl U3 Konofpl; cobbiTusi: D1— nosiBneHve KapTbl YepBOHHOW mMacTu; D2 — nosBneHune
kapTbl 6yoHoBOM MacTu; D3 — nosiBneHve kapTbl TpedOBON MacTn?

2. B ypHe a Genbix (6) 1 b 4epHbIXx (4) wapoB. M3 ypHbl BbIHUMAOT (OQHOBPEMEHHO WU
nocrnefoBaTenbHO) ABa Wwapa. Hantu BeposaTHOCTb TOro, 4to oba wapa 6yayT 6enbimm 1.

3. B ypHe a Genbix n b 4yepHbix wapoB. 3 ypHbI BbIHUMAKOTCA cpasy ABa Lapa. Hantm BeposiTHOCTb
TOro, YTO 37U Wapbl OyayT pasHbIX LBETOB.

4. B ypHea 6enblX, b 4YepHbIX U C KpacHbIX (K) wapoB. TpuM M3 HMX BblHUMAKTCA Hayrag. Hawmtu
BEPOATHOCTb TOrO, YTO MO KparHewn Mepe ABa U3 HUX OyayT O4HOLBETHbLIMM.

5. BpocatoTca aBe MoHeThl. PaccmatpuBatotca cobbiTua: A — BbinageHue repba Ha nepBon MoHeTe; B
— BbInageHue repba Ha BTopon MoHeTe. Hantu BepoaTHOCTb cobbiTnss C = A + B.

6. V3 nonHon konopgpl kapT (52 kapTbl) BbIHUMAKT OLHOBPEMEHHO 4YeTbipe KapTbl. PaccmaTpuBaroTcs
cobbiTna: A — cpeam BbIHYTbIX KapT BbygeT xota 6bl ogHa 6y6HOBOW MacTu; B — cpeaun BblHYTbIX KapT
OygeT xoTs Obl ogHa YepBOHHOM MacTu. HanTn BeposaTHOCTb cobbitus C = A + B.

7. V13 nonHou konodel kapT (52 nucTa) BbIHUMAOTCS Cpa3y YeTbipe KapTbl. HaTn BEpOATHOCTb TOrO, YTO
BCE 3TW YeTbIpe KapTbl OyayT pasHbix MacTen.

8. B ypHe 0 6enbix 1 b YepHbIX WapoB. M3 ypHbl BbIHUMAKOT Hayrag oguvH Wwap. Hantn BepossTHOCTb TOro,
YTO 3TOT Wap — 6enbin.

9 B ypHe a 6enbix n b YepHbIX WapoB. 3 ypHbl BbIHYNW OAWH LWIAap W, He MSAs, OTAOXUIIN B CTOPOHY.
Mocne aToro 13 ypHbl B3anu ewe oaunH wap. OH okaszancsa 6enbiM. Hantn BepoAaTHOCTb TOro, YTO NEpPBbI
Lap, OTMOXEHHbIN B CTOPOHY, — ToXe 6enbIi.

10. B ypHe a Bemnbix 1 6 4YepHbIX WapoB (a >2). W3 ypHbl BbiHMMAOT cpady gBa wapa. Hantm
BEPOSITHOCTb TOro, YTo 06a Wwapa oyayT 6enbiMu.

«2» «3» «4» «5»

0-5 6-8 9 10

BbluncneHme mateMaTM4eCKOro OXXnaaHusa u gucnepcum cny4yanHon BenuYmMHbI»

Llenb: 3akpenneHve TeopeTUYecKoro maTtepuana rno U3y4eHWo cpefHero KsagpaTU4HOro OTKIOHEHMUS
ancnepcun AUCKPETHOM Cny4yarHON BENUYUHBI

MeTtoauyeckne ykasaHus

[duncnepcusa nmeeT pasMepHOCTb PaBHYIO KBagpaTy pasMepHOCTU CriyYanHoW BennymHbl. [1oaTomy B Tex
cnyyasix, Korga »enartenbHo, 4TobObl OueHKa paccesHus MMena pasMepHOCTb Cry4YanHOW BErUYMHBI,

alX)=.JD{X)
BbIYUCIIAIOT HE AMCNEPCUIo, a cpeaHee KBaapaTuyeckoe OTKNOHEHUe:
CpenHee kBagpaTMyecKkoe OTKIOHEHVME pPaBHO KOPHIO KBagpaTHOMY M3 Oucrnepcuu, MNOo3TOMy €ro
pasMepHOCTb paBHa pasMepHOCTU Criyd4anHOM BenuuuHbl. Hanpumep, ecnu X BolpaxaeTcs B NMUHENHbIX

a{ X) 3

mMeTpax, To TOXe BblpaxaeTcs B NMHENHbIX MeTpax, a D(X) — B KBagpaTHbIX MeTpax.

