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BBEOEHUE

1. Hacrtosiwee un3gaHve €BRSIeTCSA OCHOBHbIM OpraHM3auVoOHHO-METOANYECKUM [OKYMEHTOM
y4ebHO-MeToaNYeCcKoro Komnrekca no AMCUMNIIMHE B COCTaBe MporpaMmbl MOArOTOBKM CreuManvcToB
cpeaHero 3BeHa (MMNCC3). OHo npegHasHa4yeHo cTaTb ANA HUX MeTOOAUYECKOM OCHOBOM MO OCBOEHUIO
AAHHOW OAMCUMMIVHLI.

2. CopepxaTenbHOM OCHOBOW AOnis1 pa3paboTkM HacTosiero u3gaHus nocnyxuna Pabouas
nporpaMmma y4ebHou ANCUNNNNHBI, YTBEPXKOEHHAs! B YCTaHOBNEHHOM NOpPSAKeE.

3. MeToanyeckue acnekTbl HaCTOALLErO M34aHUA pa3BuTbl B y4ebHO-MeToaMYecKon nurepaType
n opyrux paspaboTtkax, Bxoaswmx B coctas YMK no gaHHon gucumnnuHe.

4. Joctyn oby4valolmxca K 3MeKTpOHHOM Bepcun MeToAMYEeCKMX yKasaHUn Mo U3YYEHUIO
ancuunnuHel, obecneyeH B MHopmMaLMoHHO-0bpa3oBaTenbHOW cpeae yHuBepcuTeTa.

Mpy 3TOM B 3NEKTPOHHYHO BEPCUIO MOTYT ObiTb BHECEHbI TEKYyLIME U3MEHEHUs U OOMNOSNHEHMS,
HanpaBlieHHble Ha MOBbILEHNE KayeCTBa HACTOSILLUMX METOOMYECKMX YyKazaHWA 00 UX NepeusfgaHus B
YCTaHOBMEHHOM NOpPSAKeE.

YBaxaemble obyyvatowmecs!

Mpuctynas Kk u3yyeHuto HoBOM Ans Bac yyebHOW AMCUMNAWHBI, HaYyHWTE C BAYMYMBOIO
npoyteHus paspabotaHHbix Ans Bac cneumanbHbiX MeTOAMYECKMX YKasaHui. ITo nomoxeT Bam
BOBPEMSi NMOHATb U MPaBUbHO OLEHUTL ee ponb B Bawem obpasosaHum.

O3HakomMuBLUNCH c OpraHn3aumMOHHbIMM TpebosaHnaMM oTaeneHns cpegHero
npodeccuoHansLHOro 06pasoBaHMs No 3TON AUCLUMNIIMHE U COU3MEPMB C HUMU CBOM CUMbl, Bbl cmoxeTe
caenaTb OCO3HaHHbIV BbIOOP COBCTBEHHOM TaKTUKM U cTpaTernn y4ebHon gesatenbHocTu, yoepeyb cammx
cebs OT Hepa3yMHbIX peLLeHWIn MO OTHOLLEHMWIO K Hel B Havasne ceMecTpa, a He Toraa, Korga yxe ctaHeT
nosgHo. Mcnonb3ysa 310 M3gaHue, Bbl 6€3 AONOMHUTENbHBIX OCMOXHEHUIW nodonaeTe K CeMecTpoBOW
aTTecTauum nNo 3Tol AUcuMniMHe. YcnewHocTb aTTecTaumMmn 3aBucuT, npexae Bcero, ot Bac. Ee 3anor —
pUTMUWYHAsA, uUeneHanpaBfeHHas, BAyMumBas yyebHas paboTta, B uUendx obecneyeHuss KOTOPOM U
pa3paboTaHbl 3T MeTOAMYECK e YKa3aHus.



1. MaTtepuanbl No TeopeTUYECKON YacTU AUCLUNIIUHBI
1.1. UndopmaumnoHHoe obecneyeHue obyyeHus
MepeyeHb pekoMeHOyeMbIX y4ebHbIX usgaHunn, UHTepHeT pecypcoB, OOMNONIHUTENbLHOMN
nuTepaTtypbl, CNPaBOYHbIE U OONOJNIHUTENbHbIE MaTepuanbl No AUCUUNIINHE
MepeyeHb NUTEpaTypbl, PEKOMEHAYEMOW ANA U3YYEHUS] OUCLUUMNIVHDI:

OcHoeHasi numepamypa

OapasaH A. A. Matematuka : yuebHuk / A.A. JagaaH. — 3-e n3a., ucnp. n gon. — Mocksa :
NHOPA-M, 2021. — 544 c. — ISBN978-5-16-012592-3 . - TeKCT : 3NEeKTPOHHbIN.
URL:https://znanium.com/catalog/product/1214598. — Pexxum goctyna: ang aBTopus. Nonb3oBaTenen.

HononHumenbHas numepamypa

HapasaH A. A. CoopHUK 3aad no matemaTtuke : y4ebHoe nocobue /dagasH A. A. - 3-e n3g. -
Mocksa : ®opym, MHOPA-M, 2018. - 352 c. - TekcT : anekTpoHHbIn. URL:
https://new.znanium.com/catalog/product/970454— Pexum gocTyna: ans aBTopus. nosfibaoBatenen.

bapayuwkuH B. B. MatemaTuka. OnemMeHTbl BbiCLUEN MaTeMaTukL: y4ebHunk: B 2 1. T. 1/ B.B.
BapaywkuH, A.A. TMpokodbeB. — Mockea: KYPC: UHOPA-M, 2021. — 304 c. — ISBN978-5-906923-05-
9. - TekcT : anekTpoHHbIN. URL:https://znanium.com/catalog/product/1235904. — Pexum goctyna: ans
aBTOpM3. Nonb30oBaTeNeNn.

BapaywkuH B. B. MatemaTuka. OnemeHTbl BbiCLLEN MaTeMaTuKL: y4ebHunk: B 2 7. T. 2/ B.B.
BapaywkuH, A.A. MpokodhbeB. — Mockea: KYPC, UHOPA-M, 2022. — 368 c. — ISBN978-5-906923-34-
9. - TekcT : anekTpoHHbIN. URL:https://znanium.com/catalog/product/1817031. — Pexxum goctyna: ans
aBTOpM3. Nonb30oBaTENEN.

lN'ycea A. V. nckpeTHasa maTtematuka : ydebHuk / A.V. lN'yceea, B.C. Kupees, A.H. Tuxomuposa.
— Mocksa : KYPC: MHOPA-M, 2022. — 208 c. — ISBN978-5-906818-21-8. - TEKCT : 9N1EKTPOHHbIN.
URL:https://znanium.com/catalog/product/1796823. — Pexxum goctyna: Anst aBTopms. Nonb3oBaTenen.

lN'ycea A. . nckpeTHasa maTtemaTtuka: coopHuk 3agad / A.W. lNycesa, B.C. Kupees, A.H.
Tuxommposa. — Mocksa : KYPC: MHOPA-M, 2021. — 224 ¢. — ISBN978-5-906818-72-0. - TekcT :
anekTpoHHbIn. URL:https://znanium.com/catalog/product/1094740. — Pexxum gocTyna: Ang aBTopus.
nonb3oBaTenen.

CpegaHee npoheccrnoHansHoe 0bpas3oBaHme : TEOPETUYECKUIN N HAYYHO-METOANYECKMI XKypHan /
MuHucTepcTBO 0b6pasoBaHusa n Hayku Poccurickon ®egepauun. - Mocksa. - ISSN 1990-679. — TekcT :
HenocpeaCTBEHHbIN.

"eomeTpus u rpadpumka: Hay4yHo-meTogmdeckum xypHan. — Mocksa. -ISSN

2308-4898- TeKCT areKTPOHHbIN.

I'Iepequb pecypcoB VIH(bOpMaLI,VIOHHO-TeﬂeKOMMYHMKaLlMOHHOVI CeTN «UHTepHeT» WU JoKalribHbIX ceTen
YHUBEPCUTETA, HeobX0AMMbIX AN OCBOEHUSI AUCLUMNIINHBDI;

YnaneHHble 3MeKTpoHHble ceTeBble y4YeGHble pecypcbl BPeMEHHOro [0CTyna, chopMUpOBaHHbIE Ha
OCHOBaHUM MPSIMbIX [OrOBOPOB C NpaBoobnagatensamu (3NekTpoHHble 6ubnmoTeyHble cuctemsl - JBC),
MHOPMaLMOHHbIE CNpaBOYHbIE CUCTEMBI

HavmeHoBaHue Hoctyn
OneKTPOoHHO-6nbnnoTeyHasa cuctema Znanium http://znanium.com/
OneKkTpoHHO-6nbnunoteyHasa cuctema Studentlibrary http://www.studentlibrary.ru/

1.2. TemaTU4eCK1I NfaH TEOPETUYECKOro O6yYeHuUst

Ne n/n HaumeHoBaHue pa3genos, TeM U cogepxaHue y4e6Horo matepuana
1 2
BeegeHue 3HayeHne MaTemMaTukn B NPOheCCUOHanbHOM AeATENBHOCTM U NPU OCBOEHUN

nporpamMmmMbl NOAroToBKM cneunanncTtoB cpegHero 3aeeHa

Paspgen 1. MatemaTtnyeckmm aHanus

Tema 1.1 MpounsBogHasa 1 eé npunoxeHue

CopaepxaHue y4yebHoOro matepuana

OnpegeneHune nponssogHoun. Teopembl guddepeHumpoBaHus. NMponssoaHbie
arieMeHTapHbIX (YHKUUKU. MexaHuyeckuih CMbICST BTOPOW MPOU3BOAHOW.
BospacTtaHve u ybbiBaHe dyHKUuKN. SKCTpeMyMbl pyHKuun. Hanbonbliee un
HavMMeHbLlee 3HayYeHre yHkuun. Obwas cxema uccnegoBaHms QyHKUUK

Tema 1.2 OunddepeHumansHoe ncunucneHue

CopaepxaHue y4yebHoro matepuana

FeomeTpuyeckuin cmbicn npoudsodHon. OuddpepeHuman dyHkumn. Tabnmua
anddepeHuymnanos. [lNpumeHenne anddepeHunana ana nNpUGNMKEHHbIX

BbIYNCIIEHUNA. MapameTtpuyeckoe 3agjaHve PYHKLMM " eé
anddpepeHumpoaHme. CeoncTBa auddepeHumpyeMbix QYHKLMRA.
Tema 1.3. UHTerpanbHoe ucuncneHue



https://znanium.com/catalog/product/1214598
https://new.znanium.com/catalog/product/970454
https://znanium.com/catalog/product/1235904
https://znanium.com/catalog/product/1817031
https://znanium.com/catalog/product/1796823
https://znanium.com/catalog/product/1094740
http://znanium.com/
http://www.studentlibrary.ru/

CopepxxaHue y4ebHOro marepmana

MepBoobpasHasa yHKUMS U HeonpedeneHHbl nHTerpan. OCHOBHble MeToapbl
WHTEerpupoBaHusl.  MIHTerpupoBaHue  ApoGHO-pauMoHasibHbIX — YHKLMWIA.
WHTerpupoeaHue TPUrOHOMETPUYECKMX BbIpaXXeHWiA. MoHsiTne
onpeaeneHHoro  uHTerpana. OCHOBHble  CBOWCTBA  ONpedeneHHoro
nHTerpana. NpubnmkeHHoe BblYMCIIeHe onpedeneHHoro uHTerpana.

Pasgen 2. OCHOBbI AUCKPETHOMU MaTeMaTUKN

Tema 2.1 BBeageHne B TEOPUIO MHOXECTB

CopepxaHue y4ebGHoOro matepmana

lMoHATHMEe MHOXecTBa M cnocobbl ero 3agaHus. NogmHoXecTBa. Onepau,mm
Hag MHOXecTBamu. CBoncTBa onepau,vuh Hag MHOXeCTBaMu. yl'lOpﬂD,O'—IEHHbIe
MHOXEeCTBa. onIMOG npoun3dsegeHne MHOXeCTB.

Tema 2.2 BBegeHune B Teopuio rpacoB

CopepxaHue y4ebHOro matepmana

OcHoBHble MoHATMS. Cnocobbl 3agaHua rpadoB. Yactu rpacoB. Onepaunmn
Ha rpadrax. CBs3HOCTb B rpadhax u AepeBbs.

Pasgen 3. dnemMeHTbl NIMHENHOMW anrebpbl

Tema 3.1 OCHOBHbIe CBegeHusi 0 maTpuuax

CopepxaHue yyebHoOro martepmana

OnpepeneHne wmatpuubl. [enctBua Hag MatpuuaMm UM BEKTOpaMMu.
Onpepenutens matpuubl. CBONCTBa onpegenuTenen M ux BblYUCIIEHUE.
Ob6paTtHasa matpuua. ObpalleHne maTpuy, BTOPOro U TPETbero NopsiakoB.

Tema 3.2 PelueHne cuctem NUHENHbIX ypaBHEHUN

CopepxaHue yyebHoro marepmana

PelueHve npocTenwmx MaTpuyHbIX ypaBHEeHUN. PelueHne cuctem nUHErHbIX
ypaBHeHun no copmynam Kpamepa. PelleHne cuctem NUHENHbIX ypaBHEHWIA
meTogom [aycca.

Pasgen 4. OCHOBbI TEOPUWN KOMIMJIEKCHbIX Yncen

Tema 4.1 OCHOBbI TEOPUUN KOMMJIEKCHbIX Yncen

CopepxaHue y4ebHOro marepmana

Onpep,eneHme KOMMEKCHOro Yncna. [enctensa Hag KOMMNEeKCHbIMWU Yncrnamu.
nOﬂﬂprle KOopAuHAaTbl TOYKM Ha NJTOCKOCTU.

Paspen 5. dnemeHTbI Teopuun Bep0ﬂTHOCTeI7I M MaTeMaTU4eCKON CTaTUCTUKU

Tema 5.1 OCHOBHbI€e MOHATUA TEOPUN BEPOSATHOCTEN

CogaepxaHue y4ebHOro Mmatepuana

OcHOBHble  MOHATUA  KOMOMHaTOpukn.  OCHOBHbIE  MOHATMS  Teopun
BeposiTHocTen. Onepauum Hag cobbiTmsiMu.  CriyyavHble  BEMNUYMHDI.
MaTtemaTtunyeckoe oxxuaaHue.

Tema 5.2 AnemMeHTbI MaTeMaTU4YeCKOM CTaTUCTUKMN

CopepxaHue y4ebHOro marepmana

MoHaTMe o 3agadyax MaTtemaTuyeckom  cTaTucTuku.  [eHepanbHas
COBOKYMNHOCTb 1 Bblbopka. OueHka napameTpoB reHepasnibHOM COBOKYMHOCTM
no eé Bbibopke. [loBepuTenbHbIE MHTEpPBanbl 41 NapaMeTpPoOB HOPMaribHOrO
pacnpegenenus. NpoBepka cTaTucTn4ecknx runotes. JInHerHas koppensums.

2. MaTepuanbl N0 NPaKTUYECKUM 3aHATUAM

2.1. MNpakTnyeckne 3aHATUA NO KypCY M NOAroTOBKa 00y4aloLlerocsi K HUM

B xode npakTuuyecknx 3aHATUIW, Kak ogHOW M3 (opmM cucTtemaTuyeckux y4ebHbIX 3aHATUN,
oby4yarowmecs npnobpeTalT HEOOXOAMMbIE YMEHMS U HABbIKU MO TOMY UK MHOMY pasaeny AUCUMNIUHBI
«Martematukar.

O6Lime Lenu NpakTUYECKOro 3aHATUS CBOAATCH K 3aKpenneHuno TeopeTuyeckmx 3HaHui, Gonee
rnyboKOMYy OCBOEHMIO YXKe MMEKLNXCH Yy 0DyyalowmMXCa YMEHUA N HaBblKOB M NMPUOOPETEHNI0 HOBbIX
YMEHWI 1 HaBbIKOB, HEOOXOAUMbIX UM O151 OCYLLECTBNEHNS CBOEW NpodeccnoHanbHON AeATeNbHOCTU U
COCTaBNSALWMX KBanMdrKaLMoHHble TpeboBaHUs K cneumanucry.

OcCHOBHbIMK 3aa4aMu NPaKTUYECKUX 3aHATUIN SBNAIOTCA:

* yrnybneHne TeopeTNYEeCKon N NPaKTUYECKON NoAroTOBKY;
* pa3BuTME MHMLMATMBBI U CaMOCTOATENBHOCTU 0ByYaloLWMXCH BO BPEMS BbINOMHEHUS MU NPaKTUYECKMX
3aJaHunn.
MpumepHble npakTUyeckue 3adaHus Ans YCMeLWHOro OCBOEHMSA pasfenoB y4ebHOM  AMCLMNAWHLI
MaTemaTuka, KOTOpbleé PEKOMEHAOBAHO M3Y4YMTb U BbLIMOMHWUTL  HEobOXoaumble  AEnCTBUS
COOTBETCTBEHHO METOANYECKUM YKa3aHUAM U peKoOMeHOauNsIM.

PA3OEJl. MaTtemaTu4yeckum aHanus

MNpoussoaHasa u e€ npunoxeHus



MpounssogHaa yHKUMW. [Mpon3BOAHbIE OCHOBHLIX 3feMeHTapHbIX (yHKUUN. [ponsBogHbIe
CNOXHOW u obpatHon cyHkumin. [MpousBogHble norapudmMmmyeckux  yHkumi.  MpomsBogHbie
nokasaTtesibHbIX (OYHKUMIA. [1pon3BogHbIE TPUFOHOMETPUYECKUX QYHKUMA. MccrnepoBaHune dyHKUMKM C
nomoulpo npounssogHon. OCHOBHbIE POPMYIbl UHTErPUPOBaHUA. HenocpeacTBeHHOE MHTErpupoBaHue.
WHTerpmpoBaHne mMeToaoM 3ameHbl nepemeHHon. OnpeaeneHHbln MHTerpan u ero HemocpeacTBEHHOE
BblYMCMEHNE. BbluMcrieHne onpeaeneHHoro uHrerpana MeToaoM 3ameHbl nepemMeHHon. Belumcnenuwe
nnowaam nNnockon urypsl.

MpakTnyeckne paboTbl: HaxoxdeHue npou3soOHbIX yHKUUU. MccnedosaHue ¢hyHKUUU C MOMOWbHO
rpou3goOHOU U MnocmpoeHue epaghuko8 yHKYUU. BbiqucreHue HeornpedesieHHbIX UHMezparsos.
BbiyucrnieHue onpedesieHHO20 UHMeeparna.
MeToaunyeckue ykazaHusi

lMoHATNE npou3BOAHOW ABNAETCA OAHMM M3 (yHOAMEHTaNbHbIX MOHATMA MaTemaTtukn. MHorue
3ajaym Kak camon MaTemaTuKku, Tak U eCTECTBO3HaHUSA U TEXHWKU MPUBOAAT K 3TOMY NMOHATUIO.

Mepen Tem kak 3anvcaTb NOHATUE NPOU3BOAHOW PEKOMEHAYETCS PacCMOTPETb hU3MYECKYHO 3afady
O HEpPaBHOMEPHOM ABWKEHWM U €r0 CKOPOCTU, KOTopasi MPUBOAMT K MOHATUIO NPON3BOAHOMN.

MpousBogHon yHkumKM f(x) B TOUKe Y4 HasbiBaeTcs npegen OTHOLIEHNS npupaLleHs yHKLUN K

Af(x
F(x ;.]' .11.,11 M
npupaLLeHnio apryMmeHTa, ecrnv npmpaLleHme aprymeHTa CTPEMUTCS K HyMo, T.€e. =0 Ay
Onepauus HaxoxaeHns NPon3BOAHOM Ha3biBaeTca audppepeHuMpoBaHnem PyHKLUN.

FTEOMETPUYECKUWN CMbICJ1 MTPOU3BOOHOU
MpoussogHas dyHKUMKM f(x) B TO4ke 'Ti'paBHa yrnoBomy KoadMUMEHTY KacaTeNbHOW,

NpoBeAEHHOW K rpadovky OaHHOW (PyHKUMM B €ro Todke ¢ abcumccon '12', Te. f( *a )=k=tga. B atom
3aKrnioyaeTCcq reoMeTpMYeCcKUim CMbICI NPOU3BOAHON.

YTV T ! ['13}['1 — 3}- ypaBHEHWE KacaTesbHON
®U3NYECKUU CMbICNT NPON3BOAHON
MrHoBeHHasi CKOpPOCTb MPAMONMHENHOrO ABWXKEHUS MaTepuaribHOW TOYKU B JOOON MOMEHT
BpemMeHu t ecTb Npon3BoaHas OT NyTU S MO BPEMEHM t:

s

V(t)=s'(t)= dl | B 3TOM 3aKMIOYAETCH MEXaHUYECKii CMbICH NpOM3BOAHOW.
YckopeHue a(t) NpsAMONUHERHOTO OBWXKEHUSI MaTepuanibHOW TOYKM B MOMEHT BpemMeHu t paBHO
nepBon NPON3BOAHOM OT CKOPOCTM MO BPEMEHWN UMW BTOPOW MPOU3BOAHOM OT MyTW NO BpeMeHu, T.e. a(t)=
dv _d's
v(y= @t dt’
NPABUNA OAUODEPEHLIMPOBAHUA
Ecnu y cdoyHKUMKM u(X) 1 v(X) CyLLecTBYIOT NPOU3BOAHbIE, TO

1. (u+v) = u+v' 3. (uv)' = u'v+uv'
2.(cuy=cu 4. (ulV)'=(U'v-v'u)iv2 (v ¥ E])
NMPOU3BOOHbIE ANNEMEHTAPHbIX ®YHKLUUA
DyHKUUA lMpounsBogHas
i) =c ¢'=0, - const
f(X) = x" (1}' — ,{;ﬁ-'*']
f(x) =e” €)' =¢"
f(x) = a* (@)'=a‘lna
1
f(x) = In x -
(nx)'= *
1
f(X) = logax
(l0gaX) I_xlna
f(x) = sin x (sinx) ' = cos x
f(x) = cos x (cos x)'= - sin x
1
f(x) = tg x -
(tgx)'= cos” x
1
f(x) = ctg x 5
(ctgx)'=-sin" x




1
f(x) = arcsin x .
(arcsin x) = 1= x°
1
f(x) = arccos x .
(arccos x) = - Ml—x”
1
f(x) = arctg x -
(arctgx)’= 1+x°
1
f(x) = arcctg x -
(arcctgx)/=- 1+x°

NMPON3BOAOHASA CITIOXHOW ®dYHKLUU
fi, & V=1

Ecnu y = f(g(x)) v cywecTByloT Npon3sBogHble *, 70 g;-, roe MHOeKkcol g n X
YKa3bIiBakOT, MO KAKOMY apryMmeHTy BbIHYUCITIAIOTCA NPON3BOOHbIE.
Mpumepst: 1. (3x4) = 3-4x° = 12x°

2. (5x*+8x-10)'=(5x%)"+(8x)-10'=5-2x+8-0=10x+8

3. ((x2-x)(5x-8)2'= (x*-x)"(5x-8) + (x*-X)-(5x-8)'=(2x-1)(5x-8)+(x*-x)5= 10x*-  21x+8+5x*

5x= =15x"-26x+8
2\ AP+ (2+1) | xt+3x?
4. (;v2+l) N (x2+1)2 T (x2+41)2
5. (sin(2x+1))’=sin’(2x+1) (2x+1)= 2cos(2x+1)

[ — 1 P COSX
|Vsinx| = ——(sinx) = ———
6. ~ 24fsinx 2-smx  (sin x >0)

; (‘El\'j f— EE.J: (3&) (- 363.1'

P 1 . COsXY

|Insinx) = Asmmx) = = ctgx
8_ S111 X Sl X (Sin X >O)
9. ) =" (xInx)'=e™*(Inx +1) (x>0)

. . , 1 , 2{2x-2) _ Ax2
10 (2I(x% = 2x)) = 2(In (x* = 20)ympx2 _ox(X° — 2X)= 52 _2x  x2-2x
3apaHuAa npakTuyeckom paboTbl

Bonpochkl Ansi CaMOKOHTpOnSA

1. Jante onpepeneHne NpomM3BoAHON PyHKUNN.

2. Hannwwute Bce dopmynbl anddpepeHunpoBaHus.

3. Javite onpegeneHve CrnoxHom yHKUMKW. Kak HanTu ee NponsBogHyo?.
HanpguTte npounsBogHbie (PyHKLMNA:

y=sin(Tx-1) v =cos(4x + 5)
y=(6x-5)* y=(0,5x"+3)"
y=sin5x 4 tg3x ¥ =cosx*
v=cos'x v =In(cosx +6x)
y=1In(2x" +7) y=e"

y=In*(2x +5) y=2"" 4+’
y=(4x - 1P y=sin’ x
y=(8x +3) y=03x"+5x*-8)’
v = 6sin3x v = arctgx’

Tema. NpaBuna ganddepeHupoBaHus.

