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BeeaeHue

1. Hacrtosiwee un3gaHve €BRSieTCS OCHOBHbIM OpraHM3auVoOHHO-METOANYECKUM [OKYMEHTOM
y4ebHO-MeToaNYEeCKOro KoMMmekca no AMCUMMNIMHE B COCTaBe MporpamMmbl NOArOTOBKU CMeLuanucToB
cpeaHero 3BeHa (MMNCC3). OHO npegHasHa4eHo cTaTbh AN HUX MEeTOOUYECKOM OCHOBOW MO OCBOEHWUIO
AAHHOW OAMCUMMIVHLI.

2. CopepxaTenbHOM OCHOBOW AOnis1 pa3paboTkM HacTosiero u3gaHus nocnyxuna Pabouas
nporpaMmma y4ebHOW AMCLUNMMHBI, YTBEPXKOEHHAsi B YCTaHOBNEHHOM NOpPSAKE.

3. MeToanyeckue acnekTbl HACTOSLLEro U34aHMsa pasBuTbl B y4eOHO-MEeTOAMYECKON nuTepaType
n opyrux paspaboTtkax, Bxoaswmx B coctas YMK no gaHHon gucumnnuHe.

4. Joctyn oby4alolmxca K 3MeKTpOHHOM Bepcum MeToamyeckux ykasaHuin MO U3YYEeHUHo
ancuunnuHel, obecneyeH B MHopmMaLMoHHO-0bpa3oBaTenbHOM Cpeae yHuBepcuTeTa.

Mpy 3TOM B 3NEKTPOHHYHO BEPCUIO MOTYT ObiTb BHECEHbI TEKYyLIME U3MEHEHUs U OOMNOSNHEHMS,
HanpaBlieHHble Ha MOBbILEHNE Ka4yecTBa HACTOSALLIMX METOOUYECKMX YyKasaHWiA OO0 MX nepeusgaHusi B
YCTaHOBMEHHOM NOpPSAKeE.

YBaxaemble obyyvatowmecs!

Mpuctynas Kk u3yyeHuto HoBoM AN Bac yyebHOM AMCUMMAMHBI, HaYyHUTE C BAYMYMBOIO
npouTeHns paspaboTtaHHbix AN Bac cneumanbHbIX METOAMYECKUX YKasaHuh. OTo nomMoxeT Bam
BOBPEMSi NMOHATb U MPaBUbHO OLEHUTL ee porb B Bawem obpasosaHuu.

O3HakomMuBLUNCH c OpraHn3aumMOHHbIMM TpebosaHnaMM oTgeneHus cpegHero
npodeccuoHansLHOro 06pasoBaHMs No 3TON AUCLUMNIIMHE U COU3MEPMB C HUMU CBOM CUMbl, Bbl cmoxeTe
caenaTb OCO3HaHHbIV BbIBOP COBCTBEHHOW TaKTUKM M cTpaTernn y4ebHom gesTensHocTH, ybepeyb cammx
cebs OT Hepa3yMHbIX peLUeHWIn MO OTHOLLEHWIO K HeN B Havane cemecTpa, a He Torga, Koraa yxe ctaHeT
nosgHo. Mcnonb3ysa 310 M3gaHue, Bbl 6€3 AONOMHUTENbHBIX OCMOXHEHUIW nodonaeTe K CeMecTpoBOW
aTTecTauum nNo 3Tol gUcuMniMHe. YcnewHocTb aTTectaummn 3aBncuT, npexae Bcero, oT Bac. Ee sanor —
pUTMUYHAsA, UeneHanpaBfneHHas, BAyMumBas yyebHasd paboTta, B uensx obecneyeHuss KOTOPOW U
pa3paboTaHbl 3T MeTOAMYECK e YKa3aHus.



1. MaTtepuanbl No TeopeTUYECKON YacTU AUCLUNIIUHBI
1.1. UndopmaumnoHHoe obecneyeHue obyyeHus
MepeyeHb pekoMeHOyeMbIX y4ebHbIX usgaHuin, UHTepHeT pecypcoB, OONONHUTENbHOMN

NinTepaTypbl, cCnpaBo4YHbIe N AOMNOJIHUTENIbHbIe MaTepuanbl Nno gucuunriinHe

MepeyeHb NUTEpaTypbl, PEKOMEHAYEMON AMNsl U3YYEHWUS OMCLUNIIVHBI;

ABTOp, HanMeHOBaHWeE, BbiIXOOHble JaHHbIE

HocTtyn

1

2

3.2.1. OcHOBHas nutepaTypa

HapasH A. A. MatemaTuka : y4ebHuk / A.A. lagasH. — 3-e 13g., ucnp. v gon.
— Mocksa : UHOPA-M, 2021. — 544 c. — ISBN978-5-16-012592-3. - TekcT :

3ANeKTPOoHHbIN. - URL:https://znanium.com/catalog/product/1214598.

ANl aBTOPU30BaHHbIX
nonb3oBaTenemn

3.2.2. JononHunteneHasa nuteparypa

HapasaH A. A. C6opHuk 3aay no matematuke : ydebHoe nocobuve /JagasH A.
A. - 3-e n3g. - Mocksa : ®opym, UHOPA-M, 2018. - 352 c. - TekcT :
3NEeKTPOHHbIW. - URL: https://new.znanium.com/catalog/product/970454

BapaywkuH B. B. MatemaTtnka. OnemeHTbl BbICLLEA MaTEMATUKN: y4eBHUK: B 2
1. T. 1/ B.B. BapaywkuH, A.A. MNMpokodbes. — Mocksa: KYPC: MHOPA-M,
2021. — 304 c. — ISBN978-5-906923-05-9. - TeKCT : 3NEKTPOHHbIN. -
URL:https://znanium.com/catalog/product/1235904

BapaywkuH B. B. MatemaTtuka. OnemeHTbl BbICLLEA MaTEMATUKN: y4eBHUK: B 2
1. T. 2/ B.B. BapaywkuH, A.A. MNMpokogbeB. — Mocksa: KYPC, UHOPA-M,
2022. — 368 c. — ISBN978-5-906923-34-9. - TeKCT : 3MEKTPOHHbIN. -
URL:https://znanium.com/catalog/product/1817031.

lNyceBa A. . uckpeTHas maTtematuka : ydebHuk / A.N. lN'yceea, B.C. Kupees,
A.H. Tnxommposa. — Mockea : KYPC: MHOPA-M, 2022. — 208 c. — ISBN978-
5-906818-21-8. - TEKCT : 9NEKTPOHHbIN. -
URL:https://znanium.com/catalog/product/1796823.

lN'ycesa A. WN. duckpeTHas matemaTuka: cbopHuk 3agad / A.W. Nycesa, B.C.
Kupees, A.H. Tuxommnposa. — Mocksa : KYPC: UH®PA-M, 2021. — 224 ¢c. —
ISBN978-5-906818-72-0. - TEKCT : 9NeKTPOHHbIN. -
URL:https://znanium.com/catalog/product/1094740.

ANl aBTOPU30BaHHbIX
nonb3oBaTenemn

CpegHee npodeccrmoHanbsHoe 06pasoBaHme : TEOPETUYECKUIA N HAYYHO-
MeToanYecKnn xypHan / MnHuctepcTBo obpasoBaHus U Hayku Poccumnckon
Pegepaumu. - Mocksa. - ISSN 1990-679. — TekCT : HenocpeACTBEHHbIN.

Komnnekt Homepos

"eomeTpusa u rpadumka: Hay4HoO-meToau4eckum xxypHan. — Mockea. -ISSN
2308-4898- TekcT anekTpoHHbIN. - URL: https://znanium.com

0N aBTOPU30BaHHbIX
nonb3oBaTenemn

MNepeyeHb pecypcoB MHGOPMALMOHHO-TENIEKOMMYHMKALUMOHHOW CeTU «MHTEepPHeT» U JoKamnbHbIX

ceTell yHMBepcuTeTa, HeO6X0AUMBIX ANl OCBOEHUA AUCLMMNIIUHDI

YnaneHHble 3MeKTpoHHble ceTeBble y4YeGHble pecypcbl BPeMEHHOro [0CTyna, chopMUpOBaHHbIE Ha
OCHOBaHUM MPSIMbIX [OrOBOPOB C NpaBoobnagatensamu (3NekTpoHHble 6ubnmoTeyHble cuctemsl - JBC),

VIH(*)OpMaLI,I/IOHHbIe CnpaBO4HbIE CUCTEMBbI

HanmeHoBaHue

Hoctyn

OneKTpoHHO-6MBNNOTEYHasa cucTeMa Znanium

http://znanium.com/

1.2. TemaTU4ecKui NnaH TEOPETUYECKOro oGyyeHus

Ne n/n HaumeHoBaHue pa3genos, TeM U cogepxaHue yye6Horo matepuana
1 2
BeepeHue 3HayeHne MaTemMaTukn B NPOdECCUOHANBHON AEATENBHOCTM U NPU OCBOEHUN

nporpamMmmMbl NOAroToBKM cneunanncTtoB cpegHero 3aeeHa

Paspgen 1. MatemaTtnyeckmum aHanus

Tema 1.1 MpounsBogHasa 1 eé npunoxeHue

CopaepxaHue y4yebHoOro matepuana

OnpegeneHune nponssogHoun. Teopembl gnddepeHumpoBaHns. [ponsBoaHbIe
arieMeHTapHbIX (YHKUUKU. MexaHuyeckuih CMbICST BTOPOW MPOU3BOAHOW.
BospacTtaHve u ybbiBaHue dyHKUUKN. SKCTpeMyMbl hyHKUMKN. Hanbonbliee un
HavMMeHbLlee 3HayYeHre yHkuun. Obwas cxema uccnegoBaHms QyHKUUK

Tema 1.2 OnddepeHumansHoe ncuncneHue

CopaepxaHue y4yebHoOro Mmatepuana

BbIYMCNEHUN. I'IapameTpMHeCKoe 3agaHune

eomeTpuyeckmini cmbicn npom3sogHon. OudpdepeHumnan dyHkummn. Tabnvua
anddepeHunanos. [lpumeHeHne pguddepeHunana Ana  ApUBAKEHHbIX

PyHKLUNN 7] eé

anddpepeHuuposaHme. CeoncTBa auddepeHumpyeMbix QYHKLMA.



https://znanium.com/catalog/product/1214598
https://new.znanium.com/catalog/product/970454
https://znanium.com/catalog/product/1235904
https://znanium.com/catalog/product/1817031
https://znanium.com/catalog/product/1796823
https://znanium.com/catalog/product/1094740
http://znanium.com/

Tema 1.3. UHTerpanbHoe nucuncneHue

CopepxxaHue y4ebHOro marepmana

MepBoobpasHasa PyHKUMS U HeonpedeneHHbln nHTerpan. OCHOBHble MeToApbl
WHTEerpupoBaHusl.  MIHTerpupoBaHue  ApoGHO-pauMoHasibHbIX — YHKLMWIA.
WHTerpupoeaHue TPUrOHOMETPUYECKMX BbIpaXXeHWiA. MoHsiTne
onpeaeneHHoro  uHTerpana. OCHOBHble  CBOWCTBA  ONpeAeneHHoro
nHTerpana. NpubnmkeHHoe BblYMCIIeHe onpedeneHHoro uHTerpana.