2. Mpumep:

Haintn cpefgHee kBagpaTu4HOE OTKMOHEHWE cnyyYyanHou BenuuuHbl X, 3afaHHOM crnefyrolmnm 3akoHOM

pacnpeneneHus:

X2 4 6 8

P 0.20.150.350.3

PeleHue.

Haigem matematuyeckoe oxugaHue M(X):

M(X)=2*0.2+4*0.15+6*0.35+8*0.3= 5.5

CocTaBuMM 3aKoH pacnpegeneHnst cnydamHonm BeNUYMHbI XZ:

X* 4 16 36 64

P 0.2 0.150.350.3
M(X?)=4*0.2+16*0.15+36*0.35+64*0.3=0.8+2.4+12.6+19.2=35
D(X)=M(X?)-M*(X)=35-(5.5)°=35-30.25=4.75

Haiinem cpeaHee KBaapaTUYHOE OTKIOHEHME: o(X) = \/D(X) =V4.75 = 2.18

Mpumepbl oNsi CaMOCTOATENbHOIO pelleHuns

1. JaHo cnepytoulee pacnpegeneHne AMCKPeTHON cryvYarHon BenNnynHbl X

X1 2 4 5

P 0.310.1 0.29 0.3

HaiiTn ee maTemaTudeckoe oxuaaHue, OUCNEpPCUI0 U CpefHeKBaapaTUYHOEe OTKNOHEHWE, UCMOoMb3ys
dopmynbl ANs UX onpeaeneHust.

2. [laH psa pacnpeaeneHuns GUCKPETHOW CryYanHon BenuymnHbl X:
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X, | 10 20 30 40 50 60
b, 1024|036 | 0,20 | 0,15 | 0,03 | 0,02

Hantn ee matematuyeckoe oxugaHve, QUCNEPCUIO U CpeaHEKBaApaTUYHOE OTKITOHEHME.

3. CnyyanHas BenuumHa X 3agaHa criefyloLLmMmM 3aKOHOM pacrnpeaeneHus:

x1 3 6 8

p;0,20,10,40,3

HanTn M(x) — mMmartemaTtmyeckoe oxuaaHue, D(X) — pgucnepcuio, o(X) — cpedHee KBagpaTudeckoe
OTKIMOHEHMWE CyYanHOWN BENNYMHBI

4. HanTtn cpegHee KBagpaTM4eckoe OTKIOHEHME CIlydaiiHOW BenuymnHbl X , KOTopas 3agaHa criegyroLlmm
PSAOM pacnpeeneHus:

X2 3 10

P0,10,40,5

Tema. OCHOBHbIE NOHATUA MaTEMaTU4ECKOW CTaTUCTUKU
OnemeHTbl cTaTUCTUKN. Pag HabnopeHui. Tabnuua pacnpegenerHuns. OTHocuTenbHas YacrtoTa
nosiBneHms cobbiTus.
MpakTnyeckne paboTbl. [locmpoums rnoU20H Yacmom 8 8blbopKe.
MeToaunyeckue ykazaHus

YucnoBble xapakTepUCTUKUN BbIOOPKU.

lMpu npoBegeHMM CTAaTUCTUYECKOTO MWCCNedoBaHuMs nocne cbopa W rpynnyvpoBKU  LaHHbLIX
nepexoadaTt K ux aHanuay, UCnonb3ysi Ang aToro pasnuyHble obobuaowme nokasatenu. MNMpocrtenmmm
U3 HUX ABMAKOTCH: cpegHee apudmeTudeckoe (cpegHee BbIbopoyHoe), MOAa, meanaHa, pasmax.

1) CpedHee apughmemuyeckoe (x_ﬁj(cpedHee 8bI60pPOYHOE) VMMEET ABOWHOWM CMbIC/: OHO
MOXEeT OblTb CpegHUM 3HAYeHMEM Mpu3Haka B OAHHOW COBOKYMHOCTM (Hanpumep, cpefHasa 3apnnarta
oTgena); 3Tto nNpuBNMXKEHHOEe 3HavyeHMe MOCTOSHHOW BeNUYMHbI, MNOABEPralwencs U3MeHeHUsaM
(Hanpumep: pocT YernoBeka).