Llenb: npoBeCcT ANarHOCTUKY YCBOEHUS CUCTEMbI 3HAHWIA U YMEHWIA BbINOMHATL 3a4aHus
3apauum: BbISIBUTb YPOBEHb YCBOEHWUS 3HAHUN yYaLLMMUCA.

MHCTpyKLMA NO BbINMOJIHEHUIO PaboThbl



Ha BbiNonHeHne KOHTPONbHOM paboTbl No MmaTtemaTuke gaetca 90 MuHyT. PaboTa coctouT u3 2 yacTten u
cogepxut 18 3agaHun.

YacTtb 1 cogepxuT 10 3aganHmii (A1 — A10) 6a3oBoro ypoBHs o matepuany pasgena «lpoussoagHas u ee
npuMeHeHne» 1 oueHnBaeTcs B 2 6anna.

YacTb 2 cogepxuT 2 bonee crnoxHbix 3agaHuni (B1, B2) no matepuany pasgena «[lpousBogHas u ee
NpYMEHeHNEe» 1 oLeHnBaeTcs B 5 6annos.

Mpu BbINOMHEHMM BCEX 3aJaHWUA HYXXHO 3anucaTtb NorHoe pelleHve u oteeT. CoBeTyeM Ansi 93KOHOMUU
BpeMeHW nponyckaTb 3afaHue, KOTopoe He yOaéTcs BbINONHUTL Cpasy, U NepexoauTb K cnegytowemy. K
BbINOSTHEHWNIO NPONYLLEHHbIX 3a4aHn MOXHO BEPHYTbLCH, ecnun y Bac octaHeTcsa Bpems.

3a Kaxapli NpaBUNbHbLIN OTBET B 3aBMCMMOCTU OT CMOXHOCTW 3aJaHusa JaéTca OT O4HOro A0 YeTblpex
6annoB. bannbl, nonyyeHHble BamMu 3a BCe BbINOMHEHHbIE 3afaHus, cymmupytoTcs. [locTapantech
BbIMNOSTHUTB KakK MOXHO BonblLue 3agaHunii U HabpaTb HambornbLUee KONM4ecTBo Gannos.

BapuaHT 1

A1. HanamTe nponsBoaHyo yHKkumm Y = 4x®
1) 12x° 2)12x 3) 4x° 4) 12x°

y=6x-11

A2. HanguTe nponsBogHyo yHKUMM

1) -52)11 3) 64) 6x
x—1
y=—
A3. Hangute nponsBogHyto yHKLMMK X
1 x-1 2x+1 1
1) x° 2) x* 3) x° 4)>C2
y=xsinx

A4. Hangunte nponsBogHyo yHKUMM

1) SINX—=XCOS X SIN X+XCOS X 5 COSX 4y X+ X COS X

— 42 H _
A5. Haiionte NpounsBoaHyto dyHKLMM y=x"+SINX BTOUKE X, =7

2
4 2
y= x 3 +2x
AB. Bbluncnute 3HayeHe Npon3BoaHON OYHKLIMK 2 2 B TOYKE X,=2.
1)102) 12 3)8 4) 6

y=sin(3x+2)

A7. Hangure nponsBogHyo yHKLUN

y cos(3x+2) 2 —3cos(3x+2) 3 3cos(3x+2) 2 —cos(3x+2)

_ 22
A8. BbluncnuTe 3HayeHne npom3BogHoON OyHKLMK Y= 3x 12‘/;
121 2) 24 3)0 4)35

B TOYKe X,= 4.

1 T
y :—tg(4x—ﬂ')+—
A9. BbluncnuTe 3HayeHne npom3BoaHon OyHKL MK 4

/2 T
.xO—_

T
BTOYKE 4 . 1) 2 2) 4 3)4 4) 2
A10. Hagute npoussogHyto doyHkummn Y = x? COsx

1 2XSIN X ) =2x8IN X 5) 2xCOSx +x°SiNx 4 2xCOS x —x” SiN x

y=142x-3

B1. Beluucnure 3HavyeHne nponsBogHoON pyHKLUMK B TOYKE X,= 26.

x—2
Y=
B2. Hangute 3HayeHune x, npu KOTOPbIX NPOU3BogHas yHKLMN X pasHa 0.
BapuaHT 2
1
y==<x°
A1. Hangure nponsBoaHyo dyHKLUN 3



1
6 5 ~X 5

A2. Hangute nponsBogHyt0 yHKL MK V= 12 _5x .
1) 72)12 3) -54) -5x
x+3
y=—
A3. Hangute nponsBogHyto yHKL MK X
RS ek I
1) X' 2) x° 3) x° 4 X
y=xC0Sx

A4. Hangute nponsBogHyt0 yHKL MK

1) COSX—XSIN X, COSX+XSINX 5 =SiN X , X—SiN X

T
y=x"+COSX BTOYKE X,=—
A5. Hangute nponsBogHyto doyHKL MK 2

71
) -
3 2
5
y=2 5 g
A6. Bbluncnurte 3HayeHme npomsBogHON PyHKLNK 3 B TOUKE X,=2.
1) 13 2)3 3)8 4) 27
y =cos(5x—2)

A7. Hangute nponsBogHyto yHKUMM

N —2sin(5x—2) 2 —5sin(5x—2) 3 5sin (5x - 2) " sin(5x—2)

3 1
y=2odx  x==
A8. Bbluncnute 3HayeHe Npon3BoaHON OYHKLMK X B TOYKe 4 .
1) -47 2) -49 3) 47 4) 11,5

y =1+ctg(2x+7z)

A9. Bbluncnute 3HayeHe Npon3BoaHON OYHKLMK

T 1
Xg =—— ——

BTOYKE 4 . 1)2 2)-1 3) -2 4)

2
A10. Haitgute nponseogHyto dyHkuum Y = X SINX,

1) 2XCOS X ) 2xSiN x —x* COS X 5 2xSiN X +x” COS x 4, —2X COS X

y=30v4—-3x

B1. Beluucnure 3HavyeHue NnponsBogHON PyHKLMK B TOYKE X,= -7.

x+2

y=—"%"
B2. Hangute 3HayeHue x, Npu KOTOPbIX Npon3BoaHas pyHKLMM X pasHa 0.
OTBeThlI:
BapuaHT A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1
1 1 3 4 2 3 2 3 1 1 4 2
2 2 3 3 1 4 1 2 2 3 3 -9
A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1
1 1 1 1 1 1 2 2 2 2 3
«2» «3» «4» «5»
0-10 6. 11-14 6. 15-17 6. 18-20 6.

MCCNEQOBAHUE ®YHKLWXU C NOMOLLbIO NPOU3BOOHON
Cxema uccre@ogaHusi pyHKUUU C MOMOWbIO POU380OHOU:




. Haitn obnactb onpeaeneHms yHKUMY;

. BbiacHuTb, aBnaeTca N gaHHaa PyHKLMS YEeTHOW UM HEYETHOW; NEPUOANYECKON;

. BbisicHUTb kOOpaMHaTBI TOUEK NepeceveHmns rpadmka yHKUNM C OCAMUN KOOPAMHAT;
. Hantn nponssogHyto;

Haintn Kputndeckmne To4Ku;

. Haitn npomexxyTkn BospactaHus n yobiBaHUs;

. Hanitu Touku skctpemyma yHKUMM U BBIYUCAINTL 3HAYEHUS OYHKLUMU B 3TUX TOYKAX;

. MoctpounTb rpaduk pyHKLMK.
y=xvl-x

1. Hanpgem obGnacTtb onpegeneHnst 3agaHHon pyHkumm: 1 —x 20, x=—-1,x< 1.
2. Onpegenum HanMyne acumnToT.
a) BepTUKarnbHbIX aCUMMTOT HeT, Tak kak limx+/1—X =1-4/1—-1=0.

x—1

ONO A WN

Mpumep: UccnepoBaTb PYHKLUIO U NOCTPOUTL rpadumk:

y=kx+b

6) ropnM3oHTanbHbIe UM HAKMOHHbIE aCMMNTOThI ONPEAENnsATCA YpaBHEHNEM :
Bbumncnum koaddumumneHTsl K u b:

. xJl-x . N
k=lim———=Ilimyl-x =-w

X—0 X X—00

, CnegoBaTenbHO, FOPU3OHTAaNbHbIE UMW HAKMOHHbIE aCUMMTOTHI

OTCYTCTBYHOT.
3. Bbluncnum Touvkn nepeceveHuns rpaduka yHKUMU C OCAMM KoopAauHaT M uccnegyem pyHKumMio Ha
YETHOCTb.
Ecnmy =0, 10 Xx=11nnmx =0, To ectb umeem (1,0), (0, 0) — ToUKM NnepeceyeHns C OCAMN KOOPAMHAT.

y(— x) =—x41— (— x) =—xltx# y(x) # —y(x).

MpoBeprM YETHOCTb PYHKLMK:
3HaunT, gaHHaa yHKUUSA He SIBNSETCA YETHOM U HEe ABMNAETCA HEYETHOW, TO MMeeM (PYHKLMIO obLLero
BMAaa.

!

4. NccnegyeM MOHOTOHHOCTb (PYHKLIMM C MOMOLLLIO y .
!

y'=(x l—x)l:() —x+x- («/_) —1.1-x+x-

!

st -

1 ' ' 1 1
1—x+x-—2m((l) —(x)j:\/l—_x+x-—2\/m(0—1):\/1—_x+x-—2\/m(—1):
oL g x _2iexioxox 2limxf ox_20-x)-x

21— x N 21— x 2J1-x  21-x
_2—2x—x_ 2—3x
2¥y1-x  241-x

2-3x=0, =3 x=-2,x="23,

241-x#0 ANS Bcex X U3 obnacTtu onpeneneHus.

y + -
y / 2 /;,N 1
X

( ',) max

Ha tex nHTepBan: , (byHKUMA Bo3pacTaeT. [Moatomy
WHTEpBas BO3pacTaHWs yHKUMK (-=0;°/5), MHTepBan yobiBaHust pyHkumu: (*/3; 1) . B Touke x = °/y

beHKLI,VIﬂ NPUHMMaeT MakcMmaribHoe 3HadeHne. Hangem aTo 3HayeHue:

2 1 V3 23 23
”‘“() F \£3I 333 33 9

10



5. CTpOMM Fpad})MK (*)yHKLI,I/IM, OTMEeTMB TOYKY SIKCTpeEMYyMa N TOYKN nepeceyveHna C OCAMU KoopanHaT.
YTOYHUM BUA rpacbvn(a npu NomMoLUn AONOJTHUTENbHbLIX TOYEK:

y(0)=0-v1-0 =0,
y1) =11-1=0;

05 05 2 -+

3apaHuna npakTuvyeckon paboTbl (Mo BapuaHTam)
OnpegennTb NPOMEXYTKM MOHOTOHHOCTU (OYHKUMM (a, b) no obpasuy, uccnegosatb MYHKUMIO U
nocTpouTb rpacmk hyHKLMM (C) NO cXxeme UccreqoBaHus.

1. a) y = (x-3) (x-2), b)y:x4 —8x° -9, c)y:l/3 x> — 2x% -5;

2. a)y:x3—3x2+2,b)y:xs—x3+x+2, c)y:8x3—4x2+3;

3. a)y:(x2+x2 (x-2), b)y:l/5 x5—4x2,c)y:6x3—2x -41;

4, a)y:x5—x + 8, b)y:x5—x3+x+2,c)y:-2x3+x—4;

5. a)y=3x—6x+5b)y=3x"+4x>+1,c) y=3x°— 4x + 5;

6. a)y:4x4—2x2+3, b)y:2x3+3x2—12x+1,c)y:8x3—x2+7x—2;
7. a)y=x'—10x*+9,b)y=x>x*+x+2,¢)y=- 7+ xX* = 3x — 1;
8. a)y=x'—4x>—8x°* + 3, bgy:3X3—9x2+2,c)y:x3—4x2+3x+1;
9. a)y=xX"—=x*+8,b) y=x/3+2x°=5x +4,¢c) y=-55+6x°— 3;
10. a)y=x3—3x2+2, b)y=x5—x3+x+2,c)y=8x3—4x2+3;

11. a)y=x3—3x+2,b)y=2x3+3x2—1,c3y=6x3—8x+21;

12. a)y=x(x2+ 3x + 2), b)y=x4/4—2x2— 14, c)y=2x3—4x+7;

13a)y =15 =20 x> =112 x, b) y =x* =3x* + 2, €) y = 7x°— 2x° + 3x — 1;
14a)y=x3—3x2+2, b)y:xs—x3+x+2, c)y=8x3—4x2+3.

Tema. UHTEIPAIbI
Kaxxgomy  maTemaTudeckoMy  OEWCTBUIO — COOTBeTCTByeT obpatHoe emy genctBue. [ns
anddepeHUnpoBaHusa cyllectsyeT obpaTHoe OeWCcTBME — UHTerpuvpoBaHue. HyxHO pasobpaTtbcsa B
onpegeneHnn nepsoobpasHon And  QyHKuMM  f(x), NOHATb HEOAHO3HAYHOCTb  HaXOXOEHWS
nepsoobpasHoOn, a 3aTeM crneayeT M3yduTb OnpefenieHve HeonpeaeneHHoro WHTerpana, OCHOBHblE
CBOWCTBa HeonpeaeneHHoro nHTerpana.

NMEPBOOBPA3HAA
®yHkuma F(x) HasbiBaeTcs nepBooGpa3Hom aAnsd dyHkumm f(x) Ha gaHHOM npomexyTtke, ecnu Ans

nto6boro x 13 aToro NPOMeXxyTKa F(x) Jr':"}, Unu, 4YTO TO XXe camoe, i (1] a filj{h'
I'Ipzmmlep. MepBoobpa3sHon gns dyHkummM f(X) = X Ha BCen YncnoBomn ocu sienisietca F(x)= x%12, NMOCKOJTbKY
(x/2) "= x.

OCHOBHBIE CBOUCTBA NEPBOOBPA3HbIX
Ecnu F(x) — nepsoobpasHas dyHkumm f(x), To n dpyHkuma F(x) + C, rae C — nponsBonbHas NOCTOAHHAS,
Takke sBnseTca nepsoobpasHon dyHKUmM f(x).
TEEOMETPUYECKAA NHTEPIMPETALMA

Mpadumkn Bcex nepBoobpasHbIX OOHOM U TON e

/‘% dyHkUMKn f(x OyayT nonyd4atbCA OAWMH W3  ApYroro

NN

napannenbHbiM nepeHocom Baonb ocu Oy. U Takux
* rpacpumkoB ByaeT 6€CKOHEYHO MHOTO.

HEOMPEAENEHHbIA UHTEMPAT
11



MHoxecTBO Bcex nepBoobpasHbix F(x)+c  ana dyHkumn  f(X) HasbiBaeTca HeonpeaeneHHbIM

ey
MHTerpanom v o6o3HavaeTcs Jf( )

I f(x)dx.

Takum obpasom, =F(x) + C, rge C — npon3BonbHasa NOCTOsIHHaA.

TABJIMLUA UHTEIPAIIOB
I(‘.'r.‘{' x+C: | ctgxdy = —1r1|51r11|+(:
k4 i
J‘ Fa=2_4¢C, k=z-L J —=tgx+C
k+1 Cos” X
1 rodx
J-—rfx=]n|1|-f' 1{ =—ctgx+C
X M X
-ﬂ'l - 1
J‘a"g’y:_+ﬂ - —dx = —arctg —+
lna v o a a
X g X r 1 | -
Je? dr=e +(: I : 10,1__1'1': H—C
e 2a |x+a
i = = . - 1 = =
J.sm x ol cosx + C: _[ L dr = Inlfrl + a2 + o+
WxT tar
- T L . . 1 Cx
J.ccus.x dx =sinx + (" e = arcsin -+ C-

l-l 'I.ﬂ': .T: £

_lrfgndn = —1l1|L'r.|5 1|+ C

NMPABUITA UHTETPUPOBAHWUA

fnf{xjnﬁ; = i?j f(x)dx. (a—const)
[+ g(xpdx = [ f(x)dx + [ g(x)ax

WHTErPUPOBAHWUE METOAOM 3AMEHbI NEPEMEHHOM

CyLIJ,HOCTb 9TOro MeToda 3aknw4yaeTcda B TOM, YTO nyTeMm BBeOeHUuA HOBOWM

nepemMeHHom

MHTErpnpoBaHna yanaeTcAa CBeCcTu 3agaHHbIN MHTEerpan K HOBOMY WHTerpany, KOTOprI7I CpaBHUTENbHO

nerko bepeTtcst HenocpeaCcTBEHHO.

el
,D,ﬂﬂ HaxoxaeHuna nHterpana 'lfl: }

3aMeHdAeM MNepeMeHHYH X HOBOW nepemeHHon u C nomoLlibto

r

= =
NOACTAHOBKM {-"J':”}. OundbepeHuupya aTo paBeHCTBO, MOMy4UM dx=¢ [:”}d”. Moactaenss B
noplHTErpanbHOe BblpaXeHne BMECTO X U dX UX 3HayeHusi, BblpaXeHHble 4Yepe3d u u du, umeem

[ £ = | £(@G)e’ @)du = | Fodu

M3 cnocobos MHTErpnpoBaHNA pekomMeHayeTCA U3y4YnuTb Inillb HenocpeancTtBeHHOEe UHTerpupoBaHue
(ﬂpMBe,El,eHl/le K OOHOMY WUIMN HECKOJIbKUM Tabnn4yHbIM I/IHTeraﬂaM) n MeToa noacTaHOBKU (3ameHa

nepemMeHHon).
Mpumepbi:
Ixt+2x? —5x+9 Co 5 L 3x? _ x~!
J. _ ax J!E,\'—-E e iy e 4 2x=5In | x| +9—+c
x? | X ) 3 -1
; 9
=x"+2x—5ln|x|-=—+¢

1 x
j 4+ Y

2. Hantn
_ 3
Cpoenaem noAcCTaHOBKY t=4+x". Hangem anddepeHumnan obenx 4vacten noacTaHOBKM:
- 1
At = 3x2dx. i = ?(f?‘.
oTKyaa CneposarteneHo,

12




&
- 5
[2@+x*) ac= [t L= ljr*dr WL Iy PR
3 3 3 5 15 1 '
dx X
J.ﬁ = arcsin - + C.

J 16~ x* 4

3.
3agaHuA npakTM4yeckon paboTbl

Bonpockl Ans caMOKOHTpoOss
1. Kakas pyHKLMA Ha3biBaeTcs nepBoobpasHom anst oyHkumm f(x)?
2. [avite onpeneneHve HeonpeaeneHHoro nHTerpana.
3. MNepeuncnurte OCHOBHbIE CBONCTBA HEONPEOENEeHHOro nHTerpana.
4. Kakum gencTBmemM MOXHO NPOBEPUTL MHTErpupoBaHue?
5. Hanvwunte ocHoBHblE (hOpMyIbl MHTErPUPOBaHUS (TabnuyHble MHTerpansl).
HanpguTte HeonpeaeneHHble NHTerpanbl:

[(3x® = 202 +4x = S)ex [ (6x# + 52— 490
1) - 6)
2 o _ 1 .
) [+ 533 . f§(4x—a} dx
3 [@x + 1y 8 [@xd +1) x2a
[[3:;3 + 5)x e _dx
4 0 [ (4x+D)*
5 f (v + 4x)dx [ x’ dx
10) * Sx¥+1

ONMPEAENEHHbLIA MHTEIPAI

OnpepgeneHHbIM uHTErpanom oT dyHKuun f(x) Ha oTpeske [a; b] HasbiBaeTca npegen

3 F(EDA Ac=2"4

MHTErpansHoi cymMmmMbl  *=I1 npn 1 7% e B

[ Feydr =1m3 £ (&Ax

\'-]

roe = [I_iu_] , 3-'5.-]

A

3 —— T
/

> >
E] = o T S x
M gl " §2 " N' g‘ i
(=] -«
® =

CBA3b MEXAY ONPEAENEHHbLIM MHTETPAJIOM U NEPBOOBPA3HON
(POPMYJIA HBIOTOHA-TIEUBHULIA)
[nga HenpepbIBHON PYHKLMUK

J s Giax=Fx)

rae F(x) - nepoobpasHas ans f (x).
CBOUCTBA OMPEOENEHHOIO UHTEIPAI

b= F{b)- Fla)

13



b b
_|',-'". f(x)dx =A -If{x}dx

b a
[F()dx == [f(x)dx
a b

b

a

b

RGO+ F2(0)dx =[f(x)dx + [f2(x)dx

o

b b
[FCdx =[f (x)dx + [ (x)dx

FEOMETPUYECKWUIM CMbICIT ONPEOENEHHOIO UHTEIPANA

v = flx)

Mnowaab KPUBONMHEWHOW Tpaneuun, orpaHNYeHHoM
rpacpMkoM  HENpPepbIBHOM  MOSIOXMTENbHOW  Ha
npomexyTke [a;b] dpyHkuMM f(X), OCbIO X 1 NPAMBIMU X
—aux=>b

5 = j f(x)a

[Mnowanb KpMBOMMHENHOW Tpanewuum, orpaHUYeHHON
rpadhMkomM  HenpepbiBHOW  OTpULATENbHOM  Ha
npomexyTtke dyHkuun f(x), ocblo X 1 NPAMbIMU X = a
mx=>b

b,
S = —J F(x)dx

Ecnn dyHKUMA n3MeHsieT 3HaK Ha npomexyTke [a;b],
T0S

b
S, =8, =| f(x)ek

- BblHMCIneHune pa60TbI Cunbl.

OI'Ipep,eJ'IeHHbIIZ MHTEerpan WMpoKo npumMeHdaeTCcAa Ond BblHUCNEHUA pa3finyHbIX reoMeTpUuy4ecKknx
n d)VI3I/I‘-IeCKI/IX BEeITNYUH. Cnep,yeT pa306paTbc;| B CrieyrLwmnx npunoxeHndax onpeneneHHoro nHTerpana:
- BblHMCIneHune nnowann ninockmnx cbvlryp (FeOMeTpI/I‘-IeCKMVI CMbICIT onpeaeneHHoro MHTerpana);

- HaxoxaeHne obbema Tena BpaLleHnd;
- BblHMUCIIEHNE NYTH, FIpOI7|D,eHHOFO TOYKOMN 1 CKOpPOCTU TENa;

®U3NYECKUX CMbICN ONPEOENEHHOIO UHTEIMPATNA

U,

/.U_“_‘/

v

Mpy NpAMONMHENHOM [OBMXEHUU nepemelleHne
S uMCreHHO paBHO noWwagn KpUBOJTMHENHOWN
Tpaneuun nofd rpadoukom 3aBUCMMOCTU CKOPOCTHU
V ot BpemeHn tA

5= [ V(t)dt

14



BbIYUCIEHUE NNOWALEA U OB EMOB
C NMOMOLWbIO OMNPEOENEHHOIO UHTEIPANA

MNowALb oUTYPHI,

orpaHu4yeHHon rpadmkaMmyn HenpepbiBHbIX dYHKUNA y= f1(X)
ny = f(x) Takux, uto fr(x) = fi(x) Ans no6oro XEla.e ,
roe a n B — abcuuccbl Touyek nepecedeHus rpadumkoB

dyHKUUR:

S = [(£,@) = £ (Dax

4]

OBBbEM TEJA,

MonMy4YeHHOro B pesynbTaTe BpaLEHUs BOKPYr OCU X
KPVMBOMWHENHON  Tpaneuuu, OrpaHudyeHHoW  rpadukam
HEenpepbIBHON U HeoTpuuaTenbHonm yHKkuun y = y(X) Ha
oTpeske [a,b]

b
Fi e LR
Ve = nj.y (x) dx
a

anMepbl: Bbluncnutb onpeanenieHHble MHTerpanbl:

1

¥
s
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(4254 D = (G +57 +2) [ = (5 24274 D)= GD! (D + (D) =9

] -5
r 1 1., .\
|xex == |j=_{—?(1-—0-)=
1. o ' '
_i.1'3d1'=% =%(3-‘ -2 =
2. 2
3. -
m
£ 2 .
fcr:er -dx :5””‘|ij;2 :sin%— sin0 =1- 0 =1
4) 0
i-?ai'x
X

5) 1

BOI'IpOCbI AN CaAMOKOHTpO-nA

5
_=?I%=?ﬂn D=7 5-h)=T05-0)=Th5
1

3agaHuA npakTu4eckon paboTbl

1. JanTe onpegenexHune onpegeneHHoOro nHTerpana.

2. Nepeyncnnte OCHOBHbLIE CBOMCTBA ONpeAerieHHOro nHrerpana.

3. B 4em 3aknoyaeTcsa reoMeTpuyYecKknin CMbICn onpeaeneHHoro nHrerpana?
4. lNpuBeauTte npuMepbl OU3NYECKUX U TEXHUYECKMX 3adad KOTOpble MOXHO pPeLlUTb C MOMOLLbIO

onpeaeneHHoro nHTerpana.