Pasgen 2. OCHOBbI AUCKPETHOW MaTeMaTUKN

Tema 2.1 BBeageHne B TEOPUIO MHOXECTB

CopepxaHue y4ebGHoOro matepmana

MoHATMe MHOXecTBa M cnocobbl ero 3agaHus. NogMHoXecTBa. Onepau,mm
Hag MHOXecTBamu. CBoncTBa onepau,vuh Hag MHOXeCTBaMu. yl'lOpﬂD,O'—IEHHbIe
MHOXEeCTBa. onIMOG npoun3segeHne MHOXeCTB.

Tema 2.2 BBegeHune B Teopuio rpacoB

CopepxaHue y4ebHOro matepmana

OcHoBHble MoHATMsS. Cnocobbl 3agaHusa rpadoB. Yactu rpacoB. Onepauum
Ha rpadrax. CBs3HOCTb B rpadhax u AepeBbs.

Pasgen 3. dnemMeHTbl NIMHENHOMN anrebpbl

Tema 3.1 OCHOBHble CBegeHusi 0 MaTpuuax

CopepxaHue yyebHoro marepmana

OnpepeneHne wmatpuubl. [enctBua Hag MatpuuaMm UM BEKTOpaMMu.
Onpepenutens matpuubl. CBoncTBa onpegenutenen M ux BblYUCIIEHUE.
Ob6paTtHasa matpuua. ObpalleHne maTpuy, BTOPOro U TPETbero NopsiakoB.

Tema 3.2 PelwueHune cuctem NUHENHbIX ypaBHEHUN

CopepxaHue yyebHoro marepmana

PelueHve npocTenwmx MaTpuyHbIX ypaBHEeHUN. PelueHne cuctem nUHeEnHbIX
ypaBHeHun no copmynam Kpamepa. PelleHne cMctem NMHENHbIX ypaBHEHUN
meTogom [aycca.

Pasgen 4. OCHOBbI TEOPUWN KOMIMJIEKCHbIX Yncen

Tema 4.1 OCHOBbI TEOPUUN KOMMJIEKCHbIX Yncen

CopepxaHue y4ebHOro marepmana

Onpep,eneHme KOMMNEKCHOro Yncna. [enctens Hag KOMNEeKCHbIMWU YnCcnamu.
nOﬂﬂprle KOopAuHAaTbl TOYKM Ha NJTOCKOCTU.

Paspen 5. dnemeHTbI Teopuun Bep0ﬂTHOCTeI7I M MaTeMaTUYeCKON CTaTUCTUKU

Tema 5.1 OCHOBHbI€e MOHATUA TEOPUN BEPOSATHOCTEN

CogaepxaHue y4ebHOro Mmatepuana

OcHOBHble  MOHATUA  kKOMOMHaTOpukn. OCHOBHbIE  MOHATMS  Teopun
BeposiTHocTen. Onepauum Hag cobbiTmsiMu.  CriyyavHble  BEMNUYMHDI.
MaTtemaTtunyeckoe oxxuaaHue.

Tema 5.2 AnemMeHTbI MaTeMaTU4YeCKOM CTaTUCTUKMN

CopepxaHue y4ebHOro marepmana

MoHaTMe o 3agadyax MaTtemaTuyeckom  cTaTucTuku.  [eHepanbHas
COBOKYMNHOCTb 1 Bbibopka. OueHka napameTpoB reHepasnibHOM COBOKYMHOCTM
no eé Bbibopke. [loBepuTenbHbIE MHTEpPBanbl 41 NapaMeTpPoOB HOPMaribHOrO
pacnpegenenus. [NpoBepka cTaTUCTUYECKUX rMnoTes. JInHernHas koppensums.

2. MaTepuanbl N0 NPakTUYECKUM 3aHATUAM

2.1. MpakTuyeckne 3aHATUSA NO KyPCy U NOAroToBKa o6y4valoLerocs K HUm

B xode npakTuyeckux 3aHATUMIW, Kak ogHOW M3 (hopm cuctemaTudeckux ydebHbIX 3aHATun,
oby4yarowmecs npnobpeTalT HEOOXOAMMbIE YMEHMS U HaBbIKN MO TOMY UM MHOMY pasaeny AUCUMNIUHBI
«MaTtematukay.

OOwWwe Lenu NpakTUYecKoro 3aHATUS CBOAATCA K 3aKPENeHN0 TEOPETUYECKUX 3HaHUN, bonee
rnyboOKOMY OCBOEHMIO YK€ UMEKLLMXCA Yy 00yyalowmnxcsa YMEHUA U HaBLIKOB U NMPUOOPETEHNIO HOBLIX
YMEHUI 1N HaBbIKOB, HEOOXOAUMBIX UM NSl OCYLLECTBIIEHNSI CBOEN NpoddeccMoHarnbHOM AeATENbHOCTU 1
COCTaBNSOLWMX KBaNM@PUKaLNOHHbIe TpeboBaHMSA K cneumnanmcTy.

OCHOBHbIMU 3aja4aMy NPaKTUYECKUX 3aHATUI ABNAOTCA:

* yrnybneHne TeopeTNYEeCKon N NPaKTUYECKON NoAroTOBKY;
* pasBuTUE MHMLMATMBBI U CAMOCTOATENBHOCTU 0OyYaloLWMXCH BO BPEMS BbINMOMHEHUS MU NPaKTUYECKMX
3aJaHunn.
lMpumepHble NpakTuyeckne 3agaHus ANs YCNEewWwHOro OCBOEHWS pas3fenoB y4yeOGHOW ANCUMMIMHBI
MaTtemaTuka, KOTOpble PEKOMEHOOBaHO U3y4YWTb W  BbINOMHWUTL  Heobxoaumble  OEWCTBUS
COOTBETCTBEHHO METOANYECKMM YKa3aHUAM U peKoMeHOaumaM.

PA3[LEJl. MatemaTnyeckumn aHanus



NMpousBoaHas u eé npunoxeHus
MpounssogHaa yHKUMW. [Mpon3BOAHbIE OCHOBHLIX 3feMEeHTapHbIX (yHKUUN. [ponsBogHbIe
CNOXHOW u obpatHon dyHkumin. [MpousBogHble norapudmmyeckux  yHkumin.  MpomsBogHbie
nokasaTtesibHbIX (OYHKUMIA. [1pon3BogHbIE TPUFOHOMETPUYECKUX QOYHKUMA. MccrnepoBaHune yHKUMKM C
nomoulpo npounssogHon. OCHOBHble POPMyINbl UHTErPUPOBaHUSA. HenocpeacTBeHHOE MHTErpupoBaHuve.
WHTerpmpoBaHne mMeToaoM 3ameHbl nepemMeHHon. OnpeaeneHHbln MHTerpan u ero HemocpeacTBEHHOE
BbluMcrieHne. BbluncneHve onpegeneHHoro mHTerpana mMeToaoM 3aMeHbl nepeMeHHon. BeluucneHue
nnowaam nnockon urypsl.
MpakTnyeckne paboTbl: HaxoxdeHue npou3so0HbIX yHKUUU. MccnedosaHue ¢hyHKUUU C MOMOWbHO
rpou3goOHOU U nocmpoeHue epaghuko8 yHKYUU. BbiqucreHue HeornpedesieHHbIX UHMezparsos.
BbiyucrnieHue onpedesieHHO20 UHMeeparna.
MeToaunyeckue ykazaHusi

lMoHATME npOM3BOOHON SIBNSETCA OAHUM M3 dyHAAMEHTanbHbIX MOHATUA MaTemaTtukn. MHorue
3aayn Kak camor MaTemaTuKku, Tak U eCTECTBO3HaHUSA Y TEXHWKU MPUBOAAT K 3TOMY NMOHATUIO.

Mepen Tem kak 3anvcaTb NOHATUE NMPOU3BOAHOW PEKOMEHAYETCS PacCMOTPETb (HU3MYECKYHO 3afady
0 HEPaBHOMEPHOM ABWXKEHWM U €ro CKOPOCTU, KOTOpas MPUBOAMUT K MOHATUIO NPOU3BOAHON.

MpousBogHon yHKuMKM f(X) B TOUKe Y4 HasbiBaeTcs npegen OTHOLIEHNS npupalleHs yHKUUN K

Af(x
F(x ;.]' .11.,11 M
npupaLLeHunio aprymeHTa, ecrnv npmpaLleHue aprymeHTa CTpeMUTCS K HYMo, T.e. =0 Ay
Onepauus HaxoxaeHns NPou3BOAHOM Ha3biBaeTca audppepeHuMpoBaHnem PyHKLUN.

FEOMETPUYECKWKA CMbICN NPOU3BOOHOW
MpoussogHas dyHkUMKM f(x) B TO4Ke 'TilpaBHa YyrnoBoMy KO3(PULUMEHTY KacaTenbHOW,

NpoBeAEHHOW K rpadovky OaHHOW (PyHKUMM B €ro Todke ¢ abcumccon '12', Te. f( *a )=k=tga. B atom
3aKnioyaeTcq reoMeTPMYeCcKUim CMbICI NPOU3BOAHON.