[nst HaxoXaeHWs cpeaHero 3HavyeHnst BbIGOPKM HYXKHO:

- CNOXWTb BCe pe3ynbTaTbl, BXogsLme B BbIOOPKY;

- MONTYYEHHYIO CYMMY pa3fenutb Ha KONM4YecTBO pe3yrbTaToB.

[nsi HaxoXaeHWs cpeaHero BbIOOPOYHOIO HYXKHO:

- KaXXOYH0 BapuaHTy YMHOXUTb Ha €€ 4acToTy;

- CINOXWTb BCE MOMyYeHHbIE MPON3BEOEHMS;

- pa3genutb HalAeHHy CyMMy Ha 06bEM BbIGOPKN.

2) Pasmax ebl6OpKu — 3TO pa3HOCTb MexXay Havbonblled U HauMeHbLUEW BapWaHTOW.

R = Xmax — Xmin

3) Moda ebI60pKu — 3TO Hanboree YacTo BCTpevaloLLlasics BapnaHTa (MU).

CnoXHOCTb B TOM, YTO pefKasi COBOKYNHOCTb UMEET €ANHCTBEHHYO MOAY.

CornaweHuns no nosoay MoAbl:

- Ecnn BCce 3HaueHus B rpynne BCTPEYAKTCA OAMHOKOrO 4acTo, CUYUTAKT, YTO Y OAHHOW rpynnbl,
Mogbl HeT.

- Korga gBa cocegHux 3Ha4YeHVs1 UMEKT OAMHAKOBYIO YaCTOTy M 3TU 4YacToTbl Gonblie nobbix
APYrvX 4acToT B rpynmne, TO MOAOW CUYMTAIOT CPpefHee OT 3TUX OBYX 3HAYEHUN.

- Ecnv oBa HECMEXHbIX 3HAYEHWs MMEKT PaBHYK U HaMbOMbLUYKO B AAHHOW rpynne 4acToTy, TO Y
3TON rpynnbl eCTb ABE MOAbl, Takas rpynna HasbiBaeTcs GumoaansHOM.

Ecnn pacnpegeneHne WMMeeT HECKONbKO Mo, TO TOBOPAT, YTO OHO MYyNbTMMOZANBHO WK
MHOroMoganbsHO. MynbTuMOganbHOCTb pacnpedeneHns daeT BaxHyl WHdopmauuio O npupoge
uccrnegyemMoro npusHaka. Hanpumep, B COLMONOrMYECKMX ONpocax, ecrv Npu3Hak npeacrasnseT cobon
npeanoyYTeHNEe UM OTHOLLUEHME K YEMY-TO, TO MYNbTUMOAANbHOCTb MOXET O3HayaTb, YTO CYLLECTBYHOT
HECKOJIbKO OnpeaeneHHO pasrnyHbiX MHEHUNA.

4)MeduaHa ebI6opKU — 3TO CEpeaNHHOE 3HAYEHNE YNOPSA0YEHHOTO psiga BblIOOpKU (ME).

Ecnu B paay HEYETHOE YMCINO 3NIEMEHTOB, TO MeAMaHa paBHa 3HAYEHUIO LEHTParibHOro arieMeHTa.

Ecnu B pagy 4é€THOE 4nCno 3NeMeHTOB, TO MeauaHa paBHa CpeaHeMy apudMETUYECKOMY ABYX
LeHTpanbHbIX 3HA4YEHWNA.

Mpumep 1

[an BapunauunoHHbIn pag: 4, 6, 3,8,4,3,5,4,5,6,4,3,6,5,4,3,5,7, 8, 4.

CocTaBuM Tabnuuy pacnpegeneHns 4acToT:

X 3 4 5 6 7 8

n, 4 6 4 3 1 2

Haligem pasmax, mony v cpegHee BbIGOpOYHOE:
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R=X,, — Xpyn=08—50=23

MU = 4

344+ 4-64+5-4+6-3+7-1+8-2

X, = = 4,85
20

3apgaHus

1) Haiitn cpeaHee apudpmeTuyeckoe, pasmax psiga Ymcen:
a) 24, 22, 27, 20, 16, 32

24+ 22+27+20+16+ 32
X, = 6 =235

R = Xpax — Xmin = 32— 16 =16

6) 35, 5, 23, 5, 28, 30
35+5+23+5+28+30
X, = =21
6
R=x,,. —Xpnn=35—5=30

2) Hantn meguaHy psga yucen:

a) 30, 32, 37,40, 41, 42, 45, 49, 52 — ynopsagoyYeHHbIN pag 13 AeBATU SNIEMEHTOB. ME - 41.
0) 102, 104, 205, 207, 327, 408, 417 — ynopsiA04YeHHbIN pag U3 CEMU 31IEMEHTOB. ME - 20?.
20422
Me=—=—=21

B) 16, 18, 20, 22, 24, 26 — ynopsago4eHHbIN psif U3 WeCTn 311eMeHTOB.