Bbluncnure on peAaeneHHble UHTerpanbli:

I S5xdx
1) 1

1
[ (e*" +1)cx
6) -
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F b O
[ (637 = 5x +a)aix _x
V14 xdx; _[ o
by 514X - 0%
3) !
— 1
3 =5 2x+] 2
[ ([ 1: —sin X} - Cx 9 -!J “
" Y Cos X
[@-2vy & 1
5) I[ms ¥ osin” 1} o
10) §

PA3AEJ. OcHOBbI AUCKPETHOW MaTeMaTUKKN
OnemeHTbl Teopun MHoxecTB. Onepaumm Hag MHoxecTBamn. KomGuHaTopuka. OnemeHTbl Teopuu
rpagoos.
MpakTnueckne paboTbl: BbinonHeHUe onepayuu Had MHOXecmeamu.
Tema. dnemMeHTbl TEOPUN MHOXECTB
MeToaunyeckue ykazaHus

OOHUM M3 OCHOBHbIX MUCXOAHbLIX MOHATUI B MaTemaTuke SIBNSIETCS MOHATME MHOXEeCTBa WU ero
anemeHToB. OcHOBaTeNb Teopun MHOXecCTB ['eopr KaHTop Aan cneaytowee onpedeneHne MHOXecTBa:
MHOXecmeo ecmb cobpaHue onpedernieHHbIX U passudHbix Mex0y cobol 0O6BbeKmo8, MbICIIUMbIX Kak
eduHoe ueroe.

MHOXeCTBO COCTOMT 13 anemeHToB. [MprHaanexXHoOCTb aneMeHTa a MHoxecTBy A 0Do3HavaeTcst
a € A; HeNp1HaANeXHOCTb 3fIeMeEHTa a MHoXecTBY A obo3HavaeTca a ¢ Amnnna € A.

MHoxxecTBO A HasbiBaeTcH nodMHoxecmeaom MHoxecTBa B (A < B, rae < 3Hak BKNoYeHus), ecnm
BCSKUI ANeMeHT A aBnsieTcsa anemeHTom B.

MuoxecTtBa A n B pasHbi (A=B),ecnu AcBuB c A.

Ecnu A < B n A # B, To A Ha3blBaeTCa cmpoaum uniu UCmMuHHbIM NoOMHoXecmeom B (A < B,
3HaK CTPOroro BKIOYEHWS).

B matemaTuke paccmatpuBaeTCsd MHOXECTBO, HE MMEKLLee 3NeMEHTOB. Takoe MHOXECTBO
HasblBalOT nycmsiM u obosHavaT J. [lpu atom & < A, T.e. NycToe MHOXECTBO $BnseTcs
NoaMHOXeCTBOM Ntoboro mHoxecTea A.

O6bIYHO MHOXECTBO 3a4aeTcsi ONMCAHMEM CBOWCTB 3M1EeMEHTOB B Hero Bxoasawmx. Tak, 3anucb
{x| S} uMTaeTcsa Tak: KMHOXECTBO 3fIEMEHTOB X, 06nagaroLmMx CBOMCTBOM S».

Onepauun Hag MHOXeCcTBaMu.

O6beduHeHuem MHoXecTB A n B (A U B) HasbiBaeTca MHOXeCTBO, COCTOsLLEe U3 BCeX Tex U
TONbKO TEX 3NIEMEHTOB, KOTOPbIE NMpMHaAnexar xoTs 6bl ogHoMy u3 MHoxecTB A, B: A U B = {x| X e A
unm x € B}.

MepeceyeHnem mHoxectB A 1 B (A n B) HasbiBaeTCs MHOXECTBO, COCTOsLLee U3 BCeX TeX U
TONbKO TEX 3NIEMEHTOB, KOTOpble NpuHagnexat nu A, uB:AnB = {x| x e Anx e B}

PasHocmbio mHOXecCTB A 1 B (A \ B) HasbiBaeTCa MHOXECTBO, COCTOsILLIEE U3 BCEX TEX U TONbKO
Tex anemMeHToB A, KOTopble He cogepxatcd B B: A\B = {x| xe Aux ¢ B}.

Cummempuyeckoli pasHocmbio MHOXecTB A 1 B (AAB) Ha3biBaeTCa MHOXECTBO, coCcToslliee 13
BCEX TEX U TOMbKO TeX anemMeHToB A 1 B, KOTOpble cogepXaTcs TONMbKO B OOHOM U3 3TUX MHOXECTB, TO
€CTb He coepaTcs B Ux nepeceyeHnn: AAB = {x| x (AuB)\(AnB)}.

Mycte E — yHusepcanbHoe MHOXecmeo, Takoe 4YTO BCE pacCcMaTpuBaemble MHOXECTBA
ABNAOTCA ero nogmHoxecteamu. [lononHeHnem (ao E) mHoxecTBa A ( A ) HasbiBaeTCsi MHOXECTBO BCEX

3MEMEHTOB, HE NpuHagnexawmx A, Ho npuHagnexawmx E: A=p\A
Mpumep. A n B — yncnossle MPOMEXYTKM, A =(0,5;7]; B=13; 8,7); E=[0; 10].

Haiimu: AUB; ANB; AAB; A\B; B\A; A; fi B

PeweHue. B o6beguHeHne WA B BomayT Te 1 TOMbKO T€ Yncna (TOYKM OCu), KOTOpble BXOAAT XOTS Obl B
OAVH M3 3TUX OBYX MPOMEXYTKOB; Moslydaem MpPOMEXYTOK YMCIIOBOM OCU, rae LUTPUXOBKA BCTpedaeTcs
xoT4 6bl 0auH pas, T. e. Au B = (0,5;8,7).

B nepeceueHne A B BoOWAyT Te M TOMbKO Te€ YucCrna, KOTOpble BXOAAT B 0Ba npomexyTka: no3Tomy
BbIBrMpaeM NPoOMEXYTOK YNCNOBOW OCWU, rAe LUTPUXOBKA HaHeceHa ABaxabl, T. e. A NB= [3;7].
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MHoxecTBo A\B cogepXuT Te 1 TonbKo Te uncrna n3 A, KoTopble He BXoadaT B B: nostomy Bbibupaem ToT
U3 3alTPUXOBAHHbLIX MPOMEXYTKOB MEPBOW OCK, KOTOPLIA HE 3aluTpuxoBaH Ha BTOpPOMW, T. e.. =A B\
(0,5;3) . To4ka 3 He BXOOAUT B NPOMEXYTOK, T. K. Be3.

AHanoruuHo, B\A = (7; 8,7).

CummeTpuyHasg pasHocTb AA B ectb o6beaguHeHune A\B n B\A, T.e. AA B= (0,5;3) U (7; 8,7) JononHeHne

A , obo3Havyaemoe A , COCTOUT U3 T€X U TOJIbKO T€X TOYEK yHMBEepCalibHOIro MHOXXeCTBa I, KOTOpblE HE

BxogaTBA , T.e. A= [0; 0,5] v (7; 10]. AHanornuHo, B= [0; 3) v [8,7; 10]
Tema. dneMeHTbl KOMOGUHATOPUKN
MeToaunyeckue ykazaHusi

MycTb umeetca mMHoxectBO S = {s;, Sy, ..., Sp}. Habop anemeHTOB Sj; , Sj» , ..., Sk U3 MHOXeCTBa S
HasblBaeTcH Bblbopkon obbema k (K-anemMeHTHON BbIGOPKON) M3 N 3NIEMEHTOB.

Bbibopka HasbiBaeTcs yriopss004YeHHOU, ecriv MOpsifoK 3NeMeHTOB B Hel 3agaH. WHadve BbiGopka
Ha3blBaeTCs HeYyNnopsiA04YEHHON.

Tak >xe pasnuyaroT BbIGOPKM C MOBTOPEHUAMU U 6e3 MOBTOPEHWI B 3aBUCUMOCTM OT TOrO, AOMYyCKaeTCcs
Unn He JonyckaeTcsa NOBTOPHOE BXOXAEHWE B BbIOOPKY OOHUX M TeX e anemeHToB. [Ipumep 1. yctb S
= {1, 2, 3}. Torga (1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3) — BCe BO3MOXHble
ynopsifiodeHHble BbIOOPKM obbema ABa U3 TPEX IIEMEHTOB.

BcsAkuin  ycTaHOBNEHHbIN B KOHEYHOM MHOXECTBE MOPSOOK HasblBaeTCs rnepecmaHosKol €ero
anemMeHToB. Yncno Bcex NnepecTaHoBOK M3 N anemeHToB 06o3HavaeTcs Py,

Po=n!=1234...(n-1)n

Pa3meuwjeHuemM 13 n aneMeHToB Mo K HasbiBaeTCcH ynopsgoveHHas Bblbopka 6e3 noBTopeHun obbema
K M3 N-aMeMeHTHOro MHOXeCTBa.

[MockonbKy 9nemMeHTbl Hallero MHOXeCTBa S MpPOHymMepoBaHbl HEKOTOpbiM ob6pa3om, He ymanss
OBLHOCTU MOXHO HasblBaTb pa3MelleHMeM M3 N 3NemMeHToB Mo K ynopsaodeHHbln Habop um3 k
pasnuyHbIX YMCer, NpuHagnexawmux MHoxecTtsy {1, ..., n}.

£ P mt
O603HauMM ~" KONMMYECTBO Pa3nUYHbIX pasMeLleHnin u3 n no k. A - Gr—x!
lMpumep 2. 1) MycTb Ha 3K3ameHe y npenogaBaTensi N pasnuyHbix 6uneToB M cgaeaTh npuwno k

k

cTyaeHToB. Torga cywectByeT poBHO ~ " cnocoboB BblgaTb BCEM CTyAeHTaM Mo ogHOMy OuneTty ans
NoaroTOBKM.

2)MNyctb S ={1, 2, 3}. Torga (1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2) — BCE BO3MOXHblE pa3meLLeHNs 13
Tpex 3feMeHTOoB Mo ABa.
CoyemaHueM 13 N INeMeHTOB No K HasbiBaeTcs HeynopsaoveHHas Bolbopka 6e3 nosTopeHni obbema k
M3 N-311IEMEHTHOro MHOXeCTBa.
Kak 1 paHblle, MOXEM cuMTaTb, YTO COYETAHMEM M3 N ANEMEHTOB Mo Kk Ha3biBaeTCs HeynopsiAOYEHHbIN
Habop 13 k pasnuyHbIX Yncen, NpuHagnexawmux MHoxecTsy {1, ..., n}. KonnyectBo coyetaHun us n no k

wml
i i

0603HaunMMm C . Co = KlGr—k)!
lMpumep 3. 1) MpegnonoxmMm M3 N y4acTHUKOB CMOPTUBHOIO Kryba Ha COPEBHOBAHWA LOIDKHbI MNoexaTb

&
kakue-To k. Torga umeetcs " pasnuyHbIX BO3MOXHOCTM cobpaTb KOMaHAY.
2) Nyctb S ={1, 2, 3}. Torga {1, 2}, {1, 3}, {2, 3} — BCE BO3MOXHbIE COYETaAHNA N3 TPEX INIEMEHTOB NO
AaBa.

3apaHuAa npakTuyeckom paboTbl

Bonpochkl AnA caMOKOHTpons
1. Yto Takoe n-cbaktopman?
2. YT0 Ha3blBaeTcH nepectaHoBkaMu? 3anuwmnte dopmyny.
3. UTo Ha3blBaeTcsa pasmelleHnemM? 3anuwmnte dopmyny.
4. Yto Ha3bIiBaeTCsa codeTaHmeM? 3anuwmnte dopmyny.
BbinonHuTe ynpaxHeHus:

1.NMycte E={1,2, 3,4}, A={1, 3,4}, B={2, 3}, C = {1, 4}. Hanitu: a) ]u E; 6) An 5 B) (B\A) U C
2. MNyctb A={1, 2}, B={2, 3}, C={1, 3}. Hantn: a)A u B U C; 6)An B n C; B)A\ (B U C); r)(A\B) U C;
A)(A U B)\(A N B).

3. N306pa3nTb ¢ NoMOLLbIo Anarpamm Jiinepa — BenHa crneaytolwme MHoxectea: a) An £ ;6) 4 1 B; B)

AU B r) AU B,

4. O6cnepoBaHne 100 CTygeHTOB By3a, M3yyalolMxX pasfnyHble 12 MHOCTPaHHble $3blKW, Aarno
cnegywouune pesynbtaTtbl: 28 YenoBek U3yyaroT HeMeL kUi A3bik, 30 YenoBek — aHrMUNCKUI, 12 YyenoBek —
dpaHUy3CKMIA; HEMEUKUW W aHIMUACKMA — 8 4enoBeK; HeMeuKkun u dpaHuy3Cckun — 5 4yernosek;
aHrnunckun 1 dpadHuysckun — 10 yenoeek; Bce Tpu si3blka — 3 4denoBeka. Onpegenntb, CKOSbKO
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CTYOEHTOB M3y4aeT TOMbKO OAUH MHOCTPaHHbIN SA3bIK (HEMELKUIA, aHIMMACKUIA, ppaHLy3CKUiA); He n3ydaeT
HW OHOTO MHOCTPaHHOIO A3blKa.

5. A n B — uncrnoeble npomexytku, I=[0, 10]. Hangute: AnB, AUB, A\ B, B\ A, AA B, A B ecnu: a) A

=[2;7),B=(1;5];6) A=[1;5],B=(2;8];B) A=[3;9),B=(2;4);r) A=[0;8],B=(3;9]; ) A=[0; 8], B=
(3;9]; ) A=[1;4], B=(2; 6]; A= [4; 9], B=(3; 5); 3) A=(7;9], B= [3;8); 1) A=[3; 6], B=(5;7).

101-8! 36l
6. Bolumcnure: 1) 8 ; 2) 4 ; 3) 6!(7!-31)
13 4 1 4
7.Bbluncnute: 1) SE ; 2) G + C-“; 3) 4yg
4 A,

8. Pewute ypaBHeHus: 1) ~7 = 42x; 2) “™1=5m(m+1)

Tema. Onepaumm Hag MHOXecTBamMu

Lenb: 3akpenuTb HaBbIKM OCYLLECTBMNEHUA oOnepaumMi Hag MHOXeCTBaMMu, HaBblkM UCMOMb30BaHUS
anarpamm dnnepa-BeHHa.

MNepea Havyanom 3aHATUA HEOOGXOAMMO 3HATb: MOHATUS MHOXECTBA, MOAMHOXECTBA, YHMBEPCANbHOro
MHOXeCTBa, NepeceyeHnss MHOXECTB, 00beAMHEHNS MHOXECTB, Pa3HOCTU OBYX MHOXECTB W JOMOSTHEHUS;
NoHsITMe gnarpamm Jiinepa-BeHHa.

lNocne OKOHYaHMA 3aHATMA HEOOXOAMMO yMeTb: HAaXoOuTb nepeceveHne, obbeanHeHne, pasHOCTb U
OOMOMHEHNE MHOXECTB, B TOM YMCIe C UCMONb30BaHMEM guarpamm dvnepa-BeHHa.

OcCHOBHbIe TeopeTu4Yeckue NosIoKEeHUA U NpUMepbI peLeHnsi TUNOBbIX 3a4aHUuM.

Monssmue mHoXxecmea. [ToOMHOKecmea.

[MoHATNE MHOXECTBa OTHOCUTCS K aKCMOMAaTUYECKUM MOHATUAM MaTeEMaTUKU.

MHOXeCTBO — COBOKYMHOCTb OMpeAenéHHbIX, pasnnunmbix mexagy cobon obbeKkToB, paccMaTpuBaeMbixX
Kak eguHoe uernoe, 1 obnagatooLas HeKOTOpbIM OBLLMM CBONCTBOM.

MmeeTcs Tpu BaXKHbIX MOMEHTA, XapakTepu3yroLnX NOHATUE MHOXeCTBa:

1) 0ObeKTbI, BXOAALME BO MHOXECTBO, ONpefenéHHble — T.e. AN KaXaoro odbekrta MOXXHO OAHO3HAYHO
ckasaTb, NPUHAANEXMUT N OH AaHHOMY MHOXECTBY UMK HET;

2) obbeKTbI, BXOAALME BO MHOXECTBO, pas3nMyinMbl Mexay COOOM — T.e. BO MHOXECTBE HE MOXET ObITb
ABYX unun 6onee oaMHaKoBbIX OO LEKTOB;

3) Bce OObeKkTbl, BXOASWME BO MHOXECTBO, MbICMATCHA Kak eduHoe Lernoe — T.e. BO MHOXeCTBe
abcTparnpytoTcs OT CBOWCTB OTAErMbHbIX OOBEKTOB, HO rOBOpST 00 0OOLieM CBOMCTBE MHOXECTBA, Kak
€0UVHOro Lenoro; Takoe obLlee CBOWCTBO Ha3blBaOT XapaKTepUCTUHECKNM.

Harpumep, MOXHO TOBOPUTE O MHOXECTBE BCEX KHUI OAaHHOW OUONMOTEKM, MHOXECTBE BCEX BEpPLUMH
OAHHOTO MHOTOYronbHMKA, MHOXECTBE BCEX HATyparbHbIX YACES, MHOXECTBE BCEX TOYEK JAHHOW NPSMON.
MHoxecTBa ob6o3HaualTCs nponucHbiMu BykBamy natuHckoro andasuta: A, B, C,Du 1.4. Ob6bekThI,
BXOAsILLME BO MHOXECTBO, Ha3bIBaloT AfIEMEHTaMu.

Hanpumep:

— MHOXeCTBO OyKB pyccKoro andgaButa;

— MHOXeCTBO HaTyparnbHbIX YMcen;

— MHOXeCTBO CTYAEHTOB, cuaaLmx Ha 1-m pagy.

MHOXeCTBO, COCTOSILLEE U3 KOHEYHOrO YMCra 3N1IEMEHTOB, Ha3blBa€TCH KOHEYHbIM, B MPOTMBHOM Criyvae
MHOXeCTBO Ha3blBaeTCs 6€CKOHeYHbIM. MHOXECTBO MOXET coAepaTb WU BCEro IUlb OOWH 3MEMEHT.
MHOXeCTBO, He coepalllee 3NIEMEHTOB, Ha3bIBaeTCs NYCTbIM 1 0603HavaeTca @.

MHoxecTBa A 1 S;, paCCMOTPEHHbIE BblLle, — KOHEYHblE, @ MHOXeCTBO N — BecKoHeuHoe.
MpuHagnexHOCTb aNeMeHTa MHOXECTBY 3anncbiBaeTCA 3Ha4YkoM €. Hanpumep:

— OykBa «63» NpUHagNEeXuT MHOXeCTBY BYKB pycckoro andaeuTa;

— OykBa «beTay He NpUHAANEXUT MHOXeCTBY BYKB pycckoro andaeuTa;

—4yuncno 5 NpuHagnexuT MHOXECTBY HaTyparbHbIX Y1cen;

—y4ucno 5,5 — He NpUHaANEXNT MHOXECTBY HaTyparbHbIX YUCENT;

— Bonbgemap He cuaut B nepBoMm psay.

Takum ob6pa3om, ecnm MHOXECTBO COAEPKUT KOHEYHOE YUCIIO 3NIEMEHTOB, TO OHO MOXET ObITb 3adaHo
nepevmcrneHneMm ero anemeHToB. MHOXECTBO MOXeT ObiTb Takke 3agaHo Mpu MNOMOLM NpaBuna,
NO3BOMAILLEro onpeaennTb, ABNAETCA NN AaHHbIN OOBEKT AIeMEHTOM MHOXeCTBa unu HeT. [NMpu 3anmcu
npaswuno, 3agatoLLiee MHOXECTBO, OTAENAETCA BepPTMKanbHON YepTON U 4BOETOHNEM.

Hanpumep,

1) — MHOXeCTBO u4ucen, npvHagnexawmx OoTpes3Ky (MogpasymeBaeTcs MHOXECTBO AeNCTBUTENbHbIX
yuncer, KOTopble NepPevncnmUTbL Yepes 3andaTyro YXKe HEBO3MOXHO);

2) — MHOXECTBO pauMuoHarnbHbIX 4YWUCEN, TO €CTb, YMCEN, MpeacTaBuMbiXx B BuAe Apobu C uenbiM
ynucnmTenem u HatyparnbHbIM 3HaMeHaTeNneMm.

MHoxecTBO B HasbiBaeTCs NOAMHOXECTBOM MHOXECTBA A, €eCcnn Kaxabln 3anemMeHT MHoXecTBa B
OZIHOBPEMEHHO SBNSAETCSH aneMeHToM MHoxecTBa A. VHbiMM crnoBamu, MHOXecTBO B copepxutcsa Bo
MHOXecTBe A: . 3Ha4OK Ha3bIBalOT 3HAYKOM BKITHOYEHUS.

Hanpumep:
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1. A — 310 MHOXecTBO BykB pycckoro andasura. O6o3Haumm yepe3d C — MHOXECTBO €ro rmacHbIX
OykB, KOTOPOE OyAeT NOOMHOXECTBOM MHOXecTBa A. Torga: .
2. TlycTtb 3agaHbl MHOXecTBa A = {1, 3, 5, 7} u B = {3, 5}. OueBnagHo, 4TO B €CcTb NOAMHOXECTBO A,
T.e..
3. MuoxecTtBo N HaTypanbHbIX YMCeN ABMASETCSA NOAMHOXECTBOM MHOXECTBA Z LenbiX Yicen
N3 onpepeneHvs nogMHoOXecTBa crieqyeT, YTo Mnoboe MHOXECTBO SIBNSIETCA MOOMHOXECTBOM Camoro
cebs, T. e. cnpaBennuBo yTBepxaeHue . [oBopAT, 4To A — camoe Lwmnpokoe noamHoxecTso A. [lyctoe
MHOXECTBO SIBNSAETCHA NOAMHOXECTBOM Ntob6oro MHoxecTBa. [ycTtoe MHOXECTBO SIBMSIETCA CaMbIM Y3KUM
NoagMHOXeCTBOM Moboro MHOXeCTBa.
3acpumkcupoBaHHOE KaknuM-nmbo o6pa3om MHOXECTBO OOBEKTOB, AONYCTMMbIX NPU AAHHOM PacCMOTPEHMM,
Ha3blBalOT YyHMBEpcaribHbIM  MHOXeCcTBOM (6a30BbIM ~ MHOXECTBOM,  OCHOBHbIM  MHOXECTBOM,
yHuBepcymom). Hacto obosHavaeTcs U.
MHoxecTBa A 1 B cuntalotca paBHbIMKU, €CNM OHU COCTOST M3 OOHWX M TEX XEe 3nemMeHToB. PaBeHCTBO
MHOXecCTB 0003Ha4vatoT Tak: A = B.
Onepayuu Had MHoxecmeamu. [Juazpammbl Jiinepa-BeHHa.
MepeceyeHnem mMHOXeCTB AM B  HasblBaeTca  MHOXECTBO, COCTOsiLlee U3 BCEeX 9MEeMEHTOB,
npyvHagnexawmx n MHoxecTtsy A 1 MHoxecTBy B. O6o3Ha4aeTcs .
O6beguHeHnem MHoxecTB A u B HasbiBaeTcs Takoe MHOXECTBO , KaXabl NeMeHT KOTOpOro
coaepxutcs xoTsa 6bl B 0gHOM 13 MHOXeCTB A nnm B. O6osHavaeTcs .
Pa3HocTblo ABYX MHOXecTB A 1 B Ha3biBaeTCca MHOXECTBO , COoAepXallee Nvlib Te 3fieMeHTbl U3 A,
KoTopble He BxoaAaT B B. O6o3HavaeTcs .
Ecnn mHoxecTBO B — noamHoXecTBo MHoXecTBa A (), TO pa3HOCTb Ha3biBaeTCs AONOSIHEHMEeM KB B
MHOXecTBe A. O6o3HavaeTcs .
JdononHeHnem MHoxecTBa A MO OTHOLIEHUIO K YHMBEPCanbHOMY MHOXecTBy U eCTb MHOXECTBO
COCTaBMEHHOE U3 Bcex Tex anemeHToB U, KOTopble He HaxoadaTcs B A
MpakTu4yeckas 4yacTtb.
3adaHus ebironHAMCS no eapuaHmam, 3adaHHbIM ripernodasamesnem.
3apaHue 1. O6pa3yiiTe BCe NOAMHOXECTBA MHOXeCTBa OyKB B CIOBeE.
BapuaHT 1
BapuaHT 2
BapuaHT 3
«pynb»
«tpapbi»
«ONCK»
3apaHue 2. [laHHble MHOXEeCTBa 3afaTb NepevncrieHneM BCEX CBOUX 3IEMEHTOB.
BapwuaHT 1
BapwuaHT 2
BapwuaHnTt 3
A={xeR|x3—3x2+2x=O}.
A={x€Z|<2"<5}
A={xeN|x*-3x-4<0}
3apanue 3. [Janbl MHOXecTBa A 1 B. Hantu: ANB, AUB, A\B, B\A, .