YTV T ! ['13}['1 — 3}- ypaBHEHWE KacaTerbHON
®U3NYECKUU CMbICT NPON3BOAHON
MrHoBeHHasi CKOpPOCTb MPAMOMNMHENHOrO ABWXKEHWUS MaTepuaribHOW TOYKU B JOOON MOMEHT
BpemMeHu t ecTb Npon3BoaHas OT NyTU S MO BPEMEHM t:

ds

V(t)=s'(t)= Al | B 3TOM 3aKIMIOYAETCH MEXaHUYECKIi CMbICH NpOM3BOAHON.
YckopeHue a(t) NpsAMONUHERHOTO OBWXKEHUSI MaTepuarnibHOW TOYKM B MOMEHT BpemMeHu t paBHO
nepBon NPOU3BOAHOM OT CKOPOCTM MO BPEMEHWN UMW BTOPOW MPOU3BOAHOM OT MyTW NO BpeMeHu, T.e. a(t)=
dv _d's
v(y= Gt dr’
NPABUNA OAUODEPEHLIMPOBAHUA
Ecnu y cdoyHKuMKM u(X) 1 v(X) CyLLecTBYIOT NPOU3BOAHbIE, TO

1. (u+v) = u+v' 3. (uv)' = u'v+uv'
2.(cuy=cu 4. (ulv)'=(u'v-v'u)v? (v # E])
NMPOU3BOOHbIE ANNEMEHTAPHbIX ®YHKLUUA
DyHKUUA lMpounsBogHas
i) =c Er=0,c—const
f(X) = x (1}' = ,{;ﬁ-'*']
f(x) =" €)'=¢"
f(x) = a* (@)'=a‘lna
1
f(x) = In x -
(Inx)'= *
1
f(X) = logax
(10gaX) I_xlna
f(x) = sin x (sinx) ' = cos x
f(x) = cos x (cos x) ' = - sin x
1
f(x) = tg x —_—
(tgx)'= cos” x




f(x) = arcsin x

f(x) = arccos x

f(x) = arctg x

1

(Ctg x) I—_sin” x

(arcsin x) '=

(arccos x) '=

1
||1 .'(':
1
Coafl=
1

(arctgx)'= 1+x°

1
f(x) = arcctg x -
(arcctgx)/=- 1+
NMPOU3BOOHASA CITOXHON ®YHKLMU
Ecnu y = f(g(x)) v cyLlecTBylOT NpON3BOAHbIE e £ 10 yx = g", roe UHOEKChbl g U X

yKa3bIBakoT, M0 KaKOMY apryMeHTY BLIMMCIISIOTCA NPON3BOAHbIE.
Mpumepst: 1. (3x4) = 3-4x° = 12x°

2. (5x°+8x-10)'=(5x°)"+(8x)-10'=5-2x+8-0=10x+8
3. ((x2-x)(5x-8)2'= (x*-x)"+(5x-8) + (X*-x)'(5x-8)'=(2x-1)(5x-8)+(x*-x)5= 10x*-
5x= =15x"-26x+8
(xxﬂ ) . (x3) (x2 +1)— x> (k2 +1) _x*+3x7
4 \x%+1/) (22 +1)2 C (x2+1)?
5. (sin(2x+1))’=sin’(2x+1) (2x+1)= 2cos(2x+1)

= | COsY
[ 51 .‘{'] =———|smy| = ——
6. ~ 24fsinx 2osmx  (sin x >0)

.. (‘El\'}r — EE.J: (3\,)' — 363.1'

7

P 1 . COSX
Insinx]) = Asinx) = = ctgx
8 5111 X Sl X

9. (€™ = (xInx) /= ™ (nx+1) (x>0)

(sin x >0)

21x+8+5x°-

2(2x-2)  4x-2

10 I(x? = 2x)) = 2(In (x* = 2X)y=px2 2 (X% — 2X)= 2 2% x%-2x

3apaHuA npakTuyeckom paboTbl

Bonpockl AnA caMOKOHTpons

1. Jante onpepeneHne NpomM3BoAHON PyHKUNN.
2. Hannwwute Bce dopmynbl auddpepeHunpoBaHus.

3. Oavite onpegenexHne crioxHow yHKUMKW. Kak HaWTu ee Npon3BOaHY0?.

HanpguTte npounsBogHbie (PyHKLMNA:

y=sin(Tx-1) v =cos(4x + 5)
y=(6x-5)* y=(0,5x"+3)"
y=sin5x 4 tg3x ¥ =cosx*

v =cos'x v = In(cosx +6x)
v=In(2x’ +7) y=e

y=In*(2x +5) y=2"" 4+’
v=(4x-1" y=sin’ x

y =(8x+3) y=(3x"+5x2-8)°
v = 6sin3x v = arctgx’

Tema. NpaBuna anddepeHupoBaHus.

Lenb: npoBecTn ANarHOCTUKY yCBOEHUA CUCTEMDbI 3HaHWUN 1~ yMeHMVI BbIMOJTHATb 3agaHnAa



3apauum: BbISIBUTb YPOBEHb YCBOEHUS 3HAHUIN yYaLLMMUCA.

MHCTPYKLMA NO BbINONHEHUIO paboThl

Ha BbINoOMnHeHMe KOHTporbHOM paboTbl No matemaTtuke gaetca 90 muHyT. PaboTa cocTouT n3 2 yacten u
cogepxut 18 3agaHun.

YacTtb 1 cogepxuT 10 3aganHmii (A1 — A10) 6a3oBOro ypoBHs o matepuany pasgena «lpoussoagHas u ee
NpMMeEHeHVe» U oLueHnBaeTca B 2 banna.

YacTb 2 cogepxuT 2 6onee cnoxHbix 3agaHun (B1, B2) no matepunany pasgena «lpovssoaHas u ee
npuMeHeHne» 1 oueHuBaeTcs B 5 6annos.

Mpun BbINONMHEHUUN BCEX 3aaHUN HYXXHO 3anucaTtb NOMnHoe pelleHne n oteet. CoBeTyeM Ansi 3KOHOMMUU
BpeMeHW nponyckaTb 3aaHune, KOTopoe He yaaéTcs BbINOMHUTL Cpasy, U NepexoauTs K cneayowlemy. K
BbINOSTHEHWNIO NPONYLLEHHbIX 3a4aHnA MOXHO BEPHYTbCH, ecnn y Bac octaHeTcsa Bpems.

3a kaxabl NpaBunbHbIA OTBET B 3aBMCUMOCTU OT CITIOXXHOCTY 3afilaHns JaéTcsa OT OAHOro 40 YeThbipex
fannos. bannbl, NONy4YeHHbIE BaMM 3a BCe BbINOMHEHHbIE 3adaHusi, CymmunpytoTcs. lNMoctapanTtech
BbINOMHMTB Kak MOXHO BorbLue 3agaHuni 1 HabpaTb HanborbLuee KONMYecTBo Gannos.

BapuaHT 1

2.3
A1. Hangure nponsBogHyo yHKLUN Y= 4x .
1) 12x¢° 2)12x 3) 4x° 4) 12x°
A2. Hangute nponsBogHyto yHKLMK Y= 6x _11.
1) -52)11 3) 64) 6x
x-1
y=—
A3. Hangute nponsBogHyto yHKL MK X
1 x-1 2x+1 1
2 T2 T2 2
1) X 20X 3 X gX
y=xsinx

A4. Hangute nponsBogHyo yHKUMM
1)SIN X—XCOS X 2 SIN X+ XCOS X 3 COS X 49 X + X COS X

2 -
=X +SINX BTOYKEC X,=7T
A5. Hangute nponssBogHyto yHKUMM Y 0 .

1) 72'2 -1 2) 27["‘1 3) 272-_14)272-
x* 3x?
y=———+2x
A6. BbluncnuTe 3HayeHne npom3BoaHoON OyHKL MK 2 2 B TOUKE X,=2.
1)102) 12 3)8 4)6
y=sin(3x+2)

A7. Hangure nponsBogHyo dyHKLUN

) cos(3x+2) ) —3c0s(3x +2) 2 3cos(3x+2) Y —cos(3x+2)

— 22 _
A8. Bbluucnure 3HayeHne npons3soaHon yHKLUA y= 3x 12‘/;
1)21 2) 24 3)0 435

B TOYKE X,= 4.

1 V4
y==tg(dx—rm)+=
A9. Bbluncnure 3HayeHne npom3sBoaHonN OyHKLMK 4

T T
xO—_

BTOYKE 4 . 1)2 2) 4 3)4 4) 2
COSx_

2
A10. Hangute nponsBogHyto dyHKLUN y=x
1) 2xSIN X ) —2xSIN X 3 2xCOS X + x° SiN x 4) 2xCOS x — x” SiN X

y:14‘2x_3 B TOUKe X,= 26.

x—2
Yy=-"7
B2. Hangute 3HayeHue X, Npu KOTOPbIX Npon3BoaHas pyHKLMM X pasHa 0.
BapuaHT 2

B1. Bbeluucnure s3HauyeHue NnponsBogHON PyHKLMK




A1. Hangure nponsBogHyo yHKLUN

1

—X
1) 2x6 2) 2x5 3) 3 4) 6x5

A2. Hangure nponsBogHy0 yHKLUN

1) 72)12

3) -54) -5x

A3. Hangute nponsBogHyt0 yHKL MM

3

A4. Hangute nponsBogHyt0 yHKL MM

2x—3

2 2
Hnx 2 X

3) x? 4 X

3

3

y==X
y=12-5x
x+3
y:
X
Y =xC0Sx

1) COS X — XSiN X 5 COS X+ XSIN X 3) —SiN X 4y X —SiN X

A5. Hangute nponsBogHyto doyHKL MK

1)72'2 -1

A6. Bbluncnurte 3HayeHme npomsBogHON OyHKLNK

1) 13

A7. Hangute nponsBogHyt0 yHKL MK

7+l

2)3

) —2sin(5x—2)

A8. Bbluncnute 3HayeHe Npon3BoAHON PYHKLMK
3) 47

1) -47

A9. Bbluncnute 3HayeHe Npon3BoaHON OYHKLMK
T

BTO4KE

Xg=——

4

) —5sin(5x-2)

2) -49

z_
3)2 4)72'—1
x> 5x?
=2 _2* 43
Y= T
3)8 4) 27
y=c0s(5x—2)

1) 2

2 5sin(5x-2)

2)-1

— 2 qj
A10. Haiiaute npouseoaHyto dyHkumm > = % sinx

1) 2XCOS X 5y 2x5iN x — x® COS x 3) 2xSiN x +x° COS X 4y —2XCOS X

y=3074-3x

B1. BblumcnuTe 3HavyeHne NnpomM3BoAHON OYHKLUN

3) -2

B TOYKe
4) 11,5

y :1+ctg(2x+7r)

4)

T
y=x"+COSX BTOYKE X,=—
2

B TOYKE X,=2.