N 12; 14; 2,2; 2,6; 3,2; 3,8, 4,4, 56 — ynopsgoYeHHbIn psg W3 BOCbMWU 3IIEMEHTOB.
2,6+3,2

M, ==""==29
3agaHuA npakTnveckon paboTbl

1. NpoBeas y4é€T umcna GpakoBaHHbIX geTtanen B 10 Awmkax ¢ OOMHAKOBbIM YMCIIOM geTanen,
nony4Yunnu crnegyowmi pag gaHseix: 1,2, 2, 3,1,0,2, 1, 3, 2.

CocTaBuTb BapuauuoHHbIV psad, Tabnuuy pacnpepeneHuns yacTtoT. Hangute gna atoro psaga
o6bem BbIGOPKK, cpeaHee apudmeTuyeckoe, pasmax, MeaMaHy u moay. INocTponTb NONUIOH YacToT B
BblOOpKe.

2. Otmevass Bpems (C TOYHOCTBIO OO MWHYThI), KOTOpOe Tokapu Opuragpl 3atpatunv Ha
06paboTKy 0AHON AeTanu, NONy4Yunn Takon psg AaHHbIX:

30, 32, 32, 38, 36, 31, 32, 38, 35, 36, 32, 40, 42, 36, 33, 35, 32, 32, 40, 38.

CocTtaBuTb BapuauuoHHbIM psad, Tabnuuy pacnpegeneHus vactot. Hamgute gna aTtoro psaga
obbem BbIGOPKM, cpeagHee apudmeTnyeckoe, pasMax, MeaumaHy u moay. NocTpoutb NOMAWIOH 4acToT B
BblOOpKE.

3. B opraHusaumm Benu exXxedHeBHbIN Y4Y4€T NOCTYNMBLUMX B TeyeHue Mecsiua nvcem. B
pesyrnbTaTe Nofy4ynnu Takon psg AaHHbIX:

39, 43, 40, 0, 56, 38, 24, 21, 35, 38, 0, 58, 31, 49, 38, 25, 34, 0, 52, 40, 42, 40, 39, 54, 0, 64, 44,
50, 38, 37, 32.

CocTaBuTb BapuauuoHHbIM psd, Tabnuuy pacnpepeneHuns yacTtot. Hanmgute gns atoro psaga
o6bem BbIGOPKK, cpeaHee apudmMeTmyeckoe, pasMmax, MeanaHy u mogy. IocTpoutbs NOMMUIOH 4acToT B
BblOOpKe.

MoaroToBka 0Oy4atOLLMXCS K NMPAKTUYECKUM 3aHSITUSIM OCYLLIECTBIISIETCS C YHETOM OOLLEN CTPYKTYPbI y4eBGHOro
npouecca. Ha npakTnyeckux 3aHATUSX OCYLLECTBISIETCA BXOOHOW M TEKYLLMIA ayaUTOPHLIA KOHTPONb B BMAE
onpoca, Mo OCHOBHbLIM MOHATUAM AUCLMMNUHDI.

MogroToBka K NPaKTUYECKMM 3aHATUS Mogpa3ymMeBaeT NpopaboTKy KOHCMEKTOB, U3yHEHME TEM BbIHECEHHbIX Ha
camocTosATeNbHY0 paboTy. [ns  ocyuwlecTBneHns paboTbl MO MOAroTOBKE K 3aHATMSAM, Heobxoaumo
O3HAKOMUTBLCS C METOAMYECKMMUN YKa3aHUSIMU MO AUCUMIMITMHE, BHUMATENbHO 03HAKOMUTBLCS C NTMTEPaTypor 1
3MEKTPOHHBIMU pecypcamMu, C peKOMeHAaLUsiMm1 Mo NOAroTOBKE.

MoaroToBka 0GYYaOLLMXCS K NPAKTUYECKUM 3aHATUAM OCYLLECTBIAETCS C y4eToM 06LLei CTPYKTYpbI
y4eGHoro npoecca. Ha npakTnyeckmx 3aHATUSIX OCYLLECTBIAETCA BXOAHON M TEKYLLMIA ayaAMTOPHbIA KOHTPOMb
B BMe Onpoca, Mo OCHOBHbLIM MOHATUAM ANCUMMIHbI.