BapuaHT 1

BapwuaHT 2

BapwuaHTt 3

a)

ABcz

A ={1,2;5;7;9;11}

B ={1;4,6;7}

A BcZ

A ={3;6;7;10}

B ={2;3;10;12}

A BcZ

A ={1,2;5;7;9;11}

B ={1,4:6;7}

6)
A={a,b,c,d,e,f k}
B={a,c,e,k,m,p}
A={a,b,c,e,k,Im}B={c,e,k,x,y,z}
A={b,c,d,e,f,x,y}B={a,e f,k,n, o}
B)

A, BSR
A=[3;7),B=[44]
A,BSR
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A =[1;6), B =[-1;9]
A,BSR
A=[4;7),B=][3; 6]

3apaHue 4. icnonb3ya anarpammel Ounepa-BeHHa gokasaTtb TOXOECTBO.
BapuaHTt 1
BapuaHT 2
BapuaHT 3
A\(B U C) = (A\B) N (A\C)
AU (B\C) = (AN B)\C
AU(B \C) = (ANB) \ (ANC)
HononrHumensHbie 3adaHusi:
PelumnTe 3agady ucnonb3ysi Kpyrm Jinepa: B rpynne aHrmUACKUA A3biK U3yyatoT 15 CTyaeHTOB, HEMEeLKUIA
— 10 cTygeHTOB, a paHuy3ckui — 5, npuyem 3 CTygeHTa M3ydaloT OAHOBPEMEHHO aHrfVMACKUA 1
HEMELIKMA 4a3blkK, 2 CTyAeHTa M3y4valoT OOHOBPEMEHHO aHIMUUACKUA N dpaHLy3CKUA a3blki, 1 CTyaeHT
n3y4yaeT 04HOBPEMEHHO (PPaHLIY3CKMN N HEMELKUIA A3blkn. CKOMNbKO BCErO YEOBEK B KNacce U3y4aroT 3Tu
WHOCTpaHHble A3blkM? CKOMbKO YernoBeK WU3y4alT TOMbKO aHIMUUCKMA  A3bIK?  HEeMEeUKUA A3bIK?
dpaHLy3CKnI A3bIK?
PA3LEJ. 3nemeHTbl NMHEeNHON anre6pbl

Tema. MaTtpuubl 1 onpegenuTenu

OcHoOBHbIe onpeaeneHus

. mxn m
ManVlU,eVl pa3mepa Ha3blBaeTCA NpAMOYyroJjibHasa Ta6ﬂV|L|,a yuycen, coaepiaiwad

CTPOK 1 n cTonbuos. Yncna, cocTaBnstoLwmne MaTpuuy, HasblBatOTCA ANIEMeHTaMn MaTpumubl.
MaTpuubl 0603Ha4atoTCa NPONUCHBLIMK (3arnaBHbiMK) BykBaMu NaTUHCKOrO andasunTa, Hanpumep, A,
B, C, ..., a ansa 0603Ha4YeHnsa aneMeHTOB MaTpuLbl UCMOSb3YITCA CTPOYHbIE BYKBbI C ABONHOWN

HOEeKcauunen: aij, roe 1 - HOMEp CTPOKM, | - HOMep cTonbua.

A, A, ... & ... &,
a, ay a,; Ay,
mxn all ai2 alj ain
B Apy e By .. A
WAK B cokpalueHHoit sanucn, A= (aij ); 1=12,...m; j=12,...,n
Hanpumep, A = . Hapsgy c kpyrnbiMu ckobkamu MCMONb3YTCS 1 Apyrue

2x3 \3 -5 8

o603HaveHns ManI/ILl,bIZ[ ], ” ”

[Be MaTpulbl A n B OHOro pa3Mepa Ha3blBalOTCA pPaBHbLIMWU, €CITM OHU cOoBNagarT

a; =b 1=12,..m; j=12,...,n.

noanemeHTHo, T.e. U gns nio6bix
Buabl matpuu. MaTtpuua, coctosiLias U3 OgHOW CTPOKM, Ha3blBaeTCsi MaTpuLen-CTPOKOMU
(BeKTOpOM-CTpPOKOM), a U3 0gHOro cTonbua — MmaTpULern—cToNn6LUoM (BEKTOPOM-CTONGLIOM):

bll
— bZl
A—(aﬂ IR ain)— maTpuua-cTpoka; B = — matpuua-ctonbew.

b

ml

MaTtpuua HasbiBaeTcA KBaapaTHOMW N .o nopsiaka, ecrnv YUCno eé CTPOK paBHO YKCIy CTONBL0B U
paBHoO N.
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17 4

Hanpumep, A=| 0 5 —7 | -kBagpaTHas maTpuua TpeTbero nopsiaka.

4 8 3

dnemeHTbl MaTpULbl i, y KOTOPbIX HOMep cTonbua paseH Homepy CTpoku (i = j), HasblBaKoTCA
AVaroHanbHbIMM 1 06pasyloT rAaBHYIO AvaroHanb Matpuubl. [1ns kBagpaTtHOM MaTpulbl MaBHYo

AvaroHarnb 06pasyloT anemeHTbl Ayg Ay ...y Ao ECniv BCe HeamMaroHaribHble 3MeMeHTbl KBaapaTHoOM
6 0 O
MaTpuLbl PaBHbI HYMIO, TO MaTpuua HasbiBaeTcs guaronanbHon. Hanpuvep, A=|0 10 0 |-
0 0 -8

AnaroHarnibHaa MaTpuua TpeTbero nopdaka.
Ecnn V4 QuaroHanbHou MaTpuubl n-FO nopAaka Bce gnaroHalribHble 3J1ieMeHTbl paBHbl eanHuue, To

MaTpula Ha3blBaeTcsa €ANHUYHON ManVILJ,eVI n -ro nopsaaka, oHa obo3Ha4vaeTcs 6y|<3017| E .

1 00
Hanpumep, E=|0 1 0| - egunununas matpuua TpeTbero nopsiaka.
0 01

Onepauvwl Haa maTpuuamu.
YMHOXeHue mMaTpuubl Ha Yucno

MpousBegeHnemM MaTpuLbl A na uncno & Hasbiaetcs mMaTpuua B=0aA , 9NIEMEHTbI KOTOPOW

by=aa,  i=12..,m j=12,...n

npwu . Hanpwumep, ecriun

-2 4 -10 20
A= , To SA=
3 8 15 40

CnepgctBue. OOLLMIA MHOXUTENb BCEX 3NIEMEHTOB MaTpuLbl MOXXHO BbIHOCUTb 3a 3HaAK MaTpuLbl.

20 12 6 L 10 6 3
52 2 0) |26 1 0)

Hanpumep,
A 0-A=0
B yacTtHoOCTHK, Npon3BeaeHne maTpuLbl Ha yucno 0 ecTb HyneBas MaTpuLa, T.€. .
15
CnoxeHue matpuu. Cymmon gByx maTpuL, OOWHaKoBOro pa3mepa
mxn C:A‘I'B . Clj:alj+blj
HasblBaeTCcsa MaTpuua , ANIEMEHTbI KOTOPOMN npm
1=12,...m; J=12,...,n
(T.. MaTpuMUbl CKNaabIBalOTCH NO3NEMEHTHO).
2 30 01 -4 2 4 -4
A= , B= , C=A+B=
6 5 6 2 5 1 10 7

Hanpuwmep,

B uactHom cnyvae A+O=A.
BbluntaHue matpuy. Pa3HoOCTb [ByX MaTpuL, OAUHAKOBOrO pasmepa onpefenseTcs Yyepes

~ A-B=A+(-1)B.
npeabigyLive onepaumun:

YMHOXeHue maTpuu. YMHOXeHne MaTpuubl A Ha matpuuy B onpeneneHo, korga 4ynMcno cTonbuos
nepBoi MaTpulbl PaBHO 4YMCIY CTPOK BTOPOWA.

Torga npousBeneHuMeM maTpuy, mxk Kxn | aspiBaeTcs Takas matpuua ™" kaxablil aNemMeHT

C. .
koTopoii ! paBeH CyMMe NMpPOM3BEAEHWIA SNIEMEHTOB i-it CTPOKM MaTpuLbl A Ha COOTBETCTBYIOLLME

J

anemeHTbl 7 -ro ctonbua MaTpuubl B:
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k
c; =a,by; +a,b, +.. by =2aby, 1=12,...m; j=12,...,n.
s=1

Mpumep. Boluncnuts nponsseneHne matpul ,

3 01
-1 0 2
A= ; B=| 5 4 4].
3 40
-2 01
roe
PeweHune. Harigem pasmep MaTpuubl-nponsBedeHns (€Cnv yMHOXeHUe MaTpul, BO3MOXHO):
A-B=C

23 33  2x3. BplYMCNIMM 3NEMEHTbI MaTpuLbl-nponsseaeHnsa C, yMHOXast aNeMeHTbl KaXKaon CTPOKM
MaTtpuubl A Ha COOTBETCTBYOLLME 3anemMeHTbl cTonbuos matpuubl B cneaytowmnm obpasom:

Q- (-1)-3+0-5+2-(-2) (-D)-0+0-4+2-0 (-D)-1+0-4+2-1
3.3+4-5+0-(-2) 3:0+4-4+0-0 3:-1+4-4+0-1 )

-7 0 1
Monyyaem C = .
(29 16 lgj

MHorue csoncTBa, NpucyLyne onepaumsam Hag Yvcnamu, cnpasegnuebl 1 Ans onepauun Hag
mMaTpuuamm (4TO cnegyeT u3 onpeaeneHnin aTux onepaumn):
1. A+B=B+A. 2. (A+B)+C=A+(B+C). 3. (X (A+B)=aAd + aB.
4. A(B+C)=AB+AC. 5. (A+B)C=AC+BC. 6. a(AB) =(ad)B = A(aB).
7. A(BC)=(AB)C.

OpHako MMelTCs 1 OTANYKS.

a) Ecnu nponseeneHue matpuy AB cylecTByeT, TO Nocne NnepectaHoBKA COMHOXUTENEN mectamum
npoussegeHne matpuy BA  MoXeT n He cywiectBoBaTth. [1eiCTBUTENBHO, B MNpUMMepe Monydvnu

npoussefeHne MaTpu -B. ., anpoussegerne B, .- A He CYyLLeCTBYeT, TaK KaK 4YMcrio
2x3 73x3 3x3 2x3

cTonbLoB NepBo MaTpuLbl HE COBMaZaeT C YNCIIOM CTPOK BTOPOM MaTpuLbl.

6) Ecnn paxe npoussegenns AB n BA cyLlecTBYHOT, TO OHU MOTYT ObITb MaTpuLammn pasHbix
pa3mepoB.

B) Koroa o6a npounssenernns AB u BA cyllecTByloT n 06a — maTpuubl O4MHAKOBOro pasmepa (31o
BO3MOXXHO TOMbKO MPU YMHOXEHUM KBagpaTHbIX MaTpul, A n B ogHoro nopsiaka), KOMMYTaTUBHbIN

(nepemMecTUTENbHbLIN) 3aKOH YMHOXeHMUsl, BOoGLue roBops, He BbINOJIHAETCS, T.€. A-B#B-A.
B yacTHOM crnyyae KoMMyTaTVMBHbIM 3aKOHOM 06nagaeT npousBeaeHUe NoGol KBagpaTHOW MaTpuULbl
A N o rnopsiika Ha eAUHUYHYIO MaTpuly E Toro e nopsgka, npuyem aTo npousseneHne paBHo A:
AE=EA=A.
Takum 06pa3om, eavHUYHAs MaTpvua urpaeT Npy YMHOXEHUN MaTpuL, Ty e porib, YTO U Yncro 1 npu
YMHOXEHUW Ymncern.

r) MpoussegeHne AByX HEHYNEBLIX MATPUL, MOXET PaBHATLCS HyNeBoi MaTpuue, T.e. U3 TOro, YTO

4-B=0, He criegyeT , yto A=0 unu B=0.

~ ~ m -
Bo3BeaeHue B cTeneHb. Llenoi nonoxurenLHon cTeneHbo A (m >1) KBaapaTHoOn MaTpuubl A
Ha3blBaeTCs Npou3BeaeHe M MaTpuLl, paBHbIX A, T.e.

A"=A-A-...-A

3ameTtum, 4To onepauuna Bo3BeAeEHUA B CTENEHb onpeaenaeTca TONbKO ANA KBagpaTHbIX MaTpul. Mo

A’=E, A'=A
onpeneneHuto nonarawT HeTpyaHo nokasatb, 4To
Am ’Ak _Am+k (Am)k _Amk
, ~1 2
A, tne A= .
8 4

Mpumep. Hantn

22



~1 2\(-1 2\ (17 6
8 4){ 8 4) (24 32/

PeweHune. Heobxogumo 3ameTuTb, YTO M3 paBeHCTBa
m
A" =0 ewe He cnepyet, uto matpuua A=0O.
!
TpaHcnoHMpoOBaHWe MaTpuubl — Nepexon OT MaTpuubl A K matpuue A , B KOTOPOW CTPOKU U

!
CTONGLUbI MOMEHANUCH MECTaMN C COXpPaHeHMeM nopsaka. MaTtpuua A’ nasbisaetca
TPAHCMOHMPOBAHHOW OTHOCUTESNBLHO MaTpuubl A:

d;; A, ... 4y, a;; Ay ... dy
A= Ay Ay . 8y, ’ Al = dp, 8y e A
Ay Ay ..o Ay a;, ad,, ... d,,
N3 onpeneneHna cneayeTt, 4YTO ecnu matpuua A MMeeT pa3mep an,To TPaHCMOHNPOBaHHasA
mMaTpuua A’ pveer pasmep xm.
7 2 =-3) A ) &
2x3 : 32~
4 5 6
-3 6
Hanpuwmep, B nwutepaTtype BcTpedatoTca "

T
Apyrne 0603HayYeHNst TPaHCMOHMPOBAHHOW MaTpPULLbl, HanNpumep A

OnpeaenuTtenu KBagpaTHbIX MaTpuy,
HeobxooMmocTb BBeAEHWS ONpeaenuTens — Yucna, XxapakTepuayloLlero KesagpaTHyto Matpuuy A,
TECHO CBA3aHO C peLleHneM CUCTEM NINHENHBLIX YPaBHEHWIA.

A,
OnpepgenuTenb matpuubl A 0603HavaeTcs | | unu det A.
=(ad
Onpepgenutenem maTpuubl NepBOro nopsigka ( 11), unu onpegenutenem nepBoro
a,,. A =|A=a A=(8)

nopsaaka, HasbiBaeTcs anemMeHT 11 Hanpumep, nycts

A, =|A=8

, Torga

A=(a;)
Onpe,qenmeneM MaTpuubl BTOPOro nopsaaka I , AN onpegenuTernem BToporo
nopsanka, Ha3blIBaeTCA YNCIO, KOTOPOE OTbICKMBaAETCA No cbopmyne

-2 8
A, = ‘A‘ = i =a118,; — a8y A= ,
A1 A Hanpumep, nyctb 1 0
-2 8
A2=Mk=1 g =—2:5-8-1=-18.

dyp Ay Ay

A=la, ay, a,

a a a
MycTb AaHa KBagpaTHass MaTtpuLa TpeTbero nopsaka 31 32 33

A= (a-- )
OnpenenuTenem MaTpuubl TPETLEro NopsaKa .
nopsAKa, HasbiBAeTCs YNCHO, KOTOPOE HAXOANTCS MO PopMyre
a a a a a a
22 23 21 23 21 22
A3:‘A‘:au' —ayy + a3 .
dsp Agj dj; Az 3 Aagp

, U onpegennuTenemMm Tpetbero
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1 -1 3
Al=]2 2 1].
1 4 2

Mpumep. Boluncnute onpegenutens TpeTbEro nopsaka
2 1 2 1 2 2
A=1 —(~1)- +3. =1.0+1-3+3-6=21.
4 2 12 14
PeweHune.

OnpegenuTenb TpeTbero nopsaka yaobHo BbIMUCNAATL MO NpaBuy TPEYroNbHUKOB (MK MO NpaBuny
Cappyca). Nokaxkem 3TO Ha cxeme

(o) (o) o] o o [ J [ ] [0} o o [} o [ J o o o o [ J o [} (]
Hanpumep,

-1 0 1/=1.0-5+2-1-2+(-1)-4-3—-2-0-3—(-1)-2-5-4-1-1=
2 4 5
=0+4-12-0+10-4=-2.

MwvHopom Mij anemeHTa aij mMaTpuubl A N-ro nopsigka HasbiBaeTCcs onpegenutens matpuupl (N-

1)-ro nopsigka, Nony4YeHHON 13 MmaTpuubl A BblMEPKMBAHUEM i-1 CTPOKN U j-ro cTonbua. Hanpumep,

A,
MWHOPOM 3NeMeHTa maTpuubl A TpeTbero nopsigka oyget

a;p G 43

a; Ay
M., =|a, 2 x| = = Uy U3z — U3 Uys.
a3 ds
az, 2 O3
Kaxxgas maTtpuua n-ro nopsiaka umeet n’ MuHOpoB (n-1)-ro nopsagka.

Anre6panyeckum AONOSTHEHUEM Aij anemeHTa &;; MaTPULLI N-ro NOPs/Ka Ha3blBaETCs €ro MUHOP,

(— 1)i+j . Aij = (_ 1)i+j M;

B3ATbIVi CO 3HAKOM U 1.e. anrebpanyeckoe JONOMHEHNE COBNaaaeT C

MWHOPOM, ECINTM CyMMa HOMEPOB CTPOKM 1 cTtonbua ( + J) - YeTHOe YmMcno, 1 OTNMYyaeTcsa oT MUHOpa
3HaKOM, ecrnu J - HeYeTHoe Yncrno. Hanpumep,
Ay = (_ l)2+3N123 =-M,;; Ay = (_ l)3+1M31 =M.
Mpumep. Harlitu anrebpanyeckme ONONHEHNS] BCEX 3NIEMEHTOB MaTpuLbl
1 -1 3
A=|2 2 1|
1 4 2
PeweHue
2 1 2 1 2 2
Ay, =(-1)" =0; A, =(-1)" =-3 A, =(-1)"° = 6;
11()42 12()112 13()114
-1 3 1 3 1 -
A, =(-1)" =14; A, =177 |=-1 A, =(-1f" =5,
S A U A=
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2 1 2 1 7 ¥ 2 2|
Onpepenutenem  KBagpaTHoWm matpuubl A N-ro nopsgka  HasblBaeTCd 4MCMO, paBHOE CymMme
npovn3BeaeHnn 3NeMeHToB 1- CTPOKKU Ha nx anrebpanyeckne JONOMNHEHUS:

A31 = (_ 1)3+1 —1; Asz = (_ 1)

n
A=a Ay +apA, +..+3,A, = ZalsAls
s=1 (pasnoxeHue no anemeHTam 1-n cTpoku).
TaK, HanpumMmep, BbiMNCNeHne onpeaenntensa 4-ro nopsaaka ceeaeTca K BbIHUCNEHUIO YeTbIpexX
onpegenutenen 3-ro nopsaaka.
3HaHWe CBOWCTB onpeaenuTenel no3eonuT n3bexaTb rPOMO3AKUX BbIYMCIEHWIA.
CeoucTBa onpegenurtenen
1. Ecnu kakas-HMGyab cTpoka (cTonbeL) MaTpuLbl COCTOUT U3 OOHUX HYMEN, TO eé onpeaenuTens
paBeH HyrIo.

a

2. Ecnu Bce anemeHTbl Kakon-nnmbo cTpokn (ctonbua) maTpuubl YMHOXUTb Ha Yucrno %~ , 70 eé

onpegenutenlb YMHOXUTCA HaA 3TO 4YMCIo o .
3amevaHue. 3a 3Hak onpegennTena MOXHO BbIHOCUTb o0LWMN MHOXUTEND Ntobow CTPOKM Unun
cTtonbu; 3a 3Hak MaTpulbl MOXHO BbIHOCUTb 00NN MHOXUTENb NALLIb BCEX SNTEMEHTOB.

!
3. [lpu TpaHcnoHMpoBaHUN MaTpulbl eé onpegenvTens He N3MEHAETCS: ‘A ‘A‘
4. T[lpu nepectaHoOBKe ABYX CTPOK (CTONOLOB) MaTpuLbl €€ onpeaenuternb MeHSeT 3HaK Ha
NPOTUBOMONOXHbIN.
5. Ecnu anemeHTbl ABYX CTPOK (CTONBLOB) MaTpumLbl NPONOPUUOHArbHBI ( B YaCTHO-
CTK, paBHbl), TO €€ onpeaenuTenb PaBeH Hyrio.
6. Onpegenutenb KBagpaTHOW MaTpuLbl paBeH Cymme NpousseneHnin aneMeHToB nobon eé

n
A = ZaisAis'
CTpoku (cTonbua) Ha ux anrebpanyeckne OOMNOMHEHUs, T.e. s=1

7. Cymma npov3BeeHUn 3N1eMEHTOB Kakon-nnbo cTpoku (ctonbua) matpuubl Ha
anreGpanyeckue JOMNONHEHUS 3NIEMEHTOB APYrol CTPokM (cTonbua) aTo MaTpuLbl paBHa Hynto, T. €.

ZaiSAjS:O opu  1+# |
S=1

8. Onpegenutens MaTpuubl He U3MEHUTCS, €CINN K ANeMeHTaM Kakon-nnbo cTpokm (ctonbua)
MaTpuLbl NpubaBUTb dNEeMeHTbl 4PYron CTPokK (cTtonbua), npeaBapmuTernbHO YMHOXEHHbIE Ha OOHO U TO
Xe yucno.

9.Ecnu kaxapln anemMeHT | -n CTPOKM MaTpulbl npeacrtasndaeT cobon CyMMYy OBYX Clnaraemblix, TO

onpeennTenb 3ToN MaTpULbl PaBeH CyMMe OnpeAenuTenen Takux MaTpuL: y nepsont u3 Hux | -s
CTpOKa COCTOMT 13 NepBbIX Criaraemblx, a y BTOPON — U3 BTOPbIX. Bce ocTanbHble CTPOKM Y BCEX TPeEX
MaTpuL, He U3MEHSITCS.

a;p ¥ By Ay, TByp| (3 g n By By
Az Ry Ay Ay [y Ap

10. CymMMa nponsBeaeHuni NponsBonbHbIX Yncen 1’ 27" "N ya anre6panyeckue AONONHEHUS
3NeMeHTOB nobon cTpoku (cTtonbua) paBHa onpegenuTento maTpuubl,
NOny4eHHON 13 JaHHOW 3aMEeHO 3NIEMEHTOB 3TOI CTPOokM (cTonbua) Ha uncna L'~ 27"

11. Onpegenutens NponsBeAeHWs ABYX KBaApaTHbIX MaTpuL, paBeH NpoM3BeaeHMNo NX

C=IA-B

Hanpuwmep,

n'

, roe C=A- B; A n B - maTpuubl n-ro nopsaka.

, AB = BA, |AB| =|BA|

3ameuaHue. /13 ceonctea 10 cnegyet, UTO Aaxe ecnu .

MepeyncreHHble CBOMCTBA ONpeaenuTenei No3BonsaT CYLLECTBEHHO YNPOCTUTbL UX BbIYUCIIEHME,
0COBEeHHO onpeaennTenen BoICOKMX NOpsifKkoB. Mpu BelYMCEHUN onpeaenvTenei LenecoobpasHo Tak
npeobpasoBaTbh MCXOOHYIO MaTpuULy C MOMOLLbI0 CBOMCTB 1-9, 4TOGLI NpeobpasoBaHHas MaTpuua umena
CTpoKy (Mnm cTtonbeu), codepXallyto Kak MOXHO BorblUe Hyreln, a NOTOM HaWTu onpegenuTenb
pasnoXeHnem Mo 3TOW CTpoke (cTonbuy).

onpegenuTenen:
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4 6 -2 4
1 2 -31
A=
4 -2 1 0
6 4 4 6
Mpumep. BoluncnnTb onpeaenuternb YeTBEPTOro Nopsiaka

PeweHwne. lMpeobpasyem matpuuy Tak, 4Tobbl B 3-11 CTPOKE BCE 3NeMeHTbl, KpoMe op,Horo
obpalanuck B Hynb. [1n8 3TOro yMHOXUM, HanpumMep, anemeHTbl 3-ro ctonbua Ha (-4) uHa 2 n
npnbaBnM Mx COOTBETCTBEHHO K anemeHTam 1-ro n 2-ro ctonbuos. PacknagbiBas nony4yeHHbIN
onpegenuTenb NO 3MeMeHTam TPeTben CTPOKW, Hanaem

4 6 -2 4 |12 2 -2 4

12 2 4
A= = =1-(-1)"|13 -4 1.