B TOYKe X,= -7.

sin(5x—2)
!
0o~ 4
1
2

X+2

Yy=—"7
B2. Hanaute 3HaveHue X, Npu KOTOPbIX NponsBogHas pyHKLMM X pasHa 0.
OTtBeTbl:
BapuaHt A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1 B2
1 2 2 4 2 4
2 2 1 1 2 3 3 -9 -4
A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 B1 B2
1 1 1 1 1 1 2 2 2 2 3 3

| «3»

I «5»




| 0-10 6. | 11-14 6. | 15-17 6. | 18-20 6.

MCCNEOOBAHUE ®YHKLUUU C NOMOLUBLIKO NMPON3BOOHOU
Cxema uccre@ogaHusi yHKUUU C MOMOWbIO POU38OOHOU:
. Haritn obnactb onpegeneHns yHKUMY;
. BblacHuTb, aBNaeTca Ny gaHHaa PyHKLMS YETHON UM HEYETHOW; NEPUOANYECKON;
. BbisicHUTb kOOpAMHaTBI TOUEK NepeceyveHmns rpadumka yHKUNM C OCAMUN KOOPAMHAT;
. Hantn nponssogHyto;
. Hantn kputnyeckne Toukuy;
. Hantn npomexyTtkun Bo3pactaHus u ybbiBaHus;
. Hantu Touku skctpemyma yHKUMM U BBIYUCAINTL 3HAYEHUS OYHKLUUKN B 3TUX TOYKaX;

. MoctpounTb rpaduk pyHKLMK.
ke V=xVl-x

Mpumep: UccnepoBaTtb hyHKLUIO U NOCTPOUTL rpadmk:

ONOOOARWN =

1. Hanpem oGnacTtb onpeaenernst 3agaHHon pyHkumm: 1 —x 20, x=—-1,x< 1.
2. Onpegenum HanMyne acumnToT.

a) BepTUKanbHbIX aCUMNTOT HeT, Tak kak limxv/1—x =1-41-1=0.
x—1

y=kx+b

©) ropnsoHTanbHbIe UMW HaKNOHHbIE aCMMNTOTLI ONPEAEnstoTCA YyPaBHEHUEM :
Bbeumncnum koadumumneHTsl K u b:

. oxyl-x . N
kK=lim——=IlimJ1l-x =—0

X—>00 X X—>00

, CnegoBaTernbHO, FOPU3OHTamNbHbIE WM HAKMOHHbIE AaCUMMTOTbI

OTCYTCTBYHOT.
3. Bblumcnum ToukM nepecedeHuns rpadmka yHKUMM C OCAMM KoopauMHAT M muccnegyem pyHKUMo Ha
YETHOCTb.
Ecnmy=0,10Xx=1wnmmx =0, To ectb umeem (1,0), (0, 0) — TOUkM NepeceyeHnsa ¢ 0CAMU KOOPAMHAT.

M= x)=—xy1- (%) = —xL+x = yx) = —y(x).

lMpoBepum YeTHOCTb PyHKUNN:
3HauuT, gaHHasa OYHKUNS He SIBMSEeTCS YeTHOM N He SBNSAETCA HeYeTHOW, TO nmeem yHKumio obLiero
BMAaa.
!
4. NccnepyeM MOHOTOHHOCTb (PYHKLIMM C MOMOLLbIO y .

y’:(xm)' =(x)’ -\/E+x-<\/g)' =1-vV1-x+x-

1
i)

1 ! ' 1 1
me(m _(x)j=m+x.m(o_1):m+x._2ﬂ(_1)=
rox b e X 2oxVloxox )

2\1-x
2-2x-x 2-3x
C2y1-x  2J1-x
2-3x=0, -3 x=-2,x=7,,
2@ #* 0 angd Bcex X U3 obnactu onpeneneHus.

_2\/1 X 2+1—x 2+/1—x - 21—x

y| + -

y 7 2/3\ 1 >0
Ha tex nHTepBan: , (byHKLMA Bo3pacTaeT. [Moatomy
WHTepBan Bospac < dyHkumn: (?/5; 1) . B Touke x = /s
PYHKLMSA NPUHUM; () max HayeHwue:

2 1 V3 243 23
m”()_\/zs\[ 3\/' 333 33 9

5. Ctpoum rpadpmk pyHKLUN, OTMETUB TOYKY SKCTPEMYMA U TOYKM NepeceyeHuns ¢ ocsiMn KoopauHart.

10



YTOYHUM BN rpachKa npn NnoMoLUn AONOJTHUTENbHbLIX TOYEK:
y(0)=0-v1-0=0;
y@@) =1v1-1=0;

"

05 05

3agaHuA npakTuyeckon paboThbl (Mo BapuaHTam)
Onpegenutb NPOMEXYTKM MOHOTOHHOCTM (OYHKUMM (a, b) no obpasuy, uccnegosatb MYHKUMIO U
nocTpouTb rpacmk hyHKLMM (C) MO cXxeme UccrenoBaHus.

1. a) y = (x-3) (x-2), b)y:x4 —8x° -9, c)y:l/3 x> — 2x% -5;

2. a)y:x3—3x2+2,b)y:xs—x3+x+2, c)y:8x3—4x2+3;

3. a)y:(x2+x2 (x-2), b)y:l/5 x5—4x2,c)y:6x3—2x -41;

4. a)y=x"=x"+8, b)y=x>x*+x+2,¢) y=-2+x—4;

5. a)y=3x—6x+5b)y=3x"+4x>+1,c) y=3x°— 4x + 5;

6. a)y:4x4—2x2+3, b)y:2x3+3x2—12x+1,c)y:8x3—x2+7x—2;
7. a)y=x'—10x*+9,b)y=x>x*+x+2,¢)y=- 7+ xX* = 3x — 1;
8. a)y=x'—4x>—8x° + 3, bgy:3X3—9X2+2,c)y:x3—4x2+3x+1;
9. a)y=x"—=x*+8,b) y=x/3+2x°=5x +4,c) y=-55+6x°— 3;
10. a)y:x3—3x2+2, b)y:xs—x3+x+2,c)y:8x3—4x2+3;

11. a)y:x3—3x+2,b)y:2x3+3x2—1,cgy:6x3—8x+21;

12. a)y:x(x2+ 3x + 2), b)y:x4/4—2x2— 14, c)y:2x3—4x+7;

13a)y =15 =20 x> =112 x, b) y =x* =3x* + 2, €) y = 7x°— 2x° + 3x — 1;
14a)y=x3—3x2+2, b)y=x"—=x>+x+2,¢)y=8x’—4x*+ 3.

Tema. UHTEIPAIbI
Kaxxgomy  maTemaTudeckoMy  OEWCTBUIO  COOTBeTCTByeT obpatHoe emy genctBue. [Ons
anddepeHUnpoBaHusa cyllectsyeT obpaTHoe OeWCTBME — UHTerpuvpoBaHue. HyxHO pasobpaTbca B
onpegeneHnn nepsoobpasHon And  yHKuMm  f(x), MOHATb HEOOHO3HAYHOCTb  HaxoXAeHus
nepsoobpasHoOn, a 3aTeM crneayeT M3yduTb OnpefernieHve HeonpeaeneHHoro WHTerpana, OCHOBHblE
CBOWCTBa HeonpeaeneHHoro nHTerpana.

NMEPBOOBPA3HAA
®yHkuma F(x) HasbiBaeTcss nmepBooGpasHom Ansd dyHkumm f(x) Ha gaHHOM npomexyTke, ecnu Ang

ntoboro x N3 aToro NPOMexyTKa F(x) Jr':"}, Unwu, 4TO TO XXe camoe, i (1] a filj{h'
I'I|23v|M/ep. MepBoobpasHon ans dyHkumm f(x) = X Ha Bcen Yncnoson ocu aenseTca F(x)= x°12, MOCKOSbKY
xX°/2) "= x.

OCHOBHBIE CBOMCTBA NEPBOOBPA3HbIX
Ecnu F(x) — nepsoobpasHas dyHkumm f(x), To n dpyHkuma F(x) + C, rae C — nponsBonbHas NOCTOAHHAS,
Takke sBnseTcd nepsoobpasHon dyHKUMM f(x).
TEEOMETPUYECKAA NHTEPIMPETALMA

/—\/ Mpadukn Bcex nepBoobpasHbIX OOHOM U TOW e
/_\_/ dyHkuMKn f(x OyayT nonyyatbCs OOWH W3  LpYroro
/\_/ napannenbHbiM nepeHocom Baonb ocu Oy. U Takux
% v rpachukoB ByaeT 6eCKOHEUHO MHOTO.

NN

HEOMPEAENEHHbIA UHTEMPAT

11



MHoxecTBO Bcex nepBoobpasHbix F(x)+c  ana dyHkumm  f(X) HasbiBaeTca HeonpeaeneHHbIM

x)elx
MHTerpanom n obo3HavyaeTcs Jf( )

I f(x)dx.

Takum obpasom, =F(x) + C, rge C — npon3BonbHasa NOCTOsIHHaA.