MogrotoBka K NpaKTMYEeCcKM  3aHATWAM  nogpasymeBaeT npopaboTKy — KoHcnekToB.  [Ons
OCYLLECTBNEHNS paboTbl MO MOArOTOBKE K 3aHATMAM, HEODXOAMMO O3HAaKOMUTBCA C  METOAMYECKAMM
yKasaHVsIMM MO AUCLMMNIMHE, BHUMATENbHO O3HAaKOMUTBCS! C JIMTEPATYPO M 3MEeKTPOHHBIMU pecypcamu, ¢
peKoMeHaauMsiMM Mo NoaroTOBKE.
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3. MpomexyToyHas (cemecTpoBas) aTrectayus nNo Kypcy

3.1. OueHo4YHble cpeAcTBa, NPUMeHsieMble AJIA MPOMEXYTOYHOM aTTecTauyuu No UToram
M3y4YeHUs OUCLUNITNHDbI

OnddepeHUnpoBaHHbIA  3a4eT NPOBOAUTCA MO 3aBEpLUEHUU W3YYEeHUs OUCUUMMMHBI  Ha
nocrnegHemM ayauTOPHOM 3aHATUN.

MpomexyToyHas aTTecTauusa no AucumnnvHe B dopme audpepeHumMpoBaHHOro 3a4veTta
OCYLLECTBMSAETCA MO pe3ynbTaTaM TeKyllero KOHTPOMs YCneBaeMOCTWM MpW BbINOMHEHWUM BCEX BUAOB
TEKYLLEero KOHTPons, NpeaycMOTPEHHbIX paboyen NnporpaMmon ANCUUNIUHGI.

Obyuvatowmecs, He BbINONHUBLUME BuAbl paboT, nNpegycMOTpeHHble pabodert nporpammon
ancuunnudel; nponyctuswune 6onee 50% ayauMTOpHbIX 3aHATUN 6e3 yBaXUTENbHOW MPUYUHBI, He
gonyckawTcs K anddepeHUnpoBaHHOMY 3ayeTy.

lMpomexyToyHasi aTTecTauusl TakMx IML MPOBOAMTCA TOMbKO MOCME MPOXOXAEHUS UMK BCEX
BMOOB TEKYLLIEro KOHTPOrS.

3.2. 3akn4ynTenbHoe TeCTMpOBaHWe NO UTOram U3yyeHUss AUCLUUNIIUHDbI

Mo mToram M3yyeHus OUCLUNMWHBI, OByyatlowmecs NpoxXoadT 3aKkniouuTenbHOEe TEeCTMpOBaHue.
TectupoBaHne  saBnseTcd  (OPMOM  KOHTPOMS,  HanpaBfeHHOMW Ha  MpPOBEPKY  BriageHus
TEPMUHOMOMMYECKUM annapaTtoM, COBPEMEHHBIMU WMHOPMALMOHHBIMU TEXHOMOTUAMM U KOHKPETHbLIMU
3HAHMAMW MO AUCLUNINHE.

3.2.1 NoaroToBKa K 3akKnrn4vumTenbHOMYy TeCTUPOBAHUIKO NO UToram U3yvyeHusa aAMCUUMNIINHbI

I'Ipou,ep,ypa TeCTnpoBaHnAa oOrpaHn4eHa BO BpeMeHu WU npepgnofiaraet MakcumalribHoe
cocpenorto4yeHmne 06yqarou.|,er009| Ha BbINOJIHEHUN TeCTa, coaepXallero HeCKOJIbKO TECTOBbIX 3agaHni.

3.2.2 Wkana n KpuTepumn oLeHUBaHusA
OTBETOB Ha TECTOBbIE BONPOCHI TECTUPOBAHUA MO NTOraM OCBOEHUS AUCLUNMNHBI

- OueHKa «OTNWYHOY» BbICTaBnsieTcs obydallwemycs, ecnu nonyvyeHo 6onee 80% npaBuUnbHbIX
OTBETOB.

- OLeHKa «xopoLloy - nosnyy4eHo oT 71 oo 80% npaBunbHbIX OTBETOB.

- OLeHKa «ygoBMneTBOPUTENbHOY» - MOnyyYeHo oT 60 Ao 70% npaBurbHbLIX OTBETOB.

- OUEHKa «HeYyAO0BMeTBOPUTENbLHOY - MONy4eHO MeHee 60% npaBuIbHbIX OTBETOB.
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