4 -2 1 0|0 0 1 O
-10 12 6

6 4 4 6 |-10 12 4 6

Mony4eHHbIN onpeaenuTenb TPETHEro NOPSAKAa MOXHO BbIYUCIIUTL NO NPaBuy TPEYrornbHUKOB UMK C
NMOMOLLbIO CBOWCTBA 6, 0QHAKO MOXHO NPOAOIKMTL ynpolleHne matpuubl. «O6HynMMm» B matpuue
TpeTbero nopsifka anemeHTbl 2- CTpokn (Kpome ogHoro). [ns aToro anemeHTa 3-ro ctonbua matpuup,
npeaBapuTeNibHO YMHOXUB Ha
(-13) n Ha 4, cNOXMM C anemeHTammn 1-ro n 2-ro cTonbuoB COOTBETCTBEHHO:

12 2 4 ]-40 18 4
A=[12 -4 1= 0 0 1
~10 12 6 |-88 36 6

PacknagpbiBasi no anemeHTam BTOpOIZ CTPOKU N BbIHOCA obLwme MHOXUTENN, nony4yaem

.|-40 18 5 1

Al=1-(-1) Cgg g =D B 18 =144
Mpumep. BbluncnnTb onpenenutens TpeyronbHOW MaTpuLib

2 -3 5 0

0 3 -21

0 0 -1 3

0 0 0 4

(KBagpaTtHasa maTpuLa Ha3blBaeTCsl TPEYroNbHOW, €CNN BCE €€ 3NIEMEHTbI, PaCMONOXEHHbIE HUXE (UK
BbiLLE) rMaBHOM AMaroHanu, paBHbl HYMHO).
PacknagbiBasi no nepsomy ctonbuy, nony4aem

2 -3 5 0
3 -2 1
0 3 -21 w1 -1 3
=2-(-)™0 -1 3+0+0+0=2-3 +0+0=
0 0 -1 3 0 4
0 0 4
0O 0 0 4

=2-3(-1) -4+ 0=-24.
Ha yacTHom npumepe ybexxgaemcsi B TOM, YTO onpeaenuTerb TpeyronbHon (M, 04eBUAHO,
AvaroHanbHON) MaTpULbl paBeH NPOM3BEAEHUIO 3IEMEHTOB T1aBHOW AMaroHarnu.
O6paTtHas maTpuua
-1
Ona kaxpgoro 4ucna a=0 cywectByetT obpaTHoe 4ucro d , Takoe, 4YTO npou3Bege-Hue

a’=1

Ons KBaApaTHbIX MaTpuL ToXXe BBOAUTCA aHarorm4Hoe noHATne.
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-1 - o
Onpepenenue. Matpuua A~ HasbiBaeTCs 06PATHOI MO OTHOLLEHMIO K KBaAPaTHO MaTpuLe A,
€Cnn rnpu YMHOXEHMM 3TOM MaTpuLbl HA JaHHYIO0 Kak cnpaBa, Tak 1 crieBa nonyvyaeTcs equHU4Has
-1 -1
vatpuua: A -A=A-A7 =E
W3 onpeneneHus crieqyeT, YTO TOMbKO KBagpaTHasi Matpuua MMeeT obpaTHyIo; B 3TOM Criyyae u
obpaTHas maTpuLa aBNAeTCa KBagpaTHOM TOro e nopsiaka.

OpHako He Kaxgasi KBagpaTtHaa matpula nmeet o6paTHyro. Ecnn a# O SIBNSIeTCA HEOOXOAUMbBIM U
-1

-1
OOCTaTO4YHbIM YCI10OBUEM CYyLLECTBOBaAHUA YNUCa a , TO And cywecTtBoBaHNA MaTpulbl A Taknm
A0
ycrosuem siBnsieTcs TpebosaHue .
(A/=0)
Ecrn onpegennTesib MatTpuubl OTIIMHMEH OT HynA , TO TakaAa KBagpaTtHas

. . (npn ‘A‘ = O)
MaTpuLa HasblBaeTCs HeBbIPOXAEHHOW, UM HEOCOBGEHHOM; B NPOTUBHOM Cryyae -
BbIPOXAEHHOM, NI OCOOEHHOMN.

Teopema (Heob6xogumoe u gocTaTtoyHOE yCroBUe CyLecTBOBaHUSI O6paTHON MaTpuLbl).

-1
OGpaTHas matpuua A cyllecTByeT (M €AMHCTBEHHA) TOFA U TOMLKO TOTAA, KOTAa UCXOAHAs MaTpuLa
A HeBblpoxaeHHas.  MoxHO gokasatb, 4TO obpaTHas maTpuua umeeT Bug

A‘lzi-,&;(jAHO)

L

roe A- KBagpatHad Matpuua nNn-ro nopdaka, anemMeHTamMu KOTOpOVI ABNAKOTCA anre6pawquKme

~ !/
4 =~y =A;,

'
AonosnHeHunA 3N1IEMEHTOB mMaTpuubl A s TpaHCI'IOHVIpOBaHHOVI K

I=1n; j=Ln A . .
. ManI/ILI,y Ha3bIBAKOT NpUCcoeanHEeHHOU Unn coro3- HOU K Matpuue A.
AnropuTtm BblYMCNeHUA o6paTHOW MaTpuubl

1. Haxogum onpegenutens ncxogHon matpuupbl. Ecnn ‘ ‘ , ToMaTpuua A — Bbl-

-1 ‘ ‘ z
poxaeHHasi 1 oGpatHasi matpuua A He cywwecteyeT. Ecriv , TO MaTpuua A — HeBbIpOXdeHHas
n obpaTHas MaTpuua CyLLecTByeT.

!
2. Haxogum matpuuy A , TPAHCMOHUPOBAHHYIO K A.
3. Haxogum anrebpaunydeckre OOMNONHEHUS 3NIEMEHTOB TPaHCMOHMPOBAHHON MaTPULbl

A=A, (i=12,...n; j=1,2..n) A

N COCTaBIIdAEM N3 HUX NPUCOEQUHEHHYIO MaTpuuy

a; =A;=A;(=12,.,n; j=12,.n)

4. Beluncnsiem obpaTHyto maTtpuuy no gopmyne (1).

o -1
5. MNpoBepsieM NPaBULHOCTb BLIYMCTIEHUS 06paTHON MaTpuLbl A ncxoas 3 ee onpeeneHus
-1 -1
A7A=A-A" =E (n.5 He obszatenen).

1 -1 3
A=l2 2 1
y . 1 4 2
Mpumep. Hantn matpuuy, obpaTHyto Kk JaHHOMN:
[Al=21+0
PeweHue. 1. Onpegenutens matpuubl , T. €. matpyua A — HEeBbIPOXAEHHAA U
obpaTHas maTtpuua AT CyLLecTBYeT.
1 2 1
A=-1 2 4
3 1 2

!
2. Haxogum matpuuy A , TPQHCMOHUPOBAHHYIO K A:
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'
3. Haxogum anre6pa|/|qe0|<v|e OononHeHna aneMeHToB MmaTpuubl A 1 COCTaBlideM U3 HUX

0 14 -7
A=A A=|-3 -1 5
A 6 -5 4
NPUCOEAMHEHHYIO MaTpuuy 7\, yunTbiBas, 41O
A—lzi.~
A
4. Boluncnsiem obpatHyo MaTpuly :
o 2 1
21 3 3
0 14 -7\-|-= L >
L1 20 21 21
A :2—1 -3 -1 5 6 5 4
6 -5 4 21 21 21

-1 -1
3 A" -A=A-A"=E
5. MNoBepsiem NpaBUbHOCTb BblYUCTIEHNS 0BpaTHOW MaTpuLbl No oopMynam:
(pekomeHayeMm B 3TOM ybeanTbcsa camocToaTenbHO). [na HeBbIPOXKAEHHbIX MaTPUL, BLIMOSHAOTCS

1
A==
cnegywowue ceonctea: 1) ‘ ‘ |A| ; |
o (A=A g (AT =), (A7) =), 4 (AB)" =B AT
PaHr maTpuupbl

Ons peweHna n nccnenoBaHnd pdaga MmatemMmaTtn4ecknx U npuknagHbiX 3agad BaXXHoe
3Ha4YeHne nmeetT NoHATUE paHra MmaTpulbl.

B maTtpuue A pasamepom m X n Bbl4EPKMBAHNEM Kakux-nmbo CTPOK ” CcTON6GLUOB MOXHO BbIYSIEHUTD

k<min(m;n)
KBagpaTHble nogmatpuubl k-ro nopsgka, roe
Ha3blBalOTCA MUHOpPaMM k-ro nopsagka matTpuubl A.

. Onpegenutenu Takux nogmatpu

Hanpumep, 3 maTpubl X4 MOXHO NOMY4WTL NOAMATPULLI NEPBOro, BTOPOro U TPETLEro
nopsiaKoB.

PaHrom maTpuubl A Ha3blBaeTCs HaMBbICLLNIA NOPAAOK OTAIMYHBLIX OT HYNst MUHOPOB 3TON MaTpuLbl.

PaHr maTpuubl A o6o3HavaeTcs rang A, rg A nnu r (A). I3 onpegenenuns cnegyert:

r(A) <min(m;n)

a) paHr matpuubl ™M He NpeBoCXoANT MEHbLLErO 13 ee pasMepos, T. e.

r(A)=0

0) TOrZa 1 TONbKO TOoraa, Korga aneMeHTbl MaTpulbl paBHbl Hynto, T.e. A=0;
B) ANs KBagpaTHOW MaTpuLbl N-ro nopsaaka ( ) " Torpa v Tonbko Toraa, Koraa matpuua A —
HEeBbIPOXAEHHas.
1 3 0 4
A={3 2 0 1
-1 0 -3

Mpumep. BblumcnuTb paHr maTpuubl

A, "A)<min(34)=3 )
PeweHue. [1ns maTtpuubl . MpoBepum, paBeH nun paHr Tpém, ons
3TOro BblYUCIIMM BCE MUHOPbI TPEeTbero nopsdnka, 1. €. onpegenutenun Bcex nogmMmatpul Tpetbero
nopsigka (Mx BCero 4, OHU NOy4atTCHA NPU BblMEPKMBAHUN OOHOMO M3 CTONMOLIOB MaTpulpbl):

3 0 4 10 4 1 3 4 1 30
2 0 1]/=0 30 1l=0 3 2 1|=0 3 2 0/=0
-10 -3  20-3 2 -1-3 2-10
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nOCKOHbe BCe€ MUHOPbI TPEeTbero nopdaaka Hynesble, ( ) ~ . Takkak cyuwiecTteyeT HeHyJ'IeBOIZ

1 3
2:—77&0 A)=?
MUWHOpP BTOPOro nopsiaka, Hanpumep , TO r( ) .

B obwem criyyae onpegeneHune paHra MaTpuubl nepebopomM BCEX MUHOPOB AOCTAaTOMHO  TPYAOEMKO.
[ns obneryeHns aToW 3agayvm UCMOMb3YOTCH NpeobpasoBaHMs, COXPaHSIOLIME paHr MaTpuubl.
Ha3oBem anemMeHTapHbIMU Npeobpa3zoBaHMAMU MATPULLbl CreayoLLme:

1. OtbpackiBaHne HyneBown CTPOKK (cTonbua).

2. YMHOX€eHNe BCex afeMeHTOB CTPOKM (cTonbua) MaTpuubl Ha YUCIO, He paBHOEe
HYIHO.

3. NameHeHne nopsgka CTpok (CTonbLoB) MaTpuubl.

4. NpubaBneHue K Kaxaomy anemMeHTy 0OHON CTPOKM (CTonbLa) COOTBETCTBYIOLLMX 3NIEMEHTOB
OpPYron cTpoku (ctonbua), yMHOXEHHbIX Ha ftoboe uncro.

5. TpaHcnoHMpoBaHve MaTpuLbl.

Teopema. PaHr matpuubl HE U3MEHSIETCS NPU NIEMEHTaPHbIX NPpeobpa3oBaHMAaX MaTpuULbI.

Mpwn n3yyeHnn cBoNCTB onpegenuTenen buino nokasaHo, YTo Npu npeobpasoBaHUSAX KBagpaTHbIX
MaTpuL, UX onpeaenuteny nubo coxpaHsaTCs, MO0 YMHOXalOTCSA Ha YMCOo, HE paBHOe Hynt. B
pe3yrnbTaTe CoOXpaHseTC HauBbICLLMIA NOPSAOK OTIMYHBIX OT HyNS MUHOPOB WMCXOOHOW MaTpuubl, T. €.
€e paHr He U3MeHsIeTcs.

C nomowpblo 3anemMeHTapHbIX NpeobpasoBaHWii MOXHO MPMBECTU MaTpuLy K Tak Ha3blBaeMOMy
CTyneH4yaToMy BuAy, KOoraa BblYMCIEHNE €€ paHra He NpeacTaBnseT Tpyaa.

MaTpuua A HasblBaeTCA CTyneH4YaToM, eCfv OHa MMeeT Bug

Gy Ay e By e 8y

A: O a22 a2r a'2k
0O 0 .. a, .. a,
a. #0,1=L2,...,r; r<k
roe .
r<k
3ameuyaHue. Ycnosue Bceraa MoxeT OblTb JOCTUTHYTO TPaHCNOHMPOBaHNEM MaTpULb.

O4yeBMAHO, YTO paHr CTyNeHYaTon MaTpuLbl paBeH I, Tak Kak MMeeTCs MUHOpP [-ro nopsaka, He
paBHbIN HYIIO:

&y Qp . Gy
0 a, .. a

i ” =8y, "8y 8, 70
0 0 .. a

MNokaxxem Ha npuMmepe BblHUCIieHne paHra maTpulbl C NOMOLLbIO 3JIEMEHTAPHbIX npeo6paaoBaHM|7|.

0O -1 3 0 2

2 -4 1 5 3
A=
-4 5 7 -10 O
3 -2 1 8 -5 3
Mpumep. Havitu paHr maTpuLbl
PeweHue. 1. Ecrin all ~ 7, To Npy NepecTaHOBKE CTPOK UMK CTONGLIOB 0GMBAIOTCS TOTO, YTO

a,; #0

. B naHHOM npumepe nomeHsieM MecTamu, Hanpumep, 1-10 1 2-10 CTPOKM MaTpuLbl .

all i - ~ ~
2. Ecnun , TO, YMHOXas anemMeHTbl 2-1, 3-i 1 4- CTPOK Ha NoAXoAALME Yyncna (MMEHHO Ha

—ay/a, =0, -ay/a, =2 -a,/a, =1)

1 NpnbaBnas NonyyYeHHbIE Yncna COOTBETCTBEHHO

. . . a'11
K arnemMeHTaMm 2-i, 3-1 n 4-ii CTpok, Jobbemcs Toro, 4Tobbl Bce anemeHThbl 1-ro ctonbua (kpome )
PaBHANMUCH HYIHO:
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2 -41 5 3 2 -4 1 5 3
0o -1 3 0 2 0 -1 3 0 2
-4 5 7 =10 O 0 -3 9 0 6
-2 1 8 -5 3 0 -390 6)

5 e -_
3. Ecnu B nony4yeHHoin matpuue 22 (B maHHOM cnyyae 22 = 1=0 ), TO, YMHOXasi 31IEMEHTbI

-a.,la,,=-3, —-a,/a, =-3
3-/1 1 4-11 CTPOK Ha noaxoAsLLme Yncna (a UMEHHO Ha 32° 722 ! 427 722 ) ,
nobbemcs Toro, YTobbl BCce anemMeHThl 2-ro ctonbua

d,,,d .
(kpome 12" 722y paBHsinuck Hyno. Ecnn B npoLiecce npeobpa3oBaHuii NONYyYaTes CTPOKM (Mni
ctonbubl), LENUKOM COCTOSILLME U3 Hynen (Kak B AaHHOM NpuMepe), TO OTOpacbiBaeM 3TW CTPOKM  (unu

ctonbubl):
2 -4 1 5 3
0 -1 3 0 2 2 -4 1 5 3
O 0 0 0O 0 -1 3 0 2
O 0 0 0O
MocnegHas matpyua MMeeT  CTyrneHyaTbii BUA4 U COOEPXKUT MUHOPbI BTOPOro nopsjka, He paBHble

2 -4

=-2#0
-1

HYMO,  Hanpumep
W OAHHOW MaTpuLbl paBeH ABYM.
3AOAHUE. Buluncnutb onpegenurenu:

. MMoaToMy paHr nomny4yeHHol CTyrneH4YaTol, a crnegoBaTesibHo,

L 321 4 -3 5 B) 1 1 3 4
a2 5 3: 6|3 -2 8. 3.2 4 2 0 0 8
3 4 2 R A I o (L R W

> 2 =3 4 4 75

2 3 4 -5 4 2 -1 111 05 20
a8 7 -2; 6)|5 3 -2 sl 2 3 8 3 5 4

2 1 8 3 2 -1 136 |72 41

0 410
3 11 5 6 3 203r>1_23_l
all 0 1 5[0 1 0 97 L6 |, 5 4 o4
10 7 45 6 05 |31 5

1 3 7 6

4. 15 25 1 2 3 B) ")

all 7 49 6|4 5 6. 102 1 2 22
L8 e 28 g 4 11, |2 2 2 2

3 25 |2 -2 3 2

2 -2 -2 4
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3AOAHME. Hanntu paHr matpuubl ABymMS crnocobamu:
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= 1 3 50 2. 1 2 1 4 3 1 211
2 4 7 1 01 -1 3 2 515
3 7 2 1 2 5 1 11 3819
4. 1 4 3 2 1) |% 1 3 50
01 -1 -2 2 3 -1 3
09 5 2 4 5 -3 2

Tema. CucteMbl NMIMHENHbIX YPaBHEHUN

K cuctemam rnMHerHbIX YypaBHEHWUIA MPUBOAUT MHOXECTBO NPUKNaAHbIX 3a4au.
OCHOBHbIe NOHATUA U onpefeneHns

Cuctema m NMHENHBLIX YypaBHEHUA C N NEPEMEHHBIMU UMEET BUA,

Ay Xy + X, +o QX e+ X, =b;
Ay Xy +ApXy o3y X+ A+ a,, X, =b,;

2nn

Qg Xy + X+ A X+ A XD

mn“*n~m* , (2)
a,,b, (i=12..,m; j=1,2,...,n)

rae I - NPOV3BONbHbIE YNCHA, HAa3biBaeMble COOTBETCTBEH-
HO KO3dphULMeHTaMU NPU NepeMeHHbIX Y CBOGOAHBLIMU YnieHaMu ypaBHeHWi. B 6o-
nee KpaTKoW 3anuncy ¢ MOMOLLIbIO 3HAKOB CYMMMPOBAHUS CUCTEMY MOXHO 3anucaTtb B BuAe

iaijxj =b, (i=12,..,m)
j=1

=K, X, =Ky X, :kn)

PeweHnem cuctembl (2) HasblBaeTCs Takas COBOKYNMHOCTb h 4ucen (Xl ,
npv NOACTAHOBKE KOTOPbIX KaXA0€e ypaBHEHNE CUCTEMbI ObpalllaeTcsl B BEpHOE PaBEHCTBO.

Cuctema ypaBHEHMI Ha3blBaeTCsl COBMECTHOM, €Cnv OHa MMeeT XOTa Obl OOHO peLleHune, U
HEeCOBMECTHOM, €ecnM OHa He umeeT peweHun. CoBMECTHas cucTema ypaBHEHMW Ha3blBaeTCHA
onpeneneHHoOnW, ecrnv OHa MMeeT €AMHCTBEHHOE pelleHue, U HeomnpeaesieHHOM, eCnu OHa umeeT
©onee ogHoro peleHust. Hanpumep, cuctema

X + X, =10,
. X =%, =10
ypaBHEHUN - COBMeCTHada 1 onpeaeneHHad, Tak Kak nmeeT equHCTBEHHOe
2X, + X, =10,
2X, +X, =15 3
pewweHue (10;0); cuctema - HECOBMECTHas!, @ CUCTEMA YPaBHEHUN
2X, + X, =10,
4x, + 2%, =20

- COBMeCTHaA n Heonpep,eneHHaﬂ, Tak kak umeeT bornee ogHOro, a Toy-
=C, X, =10-2c, rne c— moboe ‘II/ICJ‘IO)
Hee, 6eCKOHEYHOE MHOXECTBO peLueval

[Be cuctembl ypaBHEHU HA3bIBAOTCS PAaBHOCUIbHbLIMU, UMM 3KBUBANEHTHbLIMU, ECITM OHU UMEIOT
O[HO U TO XK€ MHOXECTBO pPeLUeHUN.
3anuwem cuctemy (2) B MaTpmyHorn popme. O603HauMm

a; Q, ... q, X by
A: a21 a22 a2n X — X2 B — b2
a a a X b
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roe A — matpuua ko3hOULMEHTOB MPU NEPEMEHHbIX, UMM MaTpuua cuctembl, X — MaTpuua-ctonbew
nepemeHHblx; B — matpuua-ctonbel, cBOGOAHBIX YSIEHOB.

Tak kak 4mcro cTonbuoB MaTpuLbl MM paBHO YMCNy CTPOK MaTpULbl <l yx npousBegeHue
a; X +apX, +..+a,, X,
A, X, + 8y X, F oo+ 35X

n

AX =

a +a X, +..+ad_ X
mi%s + 8maXe mn™n /- ecTb MaTpuua-ctonbew. AnemeHTamm

NOMy4eHHON MaTpuubl SBNSAIOTCA NeBble YacTu cuctembl (2). Ha ocHoBaHuM onpegene-HUS paBeHCTBa
MaTpuL cucTemy (2) MOXHO 3anucaTb B BUae

AX =B, 3)
Cuctema N TnVHEWHbIX ypaBHEHWA C N nepemeHHbiMU. Metoa obpaTHo maTpuubl U opMynbl
Kpamepa

MycTb YNCNO ypaBHEHWIN CUCTEMBI (2) paBHO YMCITY NEPEMEHHbIX, T.€. m=n Torga maTpuua

CUCTEMBbI ABNnAeTCA KBaﬂ,paTHOIZ, a ee onpepenuternb ‘ ‘ Ha3biBaeTCca onpegenutenem
CUCTeMbl.

Ons nonyvyeHus peweHns cuctemsl (2) npu m=n NnpeanonoXum, 4To KBagpaTHasa maTpuua

#
cuctembl "N HeBbIpoXaeHHasd, T.e. ee onpenenuTesb ‘ ‘ . B aTom cnyyae cyuiecTeyeT
-1
obpatHas matpuua A
-1
YMHOXas crieBa 06e YacT MaTpU4HOro paBeHcTBa (3) Ha MaTpuuy A, nonyunm

A (AX)=A"B A (AX)=(ATAX =EX =X

. Tak kak , TO peLleHneM CMCTeMbl METOA0M
obpaTHOM maTpuubl ByaeT maTpuua-cronbdew
X=A"'B. (3)
Teopema Kpamepa. [NycTb A onpegenuTens MaTpuLbl CUCTEMBI (2), a I onpegenuTens MaTpuLbl,

nonyyaemomn n3 matpuubl A 3ameHon j-ro ctonbua ctonbuom cBoOoaHbIX YneHoB. Torga, ecnu A#0 ,
cucTeMa UMeeT eQUHCTBEHHOE peLleHune, onpegensiemoe no opmynam

A, ,
X, =—1 (j=12,.., n)
A
: 4)
®opmynbl (4) nonyumnu HassaHue cpopmyn Kpamepa. B cootBeTcTBUM C chopmMynoli (1) obpaTHas
1 ~
-1
A = K A ~
maTpuua ‘ ‘ , rae A. mMaTpuua, npucoeanHeHHas Kk matpuue A. Tak kak anemMmeHTbl MaTpuLbl

!
A ecTb anrebpanyeckve LOMOMHEHUS ANEMEHTOB MaTpuLib A , TPAHCMOHNPOBAHHOW K A, 3anuiem
paBeHCTBO (3) B pa3BepHyTON hopme:

Xl All A21 Anl bl
X2 1 A12 A22 An2 b2
A
o A A A D,
o 1A=

YuntbiBag, , nNony4ynm nocne yMHOXeHua matpuy
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X b, A, +b,A, +...+b A,
Xo | _ 1 | BA, +b Ay, +..+ b A

X, b A, +b,A, +..+b A
oTKyga cnegyet, 4To ans  nwboro J (=12,...,n)

1
X; :Z(blAlj +b,A,; +...+bnAnj)
DA + DA, +..+Db A=A, A

Ha ocHoBaHuu ceownctBa 10 onpegenutenen , roe I

(i=1.2....n)

onpegenuTens MaTpuvubl, NONy4eHHON U3 maTpuubl A 3ameHon j-ro ctonbua cton6uom
Ai
X =
cBOOOAHbIX YneHoB. CneaoBaTenbHO, A
Mpumep. Pewntb cuctemy ypaBHeEHMI
X, — X, + X =3,
2% + X%, + % =11,
X, + X, +2X%; =8.
a) metogom obpaTtHon maTpuubl; 6) no chopmynam Kpamepa.
1 -11 X, 3
Pewenune. a) O6osnauum A=2 1 1|; X=|X, |; B=|11|. Torna 8 maTpuuHoii copme
11 2 X, 8

AaHHas cucTema umeeT Bug AX =B . Haligem onpepenutens |A|=5. Tak Kak |A|¢0, matpuua A —
HEBbIPOXAEHHas, U cyllecTByeT obpaTHas MaTpuua

1 3 -2 1 3 -2)\(3 20
A’lz1 -3 1 1 X:A’le1 -3 1 1|11 =1 10 |=| 2 |,
1 -2 3 > 1 -2 3)(8 > 5 1
T. €. pewwleHune cuctemsbl (4; 2; 1) .
o) Hai A=|A|=5
) Havipem onpegenutens cuctemol . Tak kak , Mo Teopeme Kpamepa cucrtema

nveet eguHCTBEHHOE peLleHne.