TABJIMLUA UHTEIPAIIOB
I(‘.'r.‘{' x+C: | ctgxdy = —1r1|51r11|+(:
k4 i
J‘ Fa=2_4¢C, k=z-L J —=tgx+C
k+1 Cos” X
1 rodx
J-—rfx=]n|1|-f' 1{ =—ctgx+C
X M X
-ﬂ'l - 1
J‘a"g’y:_+ﬂ - —dx = —arctg —+
lna v o a a
X g X r 1 | -
Je? dr=e +(: I : 10,1__1'1': H—C
e 2a |x+a
i = = . - 1 = =
J.sm x ol cosx + C: _[ L dr = Inlfrl + a2 + o+
WxT tar
- T L . . 1 Cx
J.ccus.x dx =sinx + (" e = arcsin -+ C-

l-l 'I.ﬂ': .T: £

_lrfgndn = —1l1|L'r.|5 1|+ C

NMPABUITA UHTETPUPOBAHWUA

fnf{xjnﬁ; = i?j f(x)dx. (a—const)
[+ g(xpdx = [ f(x)dx + [ g(x)ax

WHTErPUPOBAHWUE METOAOM 3AMEHbI NEPEMEHHOM

CyLIJ,HOCTb 9TOro MeToda 3aknw4yaeTcda B TOM, YTO nyTeMm BBeOeHUuA HOBOWM

nepemMeHHom

MHTErpnpoBaHna yanaeTcAa CBeCcTu 3agaHHbIN MHTEerpan K HOBOMY WHTerpany, KOTOprI7I CpaBHUTENbHO

nerko bepeTtcst HenocpeaCcTBEHHO.

el
,D,ﬂﬂ HaxoxaeHuna nHterpana 'lfl: }

3aMeHdAeM MNepeMeHHYH X HOBOW nepemeHHon u C nomoLlibto

r

= =
NOACTAHOBKM {-"J':”}. OundbepeHuupya aTo paBeHCTBO, MOMy4UM dx=¢ [:”}d”. Moactaenss B
noplHTErpanbHOe BblpaXeHne BMECTO X U dX UX 3HayeHusi, BblpaXeHHble 4Yepe3d u u du, umeem

[ £ = | £(@G)e’ @)du = | Fodu

M3 cnocobos MHTErpnpoBaHNA pekomMeHayeTCA U3y4YnuTb JNnllb HenocpeancTtBeHHOEe UHTerpupoBaHue
(anBeneHme K OOHOMY WUIMN HECKOJIbKUM Tabnn4yHbIM I/IHTeraJ'IaM) n MeToa noacTtaHOBKU (3ameHa

nepemMeHHoMn).
Mpumepbi:
Ixt+2x? —5x+9 Co 5 L 3x? _ x~!
J. _ ax J!E,\'—-E e iy e 4 2x=5In | x| +9—+c
x? | X ) 3 -1
; 9
=x"+2x—5ln|x|-=—+¢

1 x
j 4+ Y

2. Hantu
_ -3
Cpoenaem noacTaHOBKY t=4+x". Hangem guddepeHuman obeux yacTe MNOACTAHOBKMU:
] 1
At = 3x2dx. xidy = ?(f?‘.
oTKyada CneposarternbHo,

12




&
- 5
[2@+x*) ac= [t L= ljr*dr WL Iy PR
3 3 3 5 15 1 '
dx X
J.ﬁ = arcsin - + C.

J 16~ x* 4

3.
3agaHuA npakTM4yeckon paboTbl

Bonpockl Ans caMOKOHTpoOss
1. Kakas pyHKLMA Ha3biBaeTcs nepBoobpasHom anst oyHkumm f(x)?
2. [avite onpeneneHve HeonpeaeneHHoro nHTerpana.
3. MNepeuncnurte OCHOBHbIE CBONCTBA HEONPEOENEeHHOro nHTerpana.
4. Kakum gencTBmemM MOXHO NPOBEPUTL MHTErpupoBaHue?
5. Hanvwunte ocHoBHblE (hOpMyIbl MHTErPUPOBaHUS (TabnuyHble MHTerpansl).
HanpguTte HeonpeaeneHHble NHTerpanbl:

[Bx® - 2x? +4x — S)dx j(aﬁ + 5% — 4)dx
1) - 6)
2 . _ 1 .
2 '[[4.1 + 5x = 3)dx ) j§(4x—5} dx
3 _[[2.1-5 +1)dx 8 L[(2x1’+1}+:-;!d_\;
[[3:;3 + 5)x e ax
K 0 [ (4x+ D)
5) [ [N"'; + aﬁ}da, I' Tl
10) " 5x° +1

ONMPEAENEHHbLIA MHTEMPAI

OnpegeneHHbIM UHTerpanoM oT dyHkumm f(x) Ha oTpeske [a; b] HasbiBaeTca npenen

3 F(EDA Ac=2"4

MHTErpansHoi cymMmmMbl  *=I1 npn 1 7% e B

[ Feydr =1m3 £ (&Ax

\'-]

roe = [I_iu_] , 3-'5.-]

A

3 —— T
/

> >
E] = o T S x
M gl " §2 " N' g‘ i
(=] -«
® =

CBA3b MEXAY ONPEAENEHHbLIM MHTETPAJIOM U NEPBOOBPA3HON
(POPMYJIA HBIOTOHA-TIEUBHULIA)
[nga HenpepbIBHON PYHKLMUK

J s Giax=Fx)

rae F(x) - nepsoobpasras ans f (x)
CBOUCTBA ONPEOENEHHOIO UHTEIPAN

b= F{b)- Fla)

13



b b
_|',-'". f(x)dx =A -If{x}dx

b a
[F()dx == [f(x)dx
a b

b

a

b

RGO+ F2(0)dx =[f(x)dx + [f2(x)dx

o

b b
[FCdx =[f (x)dx + [ (x)dx

FEOMETPUYECKWUIM CMbICIT ONPEOENEHHOIO UHTEIPANA

v = flx)

Mnowaab KPUBONMHEWHOW Tpaneuun, orpaHNYeHHoM
rpacpMkoM  HENpPepbIBHOM  MOSIOXMTENbHOW  Ha
npomexyTke [a;b] dpyHkuMM f(X), OCbIO X 1 NPAMBIMU X
=aux=>b

5 = j f(x)a

[Mnowanb KpMBOMMHENHOW Tpanewuum, orpaHUYeHHON
rpadhMkomM  HenpepbiBHOW  OTpULATENbHOM  Ha
npomexyTtke dyHkuun f(x), ocblo X 1 NPAMbIMU X = a
mx=>b

b,
S = —J F(x)dx

Ecnn dyHKUMA n3MeHsieT 3HaK Ha npomexyTke [a;b],
T0S

b
S, =8, =| f(x)ek

- BblHMCIneHune pa60TbI Cunbl.

Onpep,eneHHbM MHTEerpan WnMpokKo npumMeHaeTCcAa Ond BblHUCNEHUA pa3finyHbiX reoMeTpUuy4ecKknx
n d)VI3I/I‘-IeCKI/IX BEJTNYUH. Cnep,yeT pa306paTbC$| B CrieyrLwmnx npunoxeHndax onpeneneHHoro nHTerpana:
- BblYMCIeHne nnowann ninocKkmnx cbl/lryp (FeOMeTpI/I‘-IeCKVIVI CMbICIT onpeaerneHHoro MHTerpana);

- HaxoxaeHne obbema Tena BpaLleHnd;
- BblHMUCIIEHNE NYTH, FIpOI7|D,eHHOFO TOYKOMN 1 CKOpPOCTU TENa;

®U3NYECKUX CMbICN ONPEOENEHHOIO UHTEIMPATNA

U,

/.U_“_‘/

v

Mpy NpAMONMHENHOM [OBMXEHUU nepemelleHne
S uMCreHHO paBHO noWwagn KpUBOJTMHENHOWN
Tpaneuun nofd rpadoukom 3aBUCMMOCTU CKOPOCTHU
V ot BpemeHn tA

5= [ V(t)dt

14



BbIYUCIEHUE NNOWALEA U OB EMOB
C NMOMOLWbIO OMNPEOENEHHOIO UHTEIPANA

MNowALb oUTYPHI,

orpaHu4yeHHon rpadmkaMmyn HenpepbiBHbIX dYHKUUA y= f;1(X)
ny = f(x) Takux, uto fr(x) = fi(x) Ans noboro XEla.e ,
roe a n B — abcuuccbl Touyek nepecedeHus rpadumkoB

dyHKUUR:

S = [(£,@) = £ (Dax

4]

OBBbEM TEJA,

MonMy4YeHHOro B pesynbTaTe BpaLEHUs BOKPYr OCU X
KPVMBOMWHENHON  Tpaneuuu, OrpaHudyeHHoW  rpadukam
HEenpepbIBHON U HeoTpuuaTenbHonm yHKkuun y = y(X) Ha
oTpeske [a,b]

b
A L
Vi =X J.l (x) dx
a

anMepbl: Bbluncnutb onpeanenieHHble MHTerpanbl:

1

¥
s
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(4254 D = (G +57 +2) [ = (5 24274 D)= GD! (D + (D) =9

] -5
r 1 1., .\
|xex == |j=_{—?(1-—0-)=
1. o ' '
_i.1'3d1'=% =%(3-‘ -2 =
2. 2
3. -
m
.".2 ﬂl_.-"
fcr:er -dx :5i1”|ij;2 :sin%— sin0 =1- 0 =1
4) 0
i-?ai'x
X

5) 1

BOI'IpOCbI AN CaAMOKOHTpoO-nA

5
_=?I%=?ﬂn D=7 5-h)=T05-0)=Th5
1

3agaHuA npakTUveckon paboTbl

1. JanTe onpegenexHune onpegeneHHoOro nHTerpana.

2. Nepeyncnnte OCHOBHbLIE CBOMCTBA ONpeAerieHHOro nHrerpana.

3. B 4em 3aknoyaeTcsa reoMeTpuyYecKknin CMbICn onpeaeneHHoro nHrerpana?
4. lNpuBeanTte npuMepbl OU3NYECKUX U TEXHUYECKMX 3a[ad KOTOpble MOXHO pelnTb C MOMOLLbIO

onpeaeneHHoro nHTerpana.

Bbluncnure on peAaeneHHble UHTerpanbli:

I S5xdx
1 !