Bbluvcnum onpegenutenu matpuy L' 27 737 nonyyeHHbIx U3 MaTpuL A, 3aMeHo
COOTBETCTBEHHO MEepPBOro, BTOPOro U TPETLEro CTONOLIOB CTONOLIOM CBOGOAHLIX YNEHOB:

3 -11 1 3 1 1 -1 3
A=11 1 1/=20; A,=|2 11 1/=10; A,=[2 1 11=5.
8 1 2 1 8 2 1 1 8
Tenepb no opmynam Kpamepa A 5 A A 5

T. €. peweHue cuctembl (4;2;1).

MeToa lNaycca

PaccMoTpuMm pelleHne cucTeMbl (2) m JNIMHENHbLIX YPaBHEHUA C N NepeMeHHbIMU B 06LLeM Buae.

MeTopn MNaycca — meToa nocrneaoBaTeNbHOro UCKMIOYEHUA NepPeMEeHHbIX — 3aKI0YaeTCsl B TOM,
YTO C NMOMOLLbIO 3IeMEeHTapHbIX Npeobpa3oBaHnn cUcTeMa ypaBHEHWI NPUBOANTCS K PaBHOCUITbHOM
cucTemMe CTyrneH4yaToro (unm TpeyroneHoro) Buga. M3 Hee nocnegoBaTtensHO, HaYMHas ¢ nocnegHux (Mo
HOMepY) NepeMeHHbIX, HaXOAATCS BCe OCTallbHble NepeMEHHbIE.
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Mpeanonoxum, 4to B cucteme (2) KO3(PULUEHT MNpU NepemMeHHom 1 B nepsom ypaBHeHUU

a,,#0 3 . a,; %0
(ecnv aTo He Tak, TO MEPECTaHOBKOW ypaBHEHU MecTaMu obbeMcs Toro, 4To ).
War 1. YMHOXas nepBoe ypaBHEHME Ha noaxogdwme 4yucra (@  WMEHHO  Ha

_a21/a11’ _a31/a11!--" _amlla

11) n npubaBnas nonyyeHHble ypaBHEHWS COOTBETCTBEHHO KO

X
BTOPOMY, TPETbEMY, ..., M-My YPaBHEHWIO CUCTEMbI (2), MCKIIOYAM MEepeMeHHyl 1, 13 Bcex
nocneaylLwmnx ypaBHeHWA, HA4YMHAsS CO BTOPOrO.
Monyyum

a;, X, +a,X, +...+a,,X, =b,,
afx, +..+adx_=bf,

@ @ —h®

a'm2X2—i_"'—i_amnxn_bm ' )

roe 6ykBamu ¢ BEpXHUM MHAEKCOM (1) 0603Ha4YeHbl HOBblE KO3 ULMEHTLI, MONTYYEHHbIE NOCIE NEPBOro

wara.

al) 20
22 Y “

(ech 9TO He TakK, TO COOTBeTCTBylLlEN nepecTtaHOBKOU

@

a5, #0,

War 2. [lpeanonoxumm, 4to

YPaBHEHUIA UMW NEPEMEHHBIX C U3MEHEHMEM UX HOMEPOB A0ObLEMCS TOr0, YTOObI
1 1 1 1
(-al/al —afl/aQ,...
YMHOXasi BTOpoe ypaBHeHWe Ha noaxoasilme yucna
_ a(l) / a(l) )
m2 © =22 1 NpubaBnsas Nony4yeHHble ypaBHEHWSI COOTBETCTBEHHO K TPETbEMY, HETBEPTOMY,
X2 ~
.., M—My YpaBHEHUIO CUCTEMbI, WCKMIOYUM MepeMEHHY0 M3 BCEX MNOCMNEAYIOLMX YpaBHEHUHN,
HauMHasi C TPETLErO.

Mpogomkas NpoLecc MOocneaoBaTENbLHOr0 WCKMIOYEHNS NepeMeHHbIX X3’X4""’Xr‘1, nocne
(r ~ *)—ro wara, nonyunm cucremy
Ay Xy +a,X, Fota X, +ay X, .t ag X, =by,
(@) @ (@) @ —_h®
a‘22)(2 +ot a2r Xr + a2,r Xr+1 +ot a2n Xn _b2 !
(r-1) (r-1) (r-1) _ k(D
arr Xr +ar,r+er+1+"'+a2n Xn_br !
_h(-D
O_br+1 )
_h(r-1)
0=h(D,
Uncno Hynb B MOCREAHMX m-r YPaBHEHMSIX O3HAYaeT, YTo MX MNeBble 4acTu UMeT BuA
0-%X,+0-X,+..40-X, b"P,....b0Y

Ecnun xoTs 6bl 04HO U3 Ymcen
COOTBETCTBYIOLLEE PABEHCTBO NPOTMBOPEYMBO, U cUCTEMA (2) HECOBMECTHaA.
(r-1) pt-D
Takum o6pasom, ans Nbon COBMECTHOM cucTeMbl umcna 1 "' m g cyucteme paBHbI Hynio. B

He paBHO Hynnk, TO

3TOM Cny4dae nocnegHue m _r ypaBHeanZ B cucrtemMme (5) ABNAKTCA TOXAECTBAMU N UX MOXHO HE
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npMHUMaTb BO BHUMaHWE MNpu peweHnn cuctembl (2). OuyeBnaHO, YTO nocre oTOpachiBaHUST «IULLHUXY»
YPaBHEHMWI BO3MOXHbI [Ba Crydas: a) YMCno ypaBHEHWIA CUCTEMbI (5) paBHO YNCIY MEPEMEHHbIX, T. €.

r=n (B aTom cnyyae cuctema (5) nmeeT TpeyronbHbIN BUA); O) r<n (B atom cny4yae cuctema (5)
UMeeT cTyneH4aThin Bua). lNepexod cuctemsl (2) K paBHOCUITbHOM et cucteme (5) HasbiBaeTCsl NPAMbIM

xopoMm MeTofa [aycca, a HaxoxaeHne nepeMeHHbIX U3 cuctemol (5) — oGpaTHbLIM XO40M.

MpeobpasoBaHusi Maycca ygoBHO nNpoBOAMTB,

ocyuwlecTenan I'Ip906pa3OBaHVIFI HEe C CcaMnmun

ypaBHEHUAMMU, a C MaTpuuen nx koadpduumneHTo. PaccMoTpum matpuuy

a11 a12 "'aln b1

aZl a‘22 "'a2n b2
Al

a‘ml amz "'amn bm

Ha3biBaeMylo paclUMpeHHON MaTpuuen cucteMbl (2),Tak Kak B Hee, KpOMe MaTpuLbl CUCTEMBI A,
AOMNOJSHUTENBHO BKITHOYEH cTonbeL, cBob6OAHbIX YNEHOB.

Mpumep. PelwunTb cuctemy ypaBHEHUN

X, +2X, +3X, — 2X, =6,
2X, +4x, — 2X, —3x, =18,
3X, +2X, — X, + 2X,=4,

2X, —3X, + 2X, + X,=8.

PeweHue. PacmmpeHHaﬂ mMaTtpuua CUCTeEMblI UMEET BN

1 2 3 -2,6
2 4 -2 -3|18
3 2 -1 2 |4
2 -3 2 1 |-8
LWar 1. Tak kak allio, VCKIMIOYMM NEPEMEHHYI0 1 13 Bcex CTPOK, HauMHasi Co BTOPOIA, YMHOXast

BTOPYIO, TPETLIO Y YETBEPTYIO CTPOKU MaTpuupbl Ha yncna (-2), (-3),
(-2) 1 NpmMbaBnAsA NONy4YeHHbIE CTPOKM COOTBETCTBEHHO KO BTOPOW, TPETLEN, YETBEPTOM CTPOKAM.

3ameTuB, 4TO B HOBOW MaTpuLe

@ _

227 nomeHsieM MecTamm BTOPYIO 1 TPETbIO CTPOKM:

1 2 3 -2 6 1 2 3 -2 |6

0O 0 -8 1 6 0 -4 -10 8 +14

0 -4 -10 8 |-14 0O 0 -8 1 6

0 -7 -4 5 120 0 -7 -4 5 +20
a¥) =—4%0

LWar 2. Tak kak Tenepb

TpeTbel, YMHOXas BTOPYD CTPOKY Ha

22 , UCKITIOYMM MEepeMeHHYI0 2 13 BCeX CTPOK, HauMHasi C

(~7/4)

nNpnbaBnsis NONYy4YEHHYIO CTPOKY K YETBEPTOMN:

1 2 3 _2| 6 1 2 3 -2 6
0 -4 -10 8 |-14 0O -4 -10 8 -14
0O 0 -8 1 6
o 0 -8 1 6 - 0 117 |17
0 0 135 9 45 16 8




2l =820 135/8=27/16

War 3. YuutbiBas, uto 33 , YMHOXaeM TPeTblo CTPOKY Ha

y X
NpnBaBnsAs NOMyYeHHYI0 CTPOKY K YeTBEPTOM, UCKITIOYMM 13 Hee NepeMeHHyto 3. Monyunm (cMm.
MOCINEAHIO MaTpULly) CUCTEMY YPaBHEHWIA

X, +2X, +3X; —2X, =6,
—4x, —10x; +8x, =—14,

—8X; + X, =6,
117 117
— X4 =—,
16 8
; ; X,=—2;
oTKyAa, ucnonb3ysi obpaTtHbI Xo4 MeToda Maycca, Halngem U3 YeTBEPTOro ypaBHEHMS n3
6—x, 6+2
X3 = = =—1;
TpeTbero -8 -8 N3 BTOPOro
o _—14-8x,+10x, —14-8(-2)+10(-1) _,
,= = =
-4 -4 n n3 nepBoro ypaBHEHUS
X = 6+ 2X4 - 3X3 B 2X2 =6+ (_2) B 3(_1) —2:2= 1 T.€. peLLeHne CUCTEMB

(1;2;-1,2)

Mpumep. MeTtogom Maycca pewnTb CUCTEMY YpaBHEHNI
X, +2X, =X, =1,
2X, —3X, + X; =3,
4X, + X, — X, =16.

PelweHune. npeobpasyem pacluMpeHHyo MaTpuLy CUCTEMbI

1 2 -1|7 1 2 - 7 1 2 -1 7
2 -3 1|3 o -7 3| -11 0 -7 3| -1
4 1 -1|16 0 -7 3| -12 0 0 0] -1

NTtak, ypaBHeHWe, COOTBETCTBYIOLLEE TPEeTbel CTPOKEe nocrefHen maTtpuubl, MPOTUBOPEYMBO — OHO

NpUBENOCh K HEBEPHOMY PaBEHCTBY , CneposaTternbHO, faHHas cucTema HeCoOBMECTHa.
CuctemMa m NMHENHbIX ypaBHEHUA C N MepeMeHHbIMU
Bonpoc o paspewmmoctu cuctemsl (2) B obwem BMae paccMmaTprBaeTcs B CriedytoLen Teopeme.
Teopema KpoHekepa-Kanennu. Cuctema nuMHeNHbIX ypaBHEHUI COBMECTHa Torga W TOMbKO Toraa,
KOrfa paHr MaTpuLbl CUCTEMbI PaBEH PaHry pacLUMPEHHOW MaTpuLbl STON CUCTEMBI.

[na COBMECTHbIX CUCTEM NNHENHLIX YPaBHEHUI BEPHbI CneayloLne TeopemMsl.

. r=n
1. Ecnu paHr matpuLibl COBMECTHON CUCTEMbI PaBEH YUCITY NEPEMEHHBIX, T. €. , TO cuctema (2)
nmeeT eJUHCTBEHHOE pelLleHue.
r<n

2. Ecnu paHr maTpuubl COBMECTHOW CUCTEMbI MEHbLLE YMCNa NEPEMEHHBIX, T. €. , TO cuctema
(2) HeonpepeneHHasa n meeT 6eCKOHEYHOE MHOXECTBO PELUEHUN.
r<n X11 X5 e, X,
MycTb ;I NepemeHHbIX Ha3bIBalOTCH OCHOBHbIMMU (MK BasncCHbIMK), ecnn

onpegenuTenb matpuubl 13 KOIPHUUMEHTOB Npu HUX ( T.e. GA3WUCHBIN MUHOP) OTNMYEH OT Hyns.
OctanbHble n-r nepeMeHHbIX Ha3blBalTCA HEOCHOBHbIMY (M CBOBOAHBLIMMN).

PeweHne cuctembl (2), B KOTOPOM BcCe n-r HEOCHOBHbIX MEePEMEHHbIX paBHbl HyM0, Ha3blBaeTCs
0a3uUCHbIM.
NccnepoBatb Ha COBMECTHOCTb M peLLNTL METOAOM [aycca faHHY CUCTEMY:
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2X, — X, + X5 — X, =5,
X; +2X, = 2X, + 3X, =6,
3X; + X, =X, +2x, =-1.

PeweHune. NMpeobpasyem pacliMpeHHylo mMaTtpuuy cuctembl (4ns yaobctea BbluMcneHun b6epem B
Ka4yecTBe NepBoN CTPOKM KO3 MULIMEHTLI BTOPOrO YPaBHEHUS!, Y KOTOPOro KoadMuLMEHT Npu x, paBeH

eavHuue):

1 2 -2 3(-6) (1 2 -2 3 1]-6) (1 2 -2 3 -6
2 -1 1 -1/5]| |0 -5 5 -7 |17 0 -5 5 -7 17
31 -1 2|-1) o -5 5 -7|17) (0 0 0 0 O

1 2 -2 3 |-6

,T.e. r(A)=r(A)=2.CneaosatensHo, cuctema COBMECTHa.
r<n, (n=4) . Takum obpa3om, cuctema umeeT 6€CKOHEHHOE MHOXECTBO PEeLLEHWIA.

y X, X
OcTaBMM B NEBOIt YacTi nepeMeHHble L' " 2, koTopble 6epem 3a OCHOBHbIE (OnpeaenuTens 13
KO3(PDULMEHTOB NPU HUX (BA3NCHBIN MUHOP) OTIIMYEH OT HYMA, T. €.

1 2
#0
0 -5

X4, X,
) . OcTanbHble HEOCHOBHbIE nepemMeHHble nepeHocnm B npasble
X, +2X,=—642X; —3X,,

§ —9X,=17-5X,+7X,
4acTn ypaBHEHUN. B pes3ynbTarte nosy4nm cuctemy

17 7 17 7 4
Xo=—+X; ==X, X;==6+2X;-3X, 2| ——+X;—=X, [==—=X,
5 5 5 5
oTKyAa n
X3=C;, X,=C,
3agaBas  HEOCHOBHbIM  MEepeMEeHHbIM  MPOW3BOfIbHbIE  3HAYEHUSI , Hangem
BeckoHe4vHoe MHOXeCTBO peLleHnn CcUCTEMBI
4 1 17 7 _
Xlzg—gcz, X2:_€+Cl —gcz, X3:Cl, X4:CZ
X—-y+z2=2
2X+y—-z=1
3apgaya. PelwmnTb cuctemy MaTpuyHbIM Cnocobom: X 2y =-3 .
X 1 -1 1 2
X=|y|, A=[2 1 -1|, B=|1
1 -2 0 -3
PeweHue. [1ycTb . Torga JaHHylo CMCTEMY MOXHO
3anucatb B BUAe MaTpU4HOro ypaBHEHMWS AX =B pewaem ero, JOMHOXas crnesa Ha obpaTHyto
. A'AX=A"B = EX=A"B. X=A"B
MarTpuuy: Ortctoga nony4vaem pelleHne . Hangem

-1
CHa4dana A .
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1
- -2 0

1 -1 1 2 -1 1 .
Ay=2 1 - =15 0|0 =3(-1* ‘:3(—1)(0—(—2)):—6
1 2 0 1 -2'0

2+1 } - 1 ‘—l 1‘
Ay =1 1 —-lj=- =—(0-(-2)=-2
)

-2 0
-2 0
-1 1
3+1 -1 1
A, =(-1) 1 —1:‘ JJ=1—1=0
(+) 1 -
............. D)
=~(0-(-1)=-1
‘:0—1:—1
. 3+2 1 . _ _ 1+3 2 1 _ —
A, =(-1) =—(-1-2)=3, A, =(=1) =—4-1=-5,
-) - (+) -2
. 2+3 -1 . . . 3+3 1 _ —
A, =(-1) =—(2+1)=1 A, =(-1) =1+2=3
o L -2 )
CocTaBnsiem obpaTHyl maTpuly
1A11A21A3l 1—2—201220
A-l_Z A Ap Ay ===l -1 3|=2/1 1 =3
A, A, A, 5 1 3 5 -1 =3
Hanpem
. 2 2 0)(2 . 2:2+42-1+0-(+3) . 6) (1
sz-lB:6 1 1 -3[|1 =5 1.2+41-1+ (=3)(-3) =5 12 |=| 2
5 -1 -3)|-3 5.2+ (=1) -1+ (=3)(-3) 18) (3
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X 1
X=|y|=|2

T. €.

MpoBepka. [NNoacTaBumM HangeHHoe peLleHne B UCXOOHYI0 CUCTEMY: 1-2+3=2 (nctuHa),

2-1+2-3=1 (UcTuHa), 1-2.2=-3 (McTuHA).

x=1
y=2
z2=3

OTBerT:
1) Pewwntb cuctemy metogom Kpamepa.
Bo3bMeM 3Ty ke cuctemy u pelumm e€ € NOMOLLbI0 onpeaenvTenein.

X-y+2=2 1 -1 1
2X+y—-z=1 A=12 1 -1=-6
X—2y=-3 1 -2 0

, 3anuiem onpeaenntesib CUCTeMbl

3ameHnM B cTon6ew koadhMLNEHTOB Npu X a cTonGeL npaeblx YacTei

2 -1 1 2 -1 1
A=[1 1 -1 = =3(-1)*"
3 2 0 3 20 ©

;‘:3(—)(0+2) -6

3ameHnm B ctonbel k03 OULNEHTOB NpU y Ha cTonbeL, npaBbIX YacTen

1 2 1 2 2
A=2 1 -1=3 3 0=1(-1" 3‘:—9—3:—12
1 -3 0| [1 -3 *

3ameHnm B ctonbel koadPULNEHTOB Npwu L Ha cTonbeu NpaBbIX YacTemn

1 -1 2|2 [t—=t—2

3 3
A=2 1 1 / =13 0 3|=(D )+ ) 7‘:—21+3:—18
1 -2 -3 1 0 - ©
x=2X_"0_4

A -6

A -6

Mo cdopmynam Kpamepa nonyyaem peLueHme A —6
x=1
y=2

OTBerT:

3) Pewutb cuctembl metogomM Maycca:
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X-y+z=1

2X+y—-z=1
) X—2y=-3
1 -1 1,2
B=12 1 -1|1
1 -2 03
BbinucbiBaem paclnpeHHyro MmaTpuuy 1 C MOMOLLbIKO 3NNEMEHTapPHbIX

npeo6pasoBaHUn MPUBOAMM €€ UMK K TPeYronibHOMY BUAY, UMK K BUAYy Tpaneuun (Kak nony4mTcs).
1 -1 1 [2\(=2) (-]
B o
B=|2 1 -1 |1 1 -1 1|2 1 -1 1| 2
1 -2 0 |3 0 3 -3|-3 [ 0 -1 -1| -5
—~ 10 -1 -1/-5) — (0 3 —3' -3
)

z

L -1 1) 2) 1 112
0 -1 -1] 5] (4 0 1 1|5
— (0 0 -6|-18 ~ (0 0 113) rA=3rB=3 = ,_3

Tak kak uncno HemssectHbix N =3 paBHO paHry CUCTEMbI, CUCTEMA MMEET eaANHCTBEHHOE PELLEHME.
Mo nony4yeHHol MaTpu1LLe BOCCTaHaBNMBaeM CUCTEMY yYpaBHEHWIA. oS cHU3y BBepX, Noryyaem aTo

X-y+z2=2
y+z=5
z=3

peleHne:

y=5-2z=5-3=2.

W3 nocnegHero ypaBHeHUs Z= 3, C MOMOLLIbIO BTOPOro Haxoanm
B nNepBoe ypaBHEHUE HaVI,EI,eHHbIe y:2 n Z= 3’ Haxoaunm
X=2+y-2=2+2-3=4-3=1.
x=1
y=2
OTBerT: z=3 .
X-y+z=2
2X+y—-z=1
X+2y—-2z=1

MNopcTaBnas

6)
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1 -1 1]2\(-2) (- 1 -1 1| 2
B:21—114/ 0 3 -3 -3
1 2 211 -0 3 3l 1f —
1 -1 172
0-.3 3|3
00 0lz2

! " CnepoBsatenbHo, no Teopeme KpoHekepa-Kanennu cucrema HecoBmecTHa (T. €. He
umeeT peLueHus). Beinuwem ypaBHeHne, COOTBETCTBYHOLLEE NOCNEAHEN CTPOKE NONMYYEHHOW MaTpuULbI:
0-x+0-y+0-2=2

, YTO HEBO3MOXHO.
OTBeT: cucTeEMa He UMEET peLLeHus.

X-2y+z=-1
—2X+Yy—-22=2
‘) X—-y-z=1
3anucbiBaem pacLUMPEHHY0 MaTpuly:
3 -2 1 |-1 1 - 1 - 1
B=|-2 1 -2 25 dz/—l 2|
1 -1 -1"'1 — 3<— 2 — 1 | =
1 -1 -1 1
0 -1 4 4
0O 1 4 -4
1 -1 1|1 1 -1 -1 1
0. -1 4|4 0 1 4] 4

—~ (0 0 o'oJ— 0 0 0 o0
rA=rB=2

. OTctopa cnepnyer, 4YTO cCMCcTeMa CoBMeCTHa.

nN=3>r=2

YUncno HensBecTHbIX . CnepoBaTtenbHoO, cucTemMa MMeeT GECKOHEYHOE MHOXECTBO
pewenni: N — = 3-2=1 Ortctofia cuctemMa UMeeT oaHYy CBOBOAHYO NEPEMEHHYI0, MYCTb 3TO OyaeT

X
Z, Torpa ! y_ 6asncHble (6asnCHbIX HEM3BECTHbLIX CTOMBKO, KAKOB PaHr CUCTEMbI, T. €. CKOMNbKO
HEeHyneBbIX CTPOK OCTAETCS B NOocneaHen matpuue).

X-y-z=1
y+4z=-4
z2=12

3anuwem CncrtemMy, COOTBETCTBYHOLLYIO nonyquHon maTtpuue:

CnepoBartenbHO, nasa CHU3Yy BBEPX, BbipaxxaeM 6a3ncHble HEN3BECTHbIE Yepe3 CBOOOOHYIO Z. 7K}

y=—4-4z,

BTOPOrO YpaBHEHUS BblpaXKaeM 13 NepBOro ypaBHEHUS

X=Yy+z+1=(-4-42)+2+1= 4 47.1741= 3 32
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X=-3-3z
y=—-4-4z
Z=17
O6bLee pelueHune:
M3 06Lero peleHnss MoXHO nony4uTb noboe yacTHoe pelueHune. IMNMycTb Z= —2, Torga nosiyanm

x:—3—302):—3+6:& y:—4—402):—4+8:4
X=3
y=4
z2=-2

4YacCTHOe pelleHune:

YacTHoe peweHune:

o X y4
BbInosiHum NPOBEPKY obuiero peweHuna. [ns aToro nogcraBMm HangeHHbIe BblpaXXeHun4 ! y’

YpaBHEHUA NCXOLHOM CUCTEMBI:

1) 3(-3-32)-2(-4-42)+z=-1
-9-92+8+8z+z=-1 -1=-1 (I/ICTI/IHa)

2) —2(-3-3z2)+(-4-42)-2z2=2
6+62-4-4z-22=2 2=2 (ucTuHa)

3) (3-32)-(-4-4z)-z=1
—3-3z+4+4z-z=1 1=1 (ucruna)

X=-3-3z
y=—4-4z
Z2=12
OTBeT: .
3AO0AHME. Peluntb cuctembl MaTpuyHbiM cnocobom u no cpopmynam Kpamepa:
L 2X -3y +z2=2 2X -4y +3z =1
X+5y—-4z=-5 X—-2y+4z=3
) 4x+y—32:—{ 5) 3x—y+52:2.
2. X+2y+3z=7 X+y—-2z=-3
X—-3y+22=5 SX—-2y+72=22
) X+y+z=3 , 6) 2x—5y+4z:4_
3 X+2y—-3z=0 X+2y+3z2=2
2X-y+4z=5 iX-y+z=0
) X+y—-z=2 ; 6)\x+3y—z:—2_
4. X+2y+z=4 2X+Y+22=6
3X-5y+3z=1 3X—-z2=0
a)2x+7y—z:8; 6) X+y+2=2 _
5 X+y+z=6 2X +3y -z =-3
2X-y+2=3 4X+y+3z=9
) x—y+22:§ 6)\x+y+z=2
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3apaHue. Pewuntb cuctemsl metogom Maycca:

L 2X -y +3z=-7 (2X+y+z2=2
X+2y—-6z=-1 X+3y+z=5
) —x+5y—152:8; X+Yy+5z=-7
6) 2x+3y—32:14;
X—-3y+2z=5 2X—-y+3z—-7t=5
13X —-y+4z=7 6X-3y+z—-4t=7
) 5x—7y+82:1; ) 4x—2y+14z—31t:18.
2. X-2y+3z=1 2X +5y -8z =8
3X+2y—-4z=2 4x +3y—-9z2=9
) 5x—2y+22:4; 2X+3y—-52=7
6) x+8y—7z:12;
X+y+z=1 Ox-3y+5z+6t=4
X-11y +4z =13 6Xx-2y+3z+t=5
) 2x—10y+52:1; ) 3x—y+32+14t:—8.
3. X+2y+3z=7 X—Ty+6z=4
X—=3y+2z2=5 X+12y -11z = -7
a) 2x—y+52:12; X-2y+z=1
6) 8Xx+y—-3z=-1
X-3y+4z=1 X+3y+2z=4
2X-Yy—2=-6 2X+6y+z=2
‘) 3x—4y+3z:0; <4x+8y—z:2
) 3x+9y+3z:6.
4. X+2y+3z=4 3X -2y +57+4t=2
2X+y—-2=3 6X -4y +4z+3t=3
) 3x+3y+22:7; 6) 9x—6y+3z+2t:4;
(X +2y—-2z=5 X+2y+32=2
2X—-y-3z2=4 X-y+z=0
) 3x+y—52:1; X+3y—-z=-2
3 3x+4y+32=0_
5 3X+2y+z=-1 2X -3y +5z2+7t=1
7X+6y+52=5 4X -6y +22+3t=2
SX+4y+3z=2. 2x -3y —-11z -15t =1

a)

6)
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X-y+3z=0 X+2y+32+4t=5
2X—-T7y+5z2=1 X-y+z—-t=1
3X—-8y+8z=5

r)

B)
PA3[EJl. dnemeHTbl TeOpMM BEPOATHOCTEN U MaTEMATU4YE€CKOMN CTaTUCTUKKU
MoHATne cobbiTuA 1 BEPOATHOCTM COObITUS. [locTOBEpPHbIE M HEBO3MOXHbIE CODbITUA. Knaccuyeckoe
onpegeneHne BeposiTHOCTEN. TeopemMa CroXeHUs BepOosATHOCTEN. TeopeMa YMHOXEHUA BEPOSATHOCTEN.
CnydanHaa BenuuvHa. [OuckpeTHas W HenpepbiBHas cryvyanHasd BenuyuHa. 3akoH pacnpeneneHuns
Cny4yaHON BENUYMHBI.
MeToaunyeckue ykazaHusi
Mpexpe yeM NO3HAKOMUTLCS C OCHOBHbLIMWU MOHATUSIMU TEOPUU BEPOSTHOCTEWN criefyeT pacCMOTpeTb
TpU TuNa KOMOWHALMI: NEPECTAHOBKW, pa3MeLLeHUs, codeTaHms. YScHUTb ans cebs, yem oTnuyalTcs
nepecTaHOBKM OT pa3MeLLeHUs, NEPECTaHOBKM OT CoYeTaHus, pa3MeLLeHUs OT coYeTaHus.
Mo pekomeHagyeMon nutepaTtype pasobpaTbcsi B hopmynax M B peLUeHHbIX KOMOMHATOPHbIX 3adavax.
PaccmoTpuTe noHsiTME cny4yamHoro cobblTMst U Ha Mpumepax pasbeputecb B BuAax COObITUSA:
HEBO3MOXHble, JOCTOBEPHbIE, COBMECTHbIE, HECOBMECTHbIE, 3aBUCUMbIE, HE3aBUCUMBIE.
lMocne 9TUX NOHATMI cnegyeT W3y4MTb KracCcuyeckoe onpeaeneHve BEPOSiTHOCTU CoObITUs, U
Hay4YNTbCA HaXOAWUTb BEPOSITHOCTb B MPOCTEMWIMX 3ajadax, UCNOoNb3ys Krnaccuyeckoe onpepeneHve
BEPOSATHOCTEMN.

M3 onepauwnii Hag cobblTuaMy Heo6X0ANMO NO3HAKOMUTBLCS MMLLb C CYMMOMW KOHEYHOTO Yncna cobbITun.
M3yuyeHne TeopeTmyeckoro martepuana criefyet COnpoBOXAaTb PAacCMOTPEHMEM peLUeHHbIX 3agad no
npeanoXxeHHbeIM yyebHukam, a 3aTem crieyeT OTBETUTb HA BONPOCHI 41151 CAMOKOHTPOSS.

Cny4yaniHoe coObiTMe, CBA3AHHOE C HEKOTOpPbIM OMbITOM, SIBMSETCA KayeCTBEHHOW XapaKTepUCTUKON
onbiTa. KonnyecTBEHHOW Xe XapaKTepUCTMKOW pe3yrbTaTa NpOBEAEHHOro OMnbiTa SIBNAETCA Crny4vanHas
BENMYMHa.

PaccmaTtpuBasi npymepbl, HEOOXOOUMO YCBOWUTb MOHATME CryYaHOW BEMWYMHbLI, BUObl Cry4YamHON
BEMWYMHbI (ANCKPETHOW 1N HEMPEPLIBHOW) 1 UX onpeaeneHuns. Hy)kHO paccMoTpeTb COOTBETCTBUE MEXAY
BO3MOXHbIMW ~ 3HAYEHUSIMA  CINy4YalHOW BENUYMHBI UM WX BEPOSATHOCTSMW. Takoe COOTBETCTBMUE
HasblBaeTCA 3aKkOHOM P oOnpedeneHus CrnyyYanHoOW Benu4MHbl. 3akOoH pacnpegeneHvs criydanHoun
BENUYMHbI yOOOHO faBaTth B BMAe Tabnuubl.

Bonpochl Ansi cCaMOKOHTpOns
. Uto noHumaeTcs nog cnyvarHeiM cobbiTnem? MNprBeanTe NnpuMepsl.
. Kakne cobbitusa HasbiBaoTCa AocToBEPHBIMU? [MprBEaUTE NpUMeEpHI.
. Kakue cobbiTnsi HasbiBatoTCA HEBO3MOXHbBIMU? MpuBeanTe npumepsl.
. UTo noHumaeTcst nog BEpPOATHOCTLIO COObITUA?
HaiiTe knaccuyeckoe onpegeneHme BepOsiTHOCTU COObITUS.
. Kakune cobbiTnsi HasbiBaloTCA HECOBMECTHBLIMU, COBMECTHBIMU? [NMpuBeamTe npumepsl.
. Kak hopmynunpyeTcsa Teopema CrioxxeHus BepoATHOCTEN?
. JaiiTe onpegeneHne 4acToTbl HACTYNIEHNS COOLITUA N OOBSACHUTE OT YEro oHa 3aBUCUT?
. Kakumu csoncteamu obnagaet BepoATHOCTb COObITUNA?
10. Kakne cobbiTus Ha3blBalOTCA HE3aBUCMMbIMU, 3aBUCUMbIMU? [puBeanTe Npumepsl.
11. Kakas BenuumHa HasbiBaeTCs criyqyanHon?
OCHOBHbIe NOHATUA U MeTOAbl TEOPUN BEePOATHOCTEN U MaTeMaTU4eCKOMN CTaTUCTUKH
Tema. CnoxeHue U yMHOXeHue BepoATHOCTEN
Lienb: HayunTbCcA BbIMUCIATL BEPOATHOCTU CYMMbl COBMECTHBIX W  HECOBMECTHbIX COObITUN,
Npoun3BefeHNst HE3aBUCUMbIX U 3aBUCUMbIX CODBITUN.
Ansi BbiNONHeHWst paboTbl HEOBXOAMMO 3Hamb OCHOBbI TEOPUM BEPOSITHOCTEW; HEOOXO4MMO ymMemb
BbIYMCMSATb BEPOATHOCTb COOLITUIA C UCNONB30BAHNEM 3f1IEMEHTOB KOMOMHATOPUKN.
KPATKAA TEOPUA U METOOWYECKME PEKOMEHOALIN
1. Cymmol A + B gByx cobbiTnii A n B HasbiBaloT cobbiTue, COCTOsILLEE B NOSIBNEHNM CODLITUA A,
unu cobeiTnsi B, nunn obounx aTnux cobbITUiA.
a. Teopema CnoXeHUs BepoOATHOCTEN HECOBMECTHbIX COObITUNA. BeposaTHOCTb
NOSIBIIEHUS OOHOrO M3 ABYX HECOBMECTHbLIX COObITWI, paBHa CyMMe BEPOSATHOCTEN 3TUX
cobbituii: P (A + B) = P(A) + P(B)
b. Teopema cnoxeHus BepOSTHOCTEN COBMECTHbIX COObLITUN. BEpOATHOCTL NOSABNEHNS
X0T Obl OOHOrO M3 OBYX COBMECTHbIX COObITUIA paBHa CyMME BEPOSITHOCTEM 3TUX
cobbITuIN 6e3 BEpOATHOCTM Ux coBMecTHoro nosienexus: P(A+B) = P(A) + P(B) — P(AB)
2. [lpou3eedeHuem fByx cobbiTn A n B HasbiBaoT cobbiTe AB, cocTosiliee B COBMECTHOM
NOSABMEHUN 3TUX COBbITUN.
a. Teopema npousBefeHUA ANA He3aBUCUMbIX COObITUM. [Na He3aBUCUMBIX CODbLITUIA
BEpPOSATHOCTb COBMECTHOIO MOSIBNEHWUS COObITUIA paBHa NPOU3BEAEHUIO BEPOSTHOCTEWN
aTnx cobuiTnin: P(AB) = P(A) P(B).

©CONDUORWN
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b. Teopema yMHOXeHUSI BepoOATHOCTEWN. BepoATHOCTL COBMECTHOro MOSIBNEHUS [OBYX
COObITWIN paBHa NPOM3BEAEHNI0 BEPOATHOCTU OAHOMO U3 HUX HA YCITOBHYK BEPOSATHOCTb
APYroro, BbIYMCMEHHYIO B NPEANOSIoXEHMN, YTO NepBoe cobbiTne yxe HacTynuno: P(AB)
= P(A) Pa(B).
3. BepossmHocmb nosiesieHUs1 xomsi 6b1 0OHO20 U3 He3aeUCUMbIX CO6bImul.
Ecnn cobbitust Ay, Ay, As,... A, HE3ABUCUMbI B COBOKYMHOCTH, npudeM P(A;) = p1, P(As) = p2, P(Az) = psu
T.4.; d1, 92, 93, ---, Qn— BEPOATHOCTU MPOTUBOMONOXHbLIX COBLITUN.
BeposiTHOCTb HacTynneHus cobbiTua A, COCTOSLLIEro B HACTYNNeHnn xoTs 6bl 0aHOro n3 cobbitnin A, A,,
As,... A, paBHa:
P(A) =1 -0d10203---Gn.
4. BeposimHocmb nosiesieHuUsi MoJsibKo 00H020 u3 d8yx cobbimudi. P(A) = p1Q, + p2Q:
3apauu
1.
Cpeau coTpygHunkoB ompmbl 28% 3HalOT aHrMMACKUA a3blK, 30% — HEMELKUIA; aHTITMNCKUA U HEMELKKUI —
8%. HaliTn BeposiTHOCTb TOro, YTO CIy4anHO BblOpaHHbIN COTPYAHMK (OMPMbI 3HAET XOTHA Obl OAMH A3bIK.
MmeeTcs 3 awmka, cogepxawmx no 20 getanen. B nepsom dwmke 12, BO BTopom 5 1 B TpeTbem 9
CTaHOapTHbIX AeTanen. M3 kaxgoro siluvka Haygady BbIHMMAKOT MO OOHOW AeTann. HanTtn BepoATHOCTb
TOro, YTO BCE AeTarnm OKaXyTcs CTaHAapPTHLIMMU.
2.
Mpoussoagntca 6ombomeTaHue no Tpem cknagam 6oenpunacos, npudem cbpackiBaetTca ogHa Gomba.
BeposaTHocTb nonagaHus B nepsbivi cknag 0,025; Bo sTopon — 0,03; B Tpetun 0,019. MNpn nonagaHun B
OIMH 13 CKNagoB B3pbiBAlOTCH BCe TpU. HaliTn BEpOATHOCTb TOro, YTO CKnaabl OyayT B3OPBaHbI.
B anekTpuyeckyto Lenb nocnefoBaTenbHO BKOYEHbI TPY deMeHTa, paboTatolmne He3aBMCcMMO OOUH OT
apyroro. BepoaTHOCTM 0TKa30B NepBoOro, BTOPOro U TPETbLEro 3f1IEMEHTOB COOTBETCTBEHHO PaBHbIL: P, =
0,1; p, = 0,15; p, = 0,2. HaiiTu BEpOATHOCTb TOrO, YTO TOKa B Lenu He OyaeT (He paboTaeT xoTsa 6bi 1
3MEMEHT).
3.
MmeeTcs 3 awmka, cogepxawmx no 15 getanen. B nepsom dwmke 5, Bo BTopom 7 1 B Tpetbem 10
CTaHOapTHbIX AeTanen. M3 kaxgoro silivka Haygady BbIHMMAKOT MO O4HOW AeTanu. Hamtu BeposTHOCTb
TOro, YTO BCE AeTarnm OKaxyTcs CTaHOapTHBIMU.
Cpeau ctygeHnToB rpynnbl 15% MMeT OTNnYHbIE OLEHKM no matematuke, 34% — no uctopun. MNpu aTom
12% saBngawTCa OTNUYHMKaMM no obeum aucuunnuHam. Hamtm BEpOATHOCTb TOro, YTO CryYanHO
BbIOpPaHHbI CTYOEHT YUUTCHA Ha KOTIIMYHO» XOTSA Obl MO OAHOM AUCUMMINHE.
4,
OTaen TeXHNYECKoro KOHTPOIS NPOBEPSET U3Oenusa Ha CTaHAapTHOCTb. BeposiTHOCTL Toro, UTo M3genve
cTaHgapTHo, paBHa 0,9. Hantm BepoATHOCTb TOro, YTO U3 ABYX MPOBEPEHHbIX U3AENWA TOMBKO OLHO
CTaHAapTHOE.
B awmke 10 getanen, u3 KOTOpbIX YeTblpe OKpalleHbl. COOpLMK Haygady B3san Tpu getanu. Hantm
BEPOATHOCTb TOrO, YTO XOTHA Obl OAHA U3 B3STbIX AeTanen okpalleHa.
Pewums 3adayvy dgymsi criocobamu.
5.
Ha nonke ctoaTt 6 y4yebHUKOB no matematuke 1 3 no nHgopmaTtuke. C nonkm Haygady 6epetcst cHavana
OAuH y4ebHuk. MNoTom BTOpOW. HawmTn BepoATHOCTb, YTO MnepBas B3dTad kHura 6yget yd4eBHukoM no
WHpopmaTumke, a BTopas y4ebHMKOM NO MaTeMaTUKE.
B awmke Haxoautca 8 ctaHOapTHbIX M 6 HeCcTaH4apTHbIX AeTanu. Hayoayy BbIHMMaeTCsl cHavyana ogHa
AeTtanb, a noTom BTOpas. HanTu BepoATHOCTb, YTO MepBasd B3dATas geTanb CTaHgapTHas, a BTopas
HecTaHgapTHas.
6.
YCTPOWCTBO COOEPXMT OBa He3aBMCMMO paboTalolmx arnemeHTa. BeposiTHOCTM oOTkasa 3neMeHTOB
cootBeTcTBeHHO paBHbl 0,05 u 0,08. Hantu BeposATHOCTM OTKasa YCTPOWCTBa, ecnu Ans 3Toro
[OCTaTO4YHO, YTOObI OTKa3arn xoTa Obl OAWNH 3MEMEHT.
M3 naptum magenun ToBapoBen oTOMpaeT v3genus BbiCLLEro copta. BepoaTHOCTb TOro, 4To Haygady
B3ATOE WU3Jenve OKaXeTCHa Bbiclero coprta, pasHa 0,8. HanWTu BepoATHOCTb TOro, 4TO M3 OBYX
NPOBEPEHHBIX N3AENUIA TONBKO OAHO BbICLLErO COpTa.
7.
Ha ctennaxe 6ubnmoTekn B Cny4YaiHOM Mopsiike paccTaBneHo 15 y4yeBGHUKOB, Mpuyem MsTb M3 HUX B
nepennete. bubnuortekapb 6epeT Hayaayvy Tpu y4yebHUKa. Hantn BepoATHOCTb TOro, YTo XOoTsa 6bl 0aMH
13 B34TbIX y4eOHUKOB OKaxeTcs B nepenniete (cobbitue A).
Pewums 3adayy dgymsi criocobamu.
MacTtep obcnyxuatoT 5 ctaHkoB. 20% paboyero BpeMeHU OH NMPOBOAWUT y NMepBoro crtaHka, 10% - y
BTOpOro, 15% - y Tpetbero, 25% - y yetBeptoro, 30% - y naTtoro craHka. Hamtu BepoAaTHOCTb TOro, 4YTO B
Hayaaudy BblOpaHHbIi MOMEHT BpeMeHU MacTep HaxoauTtesa y 1, unu 2, unu 3 ctaHka.
KOHTPOIJIbHBLIE BOMPOCHI
1. Yem oTnunuaeTcs onepauusi CroxXeHns BepOATHOCTEN OT Npon3BeaeHns?
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2. 3anvwwuTte cnocobbl, KOTOPbIMM MOXHO paccyuTaTb BEPOSTHOCTb MOSBMEHUss XOTA Obl 0gHOro
cobbITna?

Tema. 3aKkoH pacnpeneneHus
Llenb: npoBecTM AMArHOCTMKY YCBOEHMS OCHOBHbLIX MOHATUM U (pOpMyn MO TEopuu BEPOATHOCTU WU
NOHVMaHWs 3aKoHa pacrnpeaeneHus
3apaum: BbISBUTb YPOBEHb YCBOEHMWS 3HAHWUI yYaLLMMmICS.
MHCTpyKLUMA NO BbINONIHEHUIO PaboThbl
Ha oTBeTbl, Ha Bonpockl No Matematuke gaetcsa 90 muHyT. PaboTta coctouT n3 25 BonpocoB Ha 3HaHue
onpegeneHni n matematmyecknx opmyrn, a Takke BO3MOXHOCTU CaMUM NPUBECTU NPUMEPSI.
B 3agaHuax HyXHO HanucaTb YeTkoe onpegeneHne unu opmyny wnu npueectu npumep. CoseTyem
ANsi 3KOHOMWW BPEMeHU NponyckaTb 3agaHue, KoTopoe He yaaéTtcs BbINOMHUTL cpasy, W nepexoanTtb K
cnegyowemy. K BbINOMHEHMIO NPONYLLEHHbIX 3a4aHn MOXXHO BEPHYTbCH, ecnu y Bac octaHeTcs Bpems.
3a kaxapli MpaBuMbHbBIN OTBET Aaétca oanH 6ann. bannbl, NonyyYeHHble BaMu 3a BCE BbIMOMHEHHbIE
3afaHus, cymmupylotcd. [locTapanTecb BbIMONMHUTL Kak MOXHO Oomnblie 3ajaHui u  HabpaTtb
HanborbLuee kKonuM4yecTso Ganmos.
Bonpocbl

1. CdopmynupyiTe Knaccuyeckoe onpegeneHme BeposITHOCTU. B 4yem orpaHM4YeHHOCTb 3TOro
onpegenenuns? B yem pasnuune mexay BEpPOATHOCTBIO U OTHOCUTENBHON YacTOTON?

2. Korga npyMeHsiloT reomeTpuyeckoe onpeaeneHne BeposaTHOCTM? MNovemMy B aTUX criyyasix
Hemnb3s NoNb30BaTbCS KNAaCCUYEeCKNM onpegeneHnem?

3. [Hawvite onpegenexHve cymmbl cobbITMR. [NpuBegnTe NpUMeEpbl: CyMMbl ABYX HECOBMECTHbIX
COBbITMI; CYyMMbI BYX COBMECTHbIX COObITUIA.

4. CdopmynmpynTe 1 AOKaXKMTE TEOPEMY O CITOXXEHUN BEPOSATHOCTEN HECOBMECTHBIX COBLITUIA.

5. [awvite onpegenexHve nponsseneHns cobbiTun. MNpuBeguTe npyMepsbl: NPON3BeaeHNs OBYX
HEe3aBNCUMbIX COObITUI; MPOU3BEAEHMS OBYX 3aBUCUMbIX CODBLITUNA.

6. UYTo Takoe ycrnoBHasi BEPOSATHOCTbL?

7. Cdopmynupywnte Teopemy 06 YMHOXEHMUN BEPOSATHOCTEN AN ABYX cObbITUA (06LLMIA
cnyyan). Kakyto doopMy NpuUHMMaEeT 3Ta Teopema B criyyae, Korga cobbiTusa He3aBUCUMbI?

8. [lpueeante hpopmyny NONHON BEPOATHOCTH.

9. [pueeaute copmynsl baneca.

10. Yro Takoe cxema bepHynnu?

11. B kakux cnyyasx npumMmeHsitotes: opmyna bepHynnu; Teopema NyaccoHa; Teopema Myaspa-
Jlannaca?

12. MNpueeguTe NpuMepbl ANCKPETHBIX U HEMPEPLIBHBLIX CyYariHbIX BENUYMH.

13. YTto HasbiBaeTCH 3aKOHOM pacnpegeneHns BepOsSTHOCTEN CryYanHON BENUYMHbI?

14. YT0 Ha3blBaeTCA MaTeMaTUY4ECKUM OXUAaHMeM CRy4anHOW BenmunHbl? Kak oHO
obo3HavaeTca? [JokauTe ero cBomcTaa.

15. Yto HasbiBaeTcHa aucnepcuer cnyvyanHom BenmumHbl? Kak oHa obosHavaeTcsa? [okaxuTe ee
cBouncTBa. Kak B3anmocBs3aHbl cpegHeKkBaapaTU4eckoe OTKNOHeHWE 1 agucnepcus?

16. Yemy paBHbI YMCIIOBbIE XapaKTePUCTUKM BUHOMMANbLHOro pacnpeneneHus; pacnpeneneHus
MyaccoHna?

17. Yo HasbiBaeTCcHa hyHKUMEN pacnpegeneHms cnyv4anHon BennuunHbl? Chopmynupyite ee
cBouncTea. B yem pasnuune rpadmkoB ddyHKUUI pacnpeneneHns Ans HenpepbiBHOW N AN ANCKPETHON
CnyvavHbIX BENUYNH?

18. JanTe onpeneneHne NNOTHOCTW pacnpeaeneHns BepoAaTHOCTEN HENPEPLIBHOW CyYanHown
BENNYMHbLI, CHOPMYINMPYNTE ee CBONCTBA.

19. Kak HarTu BEpOSAITHOCTb TOrO, YTO HENPEpPbIBHAA CnyyanHasi BenuuvHa npumeT 3HaYeHne n3
OaHHOro UHTepBarna, ecnv U3BecTHa: ee yHKUUSA pacnpeaeneHus; ee nNNoTHOCTb pacnpeneneHuns
BEPOATHOCTEN?

20. Kak B3aMmMmocBsi3aHbl (byHKLMSA pacnpefeneHns u NoTHOCTb pacnpeaeneHns BeposaTHOCTEN
CcnyyavHon BENUYMHbI?

21. Hangute M[X] n D[X] cny4aiiHon BENWYMHLI, pacnpeaeneHHon paBHOMEPHO Ha UHTepBarne
(a; 8).

22. KakoB BEpOATHOCTHbIN CMbICI NapaMeTpoB a U 0 Cny4yanHoW BENUYUHbI, pacnpeaeneHHom no
HOpManbHOMY 3aKOHY? HanuwimnTe NAOTHOCTb HOPMANbHOTO pacnpeaerneHuns.