1
[ (e*" +1)cx
6) -
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F b O
[ (637 = 5x +a)aix _x
V14 xdx; _[ o
by 514X - 0%
3) !
— 1
1 s g in)
[ ([ 1: —sin X} - Cx 9 -!J “
" Y Cos X
[@-2vy & 1
5) I[ms ¥ osin” 1} o
10) §

PA3AEJ1. OcHOBbI AUCKPETHOM MaTeMaTUKun
OnemeHTbl Teopun MHoxecTB. Onepaumm Hag MHoxecTBamn. KomGuHaTopuka. OnemeHTbl Teopuu
rpagoos.
MpakTnyeckue paboTbl: BoinonHeHue ornepayuu Had MHOXecmeamu.
Tema. AnemMeHTbl TEOPUU MHOXECTB
MeToaunyeckue ykazaHus

OOHUM M3 OCHOBHbIX MCXOOHbBIX MOHATUA B MaTeMaTUKe SBMSETCA MOHATME MHOXeCTBa U ero
anemeHToB. OcHOBaTenb Teopun MHoXecTB 'eopr KaHTop gan cnegywoulee onpegerneHne MHOXeCTBa:
MHOXecmeo ecmb cobpaHue onpedernieHHbIX U passudHbix Mex0y cobol 0O6BbeKmo8, MbICIIUMbIX Kak
eduHoe ueroe.

MHOXeCTBO COCTOMT 13 anemeHToB. [MprHaanexXHoOCTb aneMeHTa a MHoxecTBy A 0Do3HavaeTcst
a € A; HEMPUHaANEeXHOCTb AfleMeHTa a MHoxecTBy A obo3HavaeTca a ¢ Aunma € A.

MHoxxecTBO A HasbiBaeTcH nodMHoxecmeaeom MHoxecTBa B (A < B, rae < 3Hak BKNoYeHus), ecnm
BCSIKMI anemeHT A sBnisieTcsa anemeHTom B.

MHoxecTtBa A n B pasHbl (A =B),ecnuAc BuB c A.

Ecnn A < B n A # B, To A HasblBaeTca cmpoaum uniu UCmuHHbIM noOmMHoxecmeom B (A < B,
3HaK CTPOroro BKIOYEHWS).

B matemaTuke paccmatpuBaeTCs MHOXECTBO, HE MMeElLlee 3MEMEHTOB. Takoe MHOXECTBO
HasblBalOT nycmsiM n obosHavaT J. [lpu atom & < A, T.e. NycToe MHOXECTBO $BrseTCs
NOgMHOXECTBOM J1000ro MHOXecTBa A.

O6bI4HO MHOXECTBO 3aJaeTcsl ONUCAHMEM CBOWCTB 3MIEMEHTOB B HEr0 BXOAdALMX. Tak, 3anucb
{x| S} uMTaeTcsa Tak: «MHOXECTBO 3f1IEMEHTOB X, 06nagaroLLmx CBOMCTBOM S».

Onepauun Hag MHOXecTBaMu.

O6beduHeHuem MHoXecTB A n B (A U B) HasbiBaeTCa MHOXeCTBO, COCTOsLLEe U3 BCEX Tex U
TONbKO TEX 3NIEMEHTOB, KOTOPbIE NMpMHaAnexar xoTs 6bl ogHoMy u3 MHoxecTB A, B: A U B = {x| X e A
unm x € B}.

MepeceyeHnem mHoxectB A 1 B (A n B) Ha3sbiBaeTCs MHOXeECTBO, COCTOsILee N3 BCeX Tex U
TONbKO TEX 3fIEMEHTOB, KOTopble NpuHagnexat u A, uB:AnB = {x| x e Anx e B}

PasHocmbio mHOXecTB A 1 B (A \ B) HasblBaeTCa MHOXECTBO, COCTOSLLEE U3 BCEX TEX U TONBbKO
Tex anemMeHToB A, KOTopkle He cogepxatcd B B: A\B = {x| xe Aux ¢ B}.

Cummempuyeckol pazHocmbio MHOXecTB A u B (AAB) HasbiBaeTCa MHOXeECTBO, cocToslliee U3
BCEX TeX U TOMbKO TeX anemMeHToB A 1 B, KOTOpble cogepXaTcs TONMbKO B OQHOM U3 3TUX MHOXECTB, TO
€CTb He coepaTcs B Ux nepeceyeHnn: AAB = {x| x (AuB)\(AnB)}.

Mycte E — yHusepcanbHoe MHOXecmeo, Takoe 4YTO BCE pacCcMaTpuBaemble MHOXECTBA
ABNAOTCA ero nogmHoxecteamu. [lononHeHnem (ao E) mHoxecTBa A (A ) HasbiBaeTCs MHOXECTBO BCEX

3MEMEHTOB, HE NpuHagnexawmx A, Ho npuHagnexawmx E: A=p\A
Mpumep. A n B — ynucnoeble MPOMEXYTKM, A =(0,5; 7]; B=[3; 8,7); E=[0; 10].

Haumu: AUB; A~B; AAB; A\B; B\A; A; A; B

PeweHue. B o6beguHeHne WA B BonayT Te 1 TOMbKO Te Yncna (TOYKM OCK), KOTOpble BXOAAT XOTs Obl B
OOWH U3 3TUX ABYX MPOMEXYTKOB; MOMy4yaeM MPOMEXYTOK YMCITOBOW OCM, FAe LUTPUXOBKa BCTpevaeTcs
xoTsa 6bl oguH pas, T. e. Au B = (0,5;8,7).

B nepeceyeHne NA B BonayT Te M TOMbKO Te unMcna, KOTOpble BXOAAT B 06a MpomexyTka: Mo3ToMy
BblIOMpaeM NpoMeXyTOK YACMOBOWN OCK, rae LITPMXOBKa HaHeceHa ABaxabl, T. e. A NB= [3;7].
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MHoxecTBo A\B cogepXuT Te 1 TonbKo Te uncrna n3 A, KoTopble He BXoadaT B B: nostomy Bbibupaem ToT
U3 3alTPUXOBAHHbLIX MPOMEXYTKOB MEPBOW OCK, KOTOPLIA HE 3aliTpMxoBaH Ha BTopon, T. e.. =A B\
(0,5;3) . Touyka 3 He BXOAMT B NPOMEXYTOK, T. K. Be3.

AHanoruuHo, B\A = (7; 8,7).

CummeTpuyHas pasHocTb AA B ecTb 06beamHeHune A\B n B\A, T.e. AA B= (0,5;3) v (7; 8,7) ononHeHune

A , obo3Havyaemoe A , COCTOUT U3 T€X U TOJIbKO T€X TOYEK yHMBEepCalibHOIro MHOXXeCTBa I, KOTOpblE HE

BxogaTBA , T.e. A= [0; 0,5] v (7; 10]. AHanornuHo, B= [0; 3) v [8,7; 10]
Tema. dneMeHTbl KOMOGUHATOPUKN
MeToaunyeckue ykazaHusi

MycTb umeetca MHoxecTBO S = {s;, Sy, ..., Sp}. Habop anemeHTOB Sj; , Sj» , ..., Sk U3 MHOXeCTBa S
HasblBaeTcH Bblbopkon obbema k (K-anemMeHTHON BbIGOPKON) M3 N 3NIEMEHTOB.

Bbibopka HasbiBaeTcs yriopss004YeHHOU, ecriv MOpsifoK 3NeMeHTOB B Hel 3agaH. WHadve BbiGopka
Ha3blBaeTCs HeYyNnopsiA04YEHHON.

Tak >xe pasnmyaroT BbIGOPKM C MOBTOPEHMAMU 1 6€3 NOBTOPEHMI B 3@BUCUMOCTM OT TOrO, AOMYCKaeTCs
Unn He JonyckaeTcsa NOBTOPHOE BXOXAEHWE B BbIOOPKY OOHUX M TeX e anemeHToB. [Ipumep 1. yctb S
={1, 2, 3}. Torma (1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3) — BCe BO3MOXHble
yrnopsiaoYeHHble BbIDOPKM 06beMa ABa U3 TPEX INIEMEHTOB.

BcsAkuin  ycTaHOBNEHHbIN B KOHEYHOM MHOXECTBE MOPAOOK HasblBaeTCs rnepecmaHoeKol €ero
anemMeHToB. Yncno Bcex NnepecTaHoBOK M3 N anemeHToB obo3Havaetcs P,

Po=n!=1234...(n-1)n

Pa3meuwjeHuemM 13 n 3anNeMeHToB Mo kK HasbiBaeTCcHa ynopsgoveHHas Bblbopka 6e3 noBTopeHun obbema
K 13 n-3neMeHTHOro MHOXeCTBa.

lMockonbKy 9nMemMeHTbl Halero MHOXeCTBa S MpOHyMepoBaHbl HEKOTOpbiM 06pa3om, He ymanss
OBLHOCTU MOXHO HasblBaTb pasMelleHMeM M3 n 3nemMeHToB no Kk ynopsigodeHHbln Habop w3 k
pasnuyHbIX YMCer, NpuHagnexawmux MHoxecTtsy {1, ..., n}.

£ P mt
O603HauMM ~" KONMMYECTBO Pa3nUYHbIX pasMeLleHnin u3 n no k. A - Gr—x!
lMpumep 2. 1) MycTb Ha 3K3ameHe y npenogaBaTensi N pasnuyHbix 6uneToB M cgaeaTh npuwno k

k

CTyaeHToB. Toraa cyulecTByeT poBHO ~ " cnocoboB BblgaTb BCEM CTyAEHTaM Mo ogHomy Gunety ans
NoaroTOBKM.