23. B uem 3akntovaeTtcd “npasuno Tpex curm®? Kak, nonb3ysce 9TUM NpaBuioMm, HamTu
HavMeHbLUlee 1 HanborbLuee 3Ha4YeHNst HOPMarbHO pacnpeaeneHHON CryYanHON BENUYMHbBI?

24. CKonbko napaMeTpoB UMEET NokasaTenbHoe pacnpegenenune? Kak Hantu gns gaHHoro
pacnpegenexus M[X], o[X]?

Tema. BbluncneHme mateMaTn4yeckoro oXXupgaHusa u gucnepcum cry4yanHom BenmUmHbl

Lenu n 3apgaumn: 0606WNTb U cMCTEeMaTU3MpOBaTb 3HAHWS MO TemMe, NPOBECTU AMAarHOCTUKY YCBOEHMS
CUCTEMbI 3HAHWIA U YMEHWI BbINOMNHATL 3a4aHus CTaHA4apPTHOrO YPOBHS.

O6ecneyeHue NpakTUYeCKom paboThbl:

KoHcnekT.
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KapTouku ¢ 3agaHnsmu.

1. OGpa3syloT N NONHYH rpynny crieaytoLme rpynnbl COObITUIA: a) ONbIT — BpocaHMe MOHETLI; CObbITUS:
Al — nosiBneHune repba; A2 — nossneHune undpbl; 6) onblT — GpocaHne ABYX MOHET; cobbITns: Bx—
nosiesneHue AByx repbos; B2 — nosiBrieHne AByx Uudp; B) ONbIT — ABa BbICTPEna no MuULLEHN; cOBbITUSA:
A0 — Hu ogHoro nonagaHus; Ax — ogHO nonagaHve; A2 — ABa nonagaHus; r) onblT — ABa BbICTpena
no muweHun; cobbitua: Cl— xoTta Obl ogHO nonagaHue; C2 — xoTa Obl oguH NpomMax; A4) onblT —
BblHMMaHWe KapTbl U3 Konofpl; cobbiTnsi: D1— nosiBneHve KapTbl YepBOHHOW MacTu; D2 — nosBneHune
kapTbl 6yoHoBOM MacTu; D3 — nosiBneHve kapTbl TpedOBON MacTn?

2. B ypHe a Genbix (6) 1 b 4epHbix (4) wapoB. N3 ypHbl BbIHUMAKT (OAHOBPEMEHHO WK
nocrnefoBaTenbHO) ABa Wwapa. Hantu BeposaTHOCTb TOro, 4To o6a wapa éyayT 6enbimm 1.

3. B ypHe a Genbix n b 4yepHbix wapoB. 3 ypHbI BbIHUMAKOTCA cpa3y ABa Lapa. HanTu BeposiTHOCTb
TOro, YTO 37U Wapbl OyayT pasHbIX LBETOB.

4. B ypHea 6enblXx, b 4YepHbIX U C KpacHbiX (K) wapoB. Tpu M3 HUX BblHUMAKOTCA Hayrag. Hantu
BEPOATHOCTb TOrO, YTO MO KparHen mepe ABa U3 HUX OyayT OAHOLBETHLIMMU.

5. BpocatoTca aBe MoHeThl. PaccmatpuBatotca cobbiTua: A — BbinageHue repba Ha nepBon MoHeTe; B
— BbInageHue repba Ha BTopon MoHeTe. Hantn BepoAaTHOCTb cobbitna C = A + B.

6. M3 nonHon konogbl kapT (52 kapTbl) BbIHUMAKOT OLHOBPEMEHHO 4YeTbipe KapTbl. PaccmatpuBatotcs
cobbiTna: A — cpeam BbIHYTbIX KapT BbygeT xota 6bl ogHa 6y6HOBOW MacTu; B — cpeaun BblHYTbIX KapT
OygeT xoTs Obl ogHa YepBOHHOM MacTu. Haiitu BeposiTHOCTb cobbiTua C = A + B.

7. V3 nonHou konodel kapT (52 nucta) BeIHUMAKTCA cpa3y YeTbipe KapTbl. HanTu BeposaTHOCTb TOro, YTO
BCE 3TW YeTbIpe KapTbl OyayT pa3Hbix MacTen.

8. B ypHe 0 6enbix 1 b YepHbIX WapoB. M3 ypHbl BbIHUMAOT Hayrag oguH wap. Hantn BeposiTHOCTb TOro,
YTO 3TOT Wap — 6enbin.

9 B ypHe a 6enbix n b YepHbIX WwapoB. N3 ypHbI BbIHYNW OQWH LWap W, He rMAAs, OTIIOKWUIIN B CTOPOHY.
Mocne aToro 13 ypHbl B3anu elle oauH wap. OH okasancsa 6enbiM. HanTn BeposaTHOCTb TOro, YTO NepBbin
Lap, OTMOXEHHbIN B CTOPOHY, — Toxe 6enbIn.

10. B ypHe a Benbix 1 6 4YepHbIXx WapoB (a >2). W3 ypHbl BbiHMMAOT cpady ABa wapa. Hawntu
BEPOSITHOCTb TOro, YTo 06a Wwapa oyayT 6enbiMu.

«2» «3» «4» «5»

0-5 6-8 9 10

BbluncneHme mateMaTM4eCKOro OXXnaaHusa u gucnepcum cny4yanHon BenuYmMHbI»

Llenb: 3akpenneHve TeopeTUYecKoro maTtepuana rno U3y4eHWo cpefHero KsagpaTU4HOro OTKIOHEHMUS
ancnepcun AUCKPETHOM Cny4yarHON BENUYUHBI

MeTtoauyeckne ykasaHus

[duncnepcusa nmeeT pasMepHOCTb PaBHYIO KBagpaTy pasMepHOCTU CriyYanHoW BennymHbl. [1oaTomy B Tex
cnyyasix, Korga »enartenbHo, 4TobObl OueHKa paccesHus MMena pasMepHOCTb Cry4YanHOW BErUYMHBI,

alX)=.JD{X)
BbIYUCIIAIOT HE AMCNEPCUIo, a cpeaHee KBaapaTuyeckoe OTKNOHEHUe:
CpenHee kBagpaTMyecKkoe OTKIOHEHVME pPaBHO KOPHIO KBagpaTHOMY M3 Oucrnepcuu, MNOo3TOMy €ro
pasMepHOCTb paBHa pasMepHOCTU Criyd4anHOM BenuuuHbl. Hanpumep, ecnu X BolpaxaeTcs B NMUHENHbIX

a{ X) 3

mMeTpax, To TOXe BblpaxaeTcs B NMHENHbIX MeTpax, a D(X) — B KBagpaTHbIX MeTpax.

2. Mpumep:

Haintn cpefgHee kBagpaTu4HOE OTKMOHEHWE cnyyYyanHou BenuuuHbl X, 3afaHHOM crnefyrolmnm 3akoHOM

pacnpeneneHus:

X2 4 6 8

P 0.20.150.350.3

PeleHue.

Haigem matematuyeckoe oxugaHue M(X):

M(X)=2*0.2+4*0.15+6*0.35+8*0.3= 5.5

CocTaBuMM 3aKoH pacnpegeneHnst cnydamHonm BeNUYMHbI XZ:

X* 4 16 36 64

P 0.2 0.150.350.3
M(X?)=4*0.2+16*0.15+36*0.35+64*0.3=0.8+2.4+12.6+19.2=35
D(X)=M(X?)-M*(X)=35-(5.5)°=35-30.25=4.75

Haiinem cpeaHee KBaapaTUYHOE OTKIOHEHME: o(X) = \/D(X) =V4.75 = 2.18

Mpumepbl oNsi CaMOCTOATENbHOIO pelleHuns

1. JaHo cnepytoulee pacnpegeneHne AMCKPeTHON cryvYarHon BenNnynHbl X

X1 2 4 5

P 0.310.1 0.29 0.3

HaiiTn ee maTemaTudeckoe oxuaaHue, OUCNEpPCUI0 U CpefHeKBaapaTUYHOEe OTKNOHEHWE, UCMOoMb3ys
dopmynbl ANs UX onpeaeneHust.

2. [laH psa pacnpeaeneHuns GUCKPETHOW CryYanHon BenuymnHbl X:
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X; | 10 20 30 40 50 60

b, 1024|036 | 0,20 | 0,15 | 0,03 | 0,02

Hantn ee matematuyeckoe oxugaHve, QUCNEPCUIO U CpeaHEKBaApaTUYHOE OTKITOHEHME.

3. CnyyanHas BenuumHa X 3agaHa criefyloLLmMmM 3aKOHOM pacrnpeaeneHus:

x1 3 6 8

p;0,20,10,40,3

HanTn M(x) — mMmartemaTtmyeckoe oxuaaHue, D(X) — pgucnepcuio, o(X) — cpedHee KBagpaTudeckoe
OTKIMOHEHMWE CyYanHOWN BENNYMHBI

4. HanTtn cpegHee KBagpaTM4eckoe OTKIOHEHME CIydaiHOW BenuymHbl X , KOTopas 3agaHa criegyroLlmm
PSAOM pacnpeeneHus:

X2 3 10

P0,10,40,5

Tema. OCHOBHbIE MOHATUA MaTEMaTU4ECKOW CTaTUCTUKU
OnemeHTbl cTaTUCTUKN. Pag HabnopeHui. Tabnuua pacnpegenerHuns. OTHocuTenbHas YacrtoTa
nosiBneHms cobbiTus.
MpakTnyeckne paboTbl. [locmpoums rnoU20H Yacmom 8 8blbopKe.
MeToaunyeckue ykazaHus

YucnoBble xapakTepUCTUKUN BbIOOPKU.

lMpu npoBegeHMM CTAaTUCTUYECKOTO MWCCNedoBaHuMs nocne cbopa W rpynnyvpoBKU  LaHHbLIX
nepexoadaTt K ux aHanuay, UCnonb3ysi Ang aToro pasnuyHble obobuaowme nokasatenu. MNMpocrtenmmm
U3 HUX ABMAKOTCH: cpegHee apudmeTudeckoe (cpegHee BbIbopoyHoe), MOAa, meanaHa, pasmax.

1) CpedHee apughmemuyeckoe (x_ﬁj(cpedHee 8bI60pPOYHOE) VMMEET ABOWHOWM CMbIC/: OHO
MOXEeT OblTb CpegHUM 3HAYeHMEM Mpu3Haka B OAHHOW COBOKYMHOCTM (Hanpumep, cpefHasa 3apnnarta
oTgena); 3Tto nNpuBNMXKEHHOEe 3HavyeHMe MOCTOSHHOW BeNUYMHbI, MNOABEPralwencs U3MeHeHUsaM
(Hanpumep: pocT YernoBeka).

[nst HaxoXaeHWs cpeaHero 3HavyeHnst BbIGOPKM HYXKHO:

- CNOXWTb BCe pe3ynbTaTbl, BXogsLme B BbIOOPKY;

- MONTYYEHHYIO CYMMY pa3fenutb Ha KONM4YecTBO pe3yrbTaToB.

[nsi HaxoXaeHWs cpeaHero BbIOOPOYHOIO HYXKHO:

- KaXXOYH0 BapuaHTy YMHOXUTb Ha €€ 4acToTy;

- CINOXWTb BCE MOMyYeHHbIE MPON3BEOEHMS;

- pa3genutb HalAeHHy CyMMy Ha 06bEM BbIGOPKN.

2) Pasmax ebl6OpKu — 3TO pa3HOCTb MexXay Havbonblled U HauMeHbLUEW BapWaHTOW.

R = Xmax — Xmin

3) Moda ebI60pKu — 3TO Hanboree YacTo BCTpevaloLLlasics BapnaHTa (MU).

CnoXHOCTb B TOM, YTO pefKasi COBOKYMHOCTb UMEET €ANHCTBEHHYIO MOAY.

CornaweHuns no nosoay MoAbl:

- Ecnn BCce 3HaueHus B rpynne BCTPEYAKTCA OAMHOKOrO 4acTo, CUYUTAKT, YTO Y OAHHOW rpynnbl,
Mogbl HeT.

- Korpa gBa cocegHux 3Ha4YeHMs1 UMEKT OAMHAKOBYIO 4acTOTy M 3TU 4vacToTbl Oonblue niobbix
APYrvX 4acToT B rpynne, TO MOAOW CUYNATAIOT CPeQHEee OT 3TUX ABYX 3HAYEHUN.

- Ecnv oBa HECMEXHbIX 3HAYEHWs MMEKT PaBHYK U HaMbOMbLUYKO B AAHHOW rpynne 4acToTy, TO Y
3TON rpynnbl eCTb ABE MOAbl, Takas rpynna HasbiBaeTcs GumoaansHOM.

Ecnn pacnpegeneHne WMMeeT HECKONbKO Mo, TO TOBOPAT, YTO OHO MYyNbTMMOZANBHO WK
MHOroMoganbsHO. MynbTuMOganbHOCTb pacnpedeneHns daeT BaxHyl WHdopmauuio O npupoge
uccrnegyemMoro npusHaka. Hanpumep, B COLMONOrMYECKMX ONpocax, ecrv Npu3Hak npeacrasnseT cobon
npeanoyYTeHNEe UM OTHOLLUEHME K YEMY-TO, TO MYNbTUMOAANbHOCTb MOXET O3HayaTb, YTO CYLLECTBYHOT
HECKOJIbKO OnpeaeneHHO pasrnyHbiX MHEHUNA.

4)MeduaHa ebI6opKU — 3TO CEpeaNHHOE 3HAYEHNE YNOPSA0YEHHOTO psiga BblIOOpKU (ME).

Ecnu B paay HEYETHOE YMCINO 3NIEMEHTOB, TO MeAMaHa paBHa 3HAYEHUIO LEHTParibHOro arieMeHTa.

Ecnu B pagy 4é€THOE 4nCno 3NeMeHTOB, TO MeauaHa paBHa CpeaHeMy apudMETUYECKOMY ABYX
LeHTpanbHbIX 3HA4YEHWNA.

Mpumep 1

[an BapunauunoHHbIn pag: 4, 6, 3,8,4,3,5,4,5,6,4,3,6,5,4,3,5,7, 8, 4.

CocTaBuM Tabnuuy pacnpegeneHns 4acToT:

X 3 4 5 6 7 8

n, 4 6 4 3 1 2

Haligem pasmax, mony v cpegHee BbIGOpOYHOE:
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R=X,, — Xpyn=08—50=23

Mﬂ=4

344+ 4-64+5-4+6-3+7-1+8-2

X, = = 4,85
20

3apgaHus

1) Haiitn cpeaHee apudpmeTuyeckoe, pasmax psiga Ymcen:
a) 24, 22, 27, 20, 16, 32

24+ 22+27+20+16+ 32
X, = 6 =235

R = Xpax — Xppin = 32— 16 =16
6) 35, 5, 23, 5, 28, 30
35+5+23+5+28+30
X, = =21
6
R=x,,. —Xpnn=35—5=30

2) Hantn meguaHy psga yucen:

a) 30, 32, 37,40, 41, 42, 45, 49, 52 — ynopsagoyYeHHbIN pag 13 AeBATU SNIEMEHTOB. ME - 41.
0) 102, 104, 205, 207, 327, 408, 417 — ynopsiA04YeHHbIN pag U3 CEMU 31IEMEHTOB. ME - 20?.
20422
M, = =21

B) 16, 18, 20, 22, 24, 26 — ynopsago4eHHbIN psif, U3 WeCTn 311eMEHTOB.
N 12; 14; 2,2; 2,6; 3,2; 3,8, 4,4, 56 — ynopsgoYeHHbIn psg W3 BOCbMWU 3IIEMEHTOB.
2,6+3,2

M, = =29
2

=

3agaHuA npakTnveckon paboTbl

1. NpoBeas y4é€T umcna GpakoBaHHbIX geTtanen B 10 Awmkax ¢ OOMHAKOBbIM YMCIIOM geTanen,
nony4Yunnu crnegyowmn pag ganmeix: 1,2, 2, 3,1,0, 2, 1, 3, 2.

CocTaBuTb BapuauuoHHbIV psad, Tabnuuy pacnpepeneHuns yacTtoT. Hangute gna atoro psaga
o6bem BbIGOPKK, cpeaHee apudmeTuyeckoe, pasmax, MeaMaHy u moay. INocTponTb NONUIOH YacToT B
BblOOpKe.

2. Otmevast Bpemsi (C TOYHOCTbIO OO MWHYThI), KOTOpOe Tokapu Opuragbl 3aTpatunu Ha
06paboTKy 0AHON AeTanu, NONy4Yunn Takon psg AaHHbIX:

30, 32, 32, 38, 36, 31, 32, 38, 35, 36, 32, 40, 42, 36, 33, 35, 32, 32, 40, 38.

CocTaBuTb BapuauMoOHHbIA psid, Tabnuuy pacnpepeneHus yacTtoT. Hangute pgns atoro psga
o6beM BbIGOPKK, cpeaHee apudmeTndeckoe, pasmax, MeamaHy u mogy. NocTpoutb NOMUIOH YacToT B
BblOOpKE.

3. B opraHusaumm Benu exXxedHeBHbIN Y4Y4€T NOCTYNMBLUMX B TeyeHue Mecsiua nvcem. B
pesyrnbTaTe Nofy4ynnu Takon psg AaHHbIX:

39, 43, 40, 0, 56, 38, 24, 21, 35, 38, 0, 58, 31, 49, 38, 25, 34, 0, 52, 40, 42, 40, 39, 54, 0, 64, 44,
50, 38, 37, 32.

CocTaBuTb BapuauuoHHbIM psd, Tabnuuy pacnpepeneHuns yacTtot. Hanmgute gns atoro psaga
o6bem BbIGOPKK, cpeaHee apudgmeTuyeckoe, pasmax, MeamaHy u moay. MNMocTpontb NONUIoH YacToT B
BblOOpKe.

MoaroToBka 0Oy4aOLLMXCS K MPAKTUYECKUM 3aHSITUSIM OCYLLECTBIISIETCS C Y4ETOM OOLLIEN CTPYKTYPbI y4eBHOro
npouecca. Ha npakTnyeckux 3aHATUSX OCYLLECTBISIETCA BXOOHOW M TEKYLLMIA ayaUTOPHLIA KOHTPONb B BMAE
onpoca, Mo OCHOBHbLIM MOHATUAM AUCLMMNUHDI.

MoaroToBKa K NPaKTUYECKUM 3aHSATUSA nogpasyMeBaeT npopaboTky KOHCNeKToB. [nsi ocyLecTBNeHns
paboTbl MO MOArOTOBKE K 3aHATUSM, HeobXOoOMMO O3HAKOMUTbLCS C METOAMYECKMMM YKasaHUsMWU MO
AVCUWNIIMHE, BHUMATENbHO O3HAKOMUTLCS C NIUTEPAaTypOl U 3NEKTPOHHBIMU pecypcamMu, ¢ pekoMeHaaLmsiMm
Mo MOAroTOBKeE.

2.2. MeToanyeckune ykazaHusi No opraHu3aumm caMoCcTosTeNIbHOW paboTbl oby4arowmxcs
CamocTosiTenbHas pabota obyyaroLumxcs He npegycmoTpeHa y4ebHbIM NnaHom
3. MpomexyTo4yHas (cemecTpoBas) aTTecTayus rno Kypcy

3.1 HopmaTtuBHas 6a3a npoBegeHusi
NPOMEXYTOYHOM aTTecTaumMm oby4varlumnXcs no pesynbTataM U3y4eHUss AUCLUMUNIIUHbI:

1) «lMNonoxeHwne o TeKyLleM KOHTpOJ1e yCneBaeMOCTH, npomemyTquoﬁ artTecrtauunm o6y'-|a+ou.|,v1xc;| no
nporpaMmmMmam BbICLLUEro 06paSOBaHI/IF| — nporpamvam 6aKanaBpmaTa, nporpaMmmMmam cneumnannTeTa,
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nporpaMmam MarucTpaTypbl U cpefHero npogeccuoHanbHoro obpasosaHus B Pr60Y BO Omckuin FTAY»

OCHOBHbI€ XapaKTepPUCTUKM

I'IpOMe)KYTO‘-IHOﬁ aTTecTauumn 06yqarou.w|xc;| no uToram n3yv4yeHnd gUCUUNIIUHbI

Llenb yCTaHOBMEHNE YPOBHSA JOCTVXKEHUS KaxabIM 0byyarowmmces Lenen
NPOMEXYTOYHOW aTTecTaumm - 00y4eHuns Mo JaHHOW QUCUMNIVHE
dopma

I'IpOMG)KYTO‘-IHOVI arrecrauum -

9K3aMeH

MecTto 3k3ameHa
B rpaduke y4yebHoro npotecca:

1) NoaroToBKa K 3K3aMeHY OCYLLECTBNSIETCS 3a CYET y4eGHOro
BpeMeHM (TPyOoEMKOCTM), OTBEAEHHOMO Ha 3K3aMEHALIMOHHYHO
ceccuto aAns obyyaroLmUXcsi, CPOKU KOTOPOM yCTaHaBNMBalOTCS
npukasom no cunuany

2) paTa, BpeMs U MECTO MpPOBEAEHUS 3K3aMeHa onpeaensieTcs
Fpad)VIKOM cOayn 3K3aMeHOB, yTBepXaaeMblM 3aMeCcTUTenem
avpektopa Tapckoro hmunmnana no obpasoBaTenibHOW N HAYYHOWN
oeAaATenbHOCTU

OcHoBHbIE ycnoBua noaroToBKK K
aK3aMeHy

npoxoXxaeHmne 3aKkrnynTeribHoro TeCTUupoBaHuA, No pesynbtaTtam
OCBOEHUNA ANCUUNTTUHBI

dopma npoBegeHUs -

(MUCbMEHHBIN, YCTHbIN)

Mpoueaypa NpoBefeHVs 3Kk3ameHa -

npegcTaeneHa B POHAE OLEHOYHbIX CpeacTB No ANCUMMIIMHE

OK3ameHauMoHHasa nporpaMmma
no y4ebHoM gucumnimHe:

1) npeacTaBneHa B POHAE OLLEHOYHbIX CPEACTB MO AUCLMNIINHE

OCHOBHbIE KPUTEPUMN [OCTUKEHUS
COOTBETCTBYHOLLENO YPOBHS
OCBOEHVS NporpamMmbl y4eGHoM
AMCLUNIIMHBI, UCMOSIb3yeMble

Ha 9K3aMeHe,

npeacTaeneHbl B M. 4 paboyeit nporpammel

3.2. 3akn4ynTenbHoe TeCTMpOBaHWe NO UTOram U3yyeHUss AUCLUUNIIUHDbI

Mo wToram N3y4eHnA

OVCLMMINHBI,

06yqalou.|,l/|ec;1 npoxogdaTtr  npensk3aMeHaunoHHOoe

TecTupoBaHue. TecTupoBaHue ABRseTcs (POPMOW KOHTPOMs, HaMpaBfeHHOW Ha MpPOBEPKY BrageHus
TEPMUHOMOMMYECKUM annapaTtoM, COBPEMEHHbIMW WUHMOPMALUOHHBIMU TEXHOMOTMAMM U KOHKPETHbLIMU

3HaHNAMM NO AncuuniinHe.

3.2.1 NoaroToBKa K 3akKnr4vnTenbHOMy TeCTUPOBaHUIKO NO nToram nlydyeHmsa AoNCUNNMIINHLI

TeCTI/IpOBaHVIe OCyLlecCTBNnAeTCA No BCeM TeMamM 1 pasgenam aucumnniimHbl.

Mpoueaypa TecTUpoOBaHMA

orpaHmn4eHa BO

BpemMeHn w1 npegnonaraetr MakcunmalribHoe

cocpenorto4yeHmne 06yL|arou.|,eroc;| Ha BbINOJIHEHUN TeCTa, coaepXallero HeCKOJIbKO TECTOBbIX 3agaHuni.

3.2.2 WWKANA U KPUTEPUN OLLEHUBAHUA
OTBETOB Ha TeCTOBbl€ BOMPOCH! TECTUPOBAaHWNSA MO UTOraM OCBOEHUS AUCLIUNITUHDI

- OueHKa «OTNWYHO» BbICTaBnseTca obydatowemycsd, ecnu nonydeHo 6onee 80% npaBUnbHbIX

OTBETOB.

- OLeHKa «xopoLloy - nonyyeHo oT 71 oo 80% npaBunbHbIX OTBETOB.
- OLeHKa «yOOBMNEeTBOPUTENBHOY - MONyyYeHo oT 60 0o 70% npaBuiibHbIX OTBETOB.
- OUEeHKa «Hey4OoBMeTBOPUTENbHOY - MONy4YeHO MeHee 60% npaBuIbHbIX OTBETOB.
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