2)Mycte S ={1, 2, 3}. Torma (1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2) — BCE BO3MOXHbIE pa3MeLLEeHNs U3
Tpex 3feMeHToB Mo ABa.
CoyemaHuem 13 n aneMeHToB No k Ha3blBaeTCca HeynopsaodeHHasi Bolbopka 6e3 noBTopeHuii obbema k
M3 N-311IEMEHTHOro MHOXeCTBa.
Kak 1 paHbLle, MOXEM cuMTaTb, YTO COYETAHMEM M3 N INIEMEHTOB NO K Ha3biBaeTCs HeynopsagoYeHHbIN
Habop 13 k pasnuyHbIX Yncen, NpuHagnexawmux MHoxecTsy {1, ..., n}. KonnyectBo coyetaHun us n no k

wml
i i

0603HaunMMm C . Co 2 KlGr=k)!
lMpumep 3. 1) MpegnonoxmMm M3 N y4acTHUKOB CMOPTUBHOIO Kryba Ha COPEBHOBAHWA LOIDKHbI MNoexaTb

&
kakue-To k. Torga umeetcs " pasnuyHbIX BO3MOXHOCTM coOBpaTb KOMaHay.
2) Nyctb S ={1, 2, 3}. Torga {1, 2}, {1, 3}, {2, 3} — BCE BO3MOXHblE COYETAHNSA U3 TPEX INIEMEHTOB MO
AaBa.

3apaHuAa npakTuyeckom paboTbl

Bonpockl AnA caMOKOHTpons
1. Uto Takoe n-cbaktopuman?
2. YT0 Ha3blBaeTcHa nepectaHoBkaMu? 3anuwmnte oopmMyny.
3. UTo Ha3blBaeTcsa pasmelleHnemM? 3anuwmnte dopmyny.
4. Yto Ha3bIiBaeTCsa codeTaHmeM? 3anuwmnte dopmyny.
BbinonHuTe ynpaxHeHus:

1.NMycte E={1,2, 3,4}, A={1, 3,4}, B={2, 3}, C = {1, 4}. Hanitu: a) ]u E; 6) An 5 B) (B\A) U C
2. MNyctb A={1, 2}, B={2, 3}, C={1, 3}. Hantn: a)A u B U C; 6)An B n C; B)A\ (B U C); r)(A\B) U C;
A)(A U B)\(A N B).

3. N306pa3nThb ¢ NoMoLLbIio Auarpamm Jiinepa — BenHa crneaytolwme MHoxectea: a) An £ ;6) 4 1 B; B)

AU B r) AU B.

4. O6cnepoBaHne 100 cTygeHTOB By3a, M3yyalwlMX pasnuyHble 12 MHOCTPaHHble A3bIKW, Aano
cnegywouue pesynbtaTthl: 28 YenoBek u3yyaroT HemMeLkun A3bik, 30 YenoBek — aHrMUNCKUK, 12 YyenoBek —
dpaHUy3CKMIA; HEMEUKUW W aHrMACKMA — 8 4enoBeK; HeMeuKkun W dpaHuy3CKUn — 5 4YernoBsek;
aHrnunckun 1 dpadHuysckun — 10 yenoeek; Bce Tpu s3blka — 3 4yenoBeka. OnpegennTb, CKOSMbKO
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CTYOEHTOB M3y4aeT TONbKO OAMH MHOCTPaHHbIN SI3bIK (HEMELKWUA, aHIMMACKUIA, OpaHLly3CKUiA); HEe ulydaeT
HW OHOTO MHOCTPaHHOIO A3blKa.

5. A n B — uncrnoeble npomexytku, I=[0, 10]. Hangute: AnB, AUB, A\ B, B\ A, AA B, A B ecnu: a) A

=[2;7),B=(1;5];6) A=[1;5],B=(2;8];B) A=[3;9), B=(2;4);r) A=[0;8],B=(3;9]; ) A=[0; 8], B=
(3;9]; ) A=[1;4], B=(2; 6]; A= [4; 9], B=(3; 5); 3) A=(7;9], B= [3;8); ) A=[3; 6], B=(5;7).

101-8! 36l
6. Bolumcnure: 1) 8 ; 2) 4 ; 3) 6!(7!-31)
13 4 1 4
7.Bbluncnute: 1) SE ; 2) G + C-“; 3) 4yg
4 A,

8. Pewute ypaBHeHus: 1) ~7 = 42x; 2) “™1=5m(m+1)

Tema. Onepaumm Hag MHOXecTBamMu

Lenb: 3akpenuTb HaBbIKM OCYLLECTBMNEHUA oOnepaumMi Hag MHOXeCTBaMMu, HaBblkM UCMOMb30BaHUS
anarpamm dnnepa-BeHHa.

MNepea Havyanom 3aHATUA HEOOGXOAMMO 3HATb: MOHATUS MHOXECTBA, MOAMHOXECTBA, YHMBEPCANbHOro
MHOXeCTBa, NepeceyeHns MHOXEeCTB, 00beAMHEHNS MHOXECTB, Pa3HOCTU OBYX MHOXECTB U AOMOSTHEHUS;
NoHsITMe gnarpamm Jiinepa-BeHHa.

lNocne OKOHYaHMA 3aHATMA HEOOXOAMMO yMeTb: HaxXoOuTb nepeceveHne, obbeanHeHne, pasHOCTb U
OOMOMHEHNE MHOXECTB, B TOM YMCIe C UCMONb30BaHMEM guarpamm dvnepa-BeHHa.

OcCHOBHbIe TeopeTu4Yeckue NosIoKEeHUA U NpUMepbI peLeHnsi TUNOBbIX 3a4aHUuM.

Monssmue mHoXxecmea. [ToOMHOKecmea.

[MoHATNE MHOXECTBA OTHOCUMTCS K aKCMOMAaTUYECKUM MOHATUAM MaTeEMaTUKU.

MHOXeCTBO — COBOKYMHOCTb OMpeAenéHHbIX, pasnuunmbix mexagy cobon obbeKkToB, paccMaTpyBaeMbIxX
Kak eguHoe uernoe, 1 obnagatooLas HeKOTOpbIM OBLLMM CBONCTBOM.

MmeeTcs Tpy BaXKHbIX MOMEHTA, XapakTepusyroLnX NOHATUE MHOXeCTBA:

1) 0ObeKTbI, BXOAALME BO MHOXECTBO, ONpefenéHHble — T.e. AN KaXaoro odbekrta MOXXHO OAHO3HAYHO
ckasaTb, NPUHAANEXMUT N OH AaHHOMY MHOXECTBY UMK HET;

2) obbeKTbI, BXOAALME BO MHOXECTBO, pas3nMyinMbl Mexay COOOM — T.e. BO MHOXECTBE HE MOXET ObITb
ABYX unu 6onee oaMHaKoBbIX 0O LEKTOB;

3) Bce 0ObBeKkTbl, BXOAsLWME BO MHOXECTBO, MbICNSATCA Kak €eAMHOE Lenoe — T.e. BO MHOXeCTBe
abcTparupytoTcs OT CBOWCTB OTAENbHbIX OOBEKTOB, HO roBOpsT 06 OOLlEeM CBOMCTBE MHOXECTBA, Kak
€0VHOro Lenoro; Takoe obLlee CBOVCTBO Ha3blBaOT XapaKTepUCTUHECKUM.

Haripumep, MOXHO rOBOPUTE O MHOXECTBE BCEX KHUI OaHHOW OUONMOTEKM, MHOXECTBE BCEX BEpPLUVH
OAHHOTO MHOTFOYronbHMKA, MHOXECTBE BCEX HaTyparbHbIX YACEN, MHOXECTBE BCEX TOYEK JAHHOW NPSAMOW.
MHoxecTBa ob6o3HaualTCs nponucHbiMu BykBamy natuHckoro andasuta: A, B, C,Du 1.4. Ob6bekThI,
BXOAsILLME BO MHOXECTBO, Ha3bIBaloT AfIEMEHTaMu.

Hanpumep:

— MHOXeCTBO OyKB pyccKoro andgaButa;

— MHOXECTBO HaTyparnbHbIX YUCEN;

— MHOXeCTBO CTYAEHTOB, cuaaLmx Ha 1-m pagy.

MHOXeCTBO, COCTOSILLEE U3 KOHEYHOrO YMCra 3NIEMEHTOB, Ha3blBa€TCH KOHEYHbIM, B MPOTMBHOM Criyvae
MHOXeCTBO Ha3blBaeTCs 6€CKOHeYHbIM. MHOXECTBO MOXET coAepaTb WU BCEro IUlb OOWH 3MEMEHT.
MHOXeCTBO, He coepallee 3NIEMEHTOB, Ha3biBaeTCs NYCTbIM 1 0603HavaeTca @.

MHoxecTBa A 1 S;, paCCMOTPEHHbIE Bbllle, — KOHEYHbIE, @ MHOXeCTBO N — GeCKOHeuHoe.
MpuHagnexHOCTb aNeMeHTa MHOXECTBY 3anncbiBaeTcd 3Ha4YkoM €. Hanpumep:

— OykBa «63» NpUHagNeXuT MHOXeCTBY ByKB pycckoro andaeuTa;

— OykBa «b6eTay He NpUHaAANEXUT MHOXeCTBY BYyKB pycckoro andaeuTa;

—yuncno 5 NpuHagnexvuT MHOXEeCTBY HaTyparbHbIX Y1cen;

—y4uncno 5,5 — He NpUHAANEXNT MHOXECTBY HaTyparbHbIX YUCEN;

— Bonbgemap He cuaut B nepBoMm psay.

Takum ob6pa3om, ecnm MHOXECTBO COAEPXKUT KOHEYHOE YMCIO ANIEMEHTOB, TO OHO MOXET ObITb 3adaHo
nepeyvncrnieHneMm ero anemeHToB. MHOXeCTBO MOXeT ObiTb Takke 3agaHo npuv MOMOLWLM NpaBwna,
NO3BOMAILLEro onpeaennTb, ABNAETCA NN AaHHbIN OOBEKT AIeMEHTOM MHOXeCTBa unu HeT. [NMpu 3anmcu
npaswuno, 3agatoLLiee MHOXECTBO, OTAENAETCS BePTMKanbHON YepTON v BOETOUYNEM.

Hanpumep,

1) — MHOXeCTBO u4umcen, npuvHagnexawmx OTpes3Ky (NogpasymeBaeTcs MHOXECTBO AeNCTBUTENbHbIX
yuncer, KOTopble NepPevncnmUTbL Yepes 3andaTyro YXKe HEBO3MOXHO);

2) — MHOXECTBO pauMoHarnbHbIX 4YWCEN, TO €eCTb, YMCEN, MpeacTaBuMbiX B Buae Apobu C uenbim
yucnmTenem u HatyparnbHbIM 3HaMeHaTeneMm.

MHoxecTBO B Ha3biBaeTCA NOAMHOXECTBOM MHOXECTBA A, €eCnu Kaxabln 3ANeMeHT MHoXecTBa B
O[IHOBPEMEHHO SBNSAETCSH aneMeHToM MHoxecTBa A. MHbiMM crnoBamu, MHOXecTBO B copepxutcsa Bo
MHOXecTBe A: . 3HaUOK Ha3bIBalOT 3HAYKOM BKITHOYEHUS.

Hanpumep:
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1. A — 310 MHOXecTBO BykB pycckoro andasura. O6o3Haumm yepe3d C — MHOXECTBO €ro rmacHbIX
OykB, KOTOPOE OyAeT NOOMHOXECTBOM MHOXecTBa A. Torga: .
2. TlycTtb 3apgaHbl MHOXecTBa A = {1, 3, 5, 7} u B = {3, 5}. OueBnaHo, uTO B €CcTb NOAMHOXECTBO A,
T.e..
3. MuoxecTtBo N HaTypanbHbIX YMCen ABMASETCSA NOAMHOXECTBOM MHOXECTBA Z LenbiX Yicen
N3 onpepeneHvs nogMHOXecTBa crieqyeT, 4To Mnoboe MHOXECTBO sIBNSIETCA MOOMHOXECTBOM Camoro
cebs, T. e. cnpaBennuBo yTBepxaeHue . [oBopAT, 4Tto A — camoe Lwmnpokoe noamHoxecTso A. lyctoe
MHOXECTBO SIBNSAETCHA NOAMHOXECTBOM Ntob6oro MHoxecTBa. [ycTtoe MHOXECTBO SIBMSIETCA CaMbIM Y3KUM
NoagMHOXeCTBOM Moboro MHOXeCTBa.
3acpumkcupoBaHHOE KaknuM-nmbo o6pa3om MHOXECTBO OOBEKTOB, AONYCTMMbIX NPU AAHHOM PacCMOTPEHMM,
Ha3bIBalOT YyHMBEpcaribHbIM  MHOXeCTBOM (6a30BbIM ~ MHOXECTBOM,  OCHOBHbIM  MHOXECTBOM,
yHuBepcymom). Hacto obosHavaeTcs U.
MHoxecTBa A 1 B cuntalotca paBHbIMU, €CNM OHU COCTOSIT U3 OOHWX U TEX Xe anemMeHToB. PaBeHCTBO
MHOXecTB 0603HavatoT Tak: A = B.
Onepayuu Had MHoxecmeamu. [Juazpammbl Jiinepa-BeHHa.
MepeceyeHnem mMHOXeCTB AM B  HasblBaeTca  MHOXECTBO, COCTOsiLlee U3 BCeX 9MEMEHTOB,
npyvHagnexawmx n MHoxecTtsy A 1 MHoxecTBy B. O6o3Ha4vaeTcs .
O6beanHeHnem MHoXxecTB A 1 B Ha3biBaeTcA Takoe MHOXECTBO , KaXXObI 9NEMEHT KOTOpOro
coaepxutcs XxoTa 6bl B ogHOM 13 mHoxecTB A nnn B. ObosHavaeTcs .
Pa3HocTblo ABYX MHOXecTB A 1 B Ha3biBaeTCca MHOXECTBO , COoAepXallee NMvlib Te afieMeHTbl U3 A,
KoTopble He BxoaAaT B B. O6o3HavaeTcs .
Ecnn mHoxecTBO B — noamHoxecTBo MHoXxecTBa A (), TO pa3HOCTb Ha3biBaeTCs AONONIHEHMeM KB B
MHOXecTBe A. O6o3HavaeTcs .
JdononHeHnem MHoxecTBa A MO OTHOLIEHUIO K YHMBEPCanbHOMY MHOXecTBy U eCTb MHOXECTBO
COCTaBMEHHOE U3 Bcex Tex anemeHToB U, KoTopble He HaxoadaTcs B A
MpakTu4yeckas 4yacTtb.
3adaHus ebironHAMCS no eapuaHmam, 3adaHHbIM ripernodasamesnem.
3apaHue 1. O6pa3yiiTe BCe NOAMHOXECTBA MHOXeCTBa OyKB B CIOBeE.
BapuaHT 1
BapuaHT 2
BapuaHT 3
«pynb»
«papbI»
«ONCK»
3apaHue 2. [laHHble MHOXEeCTBa 3afaTb NepevncrieHneM BCEX CBOUX 3IEMEHTOB.
BapwuaHT 1
BapwuaHT 2
BapwuaHnTt 3
A={xeR|x3—3x2+2x=O}.
A={x€Z|<2"<5}
A={xeN|x*-3x-4<0}
3apanue 3. [Janbl MHOXecTBa A 1 B. Hantu: ANB, AUB, A\B, B\A, .

BapuaHT 1

BapwuaHT 2

BapwuaHTt 3

a)

A, BcZ
A={1;2;5;7;9;11}

B ={1,4,6;7}

A/ BcZ

A ={3;6;7;10}

B ={2;3;10;12}

A BcZ

A ={1,2;5;7;9;11}

B ={1,4:6;7}

6)
A={a,b,c,d,e,f k}
B={a,c,e,k,m,p}
A={a,b,c,e,k,Im}B={c,e,k,x,y,z}
A={b,c,d,e,f,x,y}B={a,e f,k,n, o}
B)

A BCR

A=[-3;7), B=[4;4]
A,BSR
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A =[1;6), B =[-1;9]
A,BSR
A=1[4;7),B=]3; 6]
3apaHue 4. icnonb3ya anarpammel Ouinepa-BeHHa gokasaTtb TOXOECTBO.
BapuaHT 1
BapuaHT 2
BapuaHT 3
A\(B U C) = (A\B) N (A\C)
AU (B\C) = (AN B)\C
AU(B \C) = (ANB) \ (ANC)
HononrHumensHbie 3adaHusi:
PelwmnTe 3agady ucnonb3ysi Kpyrm Junepa: B rpynne aHrmMNUCkuin s3bik u3yyaroT 15 cTyAeHTOB, HEMEeLUKUIA
— 10 cTygeHTOB, a (paHuy3ckui — 5, npuyem 3 CTygeHTa u3ydaloT OAHOBPEMEHHO aHIMUACKUA U
HEMELKKMA A3blkK, 2 CTyAeHTa M3y4aloT OOHOBPEMEHHO aHIMUUACKUA M dpaHLy3CKUA a3blki, 1 CTyaeHT
n3yyaeT OQHOBPEMEHHO (PpaHLly3CKUA U HEMELIKUIA sA3blki. CKOMbKO BCEro YenoBeK B Kacce usyyaroT aTu
WHOCTpPaHHble A3blkM? CKOMbKO YenoBeK WU3y4alT TOMbKO aHIUACKUA  A3bIK?  HEeMEeLKUA A3bIK?
dpaHLy3CKni A3bIK?
PA3LEJ. 3nemeHTbl NMHENHOMN anre6pbl

Tema. MaTtpuubl 1 onpegenuTenu

OcHOBHbIe onpepeneHus

. mxn
MaTpuuen pasvepa Ha3bIBaETCS NpsIMOyronbHas Tabnuua uncen, copepxauwas M
ctpoku 1N cTon6uos. Yncna, coctaBrsiowme MaTpuLly, Ha3bIBalOTCS SNEMEHTaM1 MaTPULIbI.
MaTpuubl 0603Ha4aloTCa NPONUCHbLIMK (3arnaBHbiMK) BykBaMu NaTUHCKOrO andasunTa, Hanpumep, A,
B, C, ..., a ana obo3Ha4yeHns aneMeHTOB MaTpuLbl CMOMb3YHTCHA CTPOYHbIE BYKBbI C 4BONHON

nHaekcaumen: @, rae | - HOMep CTPOKM, | - HOMep cTonbua.
a; 4, ... a,“- . A
By 8y ... By ... @y,

N lay a, oAy .. ay
B Ay o @y . A
WNK B coKpaLLeHHol 3anucy, A = (aij) ; 1=12,....m; j=12,...,n
Hanpuvep, A = . Hapsigy ¢ kpyrnbiMu ckobkamu ncnonb3yoTes u apyrve

2x3 \3 -5 8

0003Ha4eHus Manl/ILl,bIZ[ ], ” || .

[Bee MaTpuubl A n B OAHOro pasmMepa Ha3blBakTCA pPaBHbIMU, ECITM OHU coBnaaakoT

a. = b i = ) i=
noanemeHTHo, T.e. " U pna nobbix 1=12,..m; J=12,...,n.
Buabl maTtpuu. MaTtpuua, coctosilasi U3 O4HON CTPOKM, Ha3blBaeTCs MaTpuLen-CTPOKOMN

(BeKTOpOM-CTpPOKOM), a N3 0gHOro cTonbua — MmaTpULen—cToNn6LUoM (BEKTOPOM-CTONGLIOM):
bll
b21

A:(a11 dpy... Ay, )— MaTpuua-cTpoka; B = — maTpuua-ctonbeu.

b

MaTpuua HasbiBaeTcs KBagpaTHou [1-ro nopsiaka, ecnv 4ncno eé cTpok paBHO YMCHY CTOMGLIOB U
paBHoO N.

ml

-1 7 4
Hanpumep, A=| 0 5 -7 | -«sagpaTHas maTpuua TpeTbero nopsaka.
4 8 3
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OnemeHThI matTpuubl a Y KOTOPbIX HOMEpP ctonbua paBeH HOMepPY CTPOKK (l = J), Ha3blBalOTCA

ij 1
AVaroHanbHbIMK 1 06pasyloT rAaBHYIO AvaroHanb Matpuubl. [1ns kBagpaTtHOM MaTpuLbl IMaBHYHO

AnaroHanb 06pasytoT aneMeHTbl 8,8, ,..., 8, ECNW BCe HeAMaroHasnbHble 3MeMeHTbl KBaapaTHOV
6 0 O
MaTpuLIbl paBHbI HYMIO, TO MaTpuLa HasbiBaeTca auaroHanbHou. Hanpumep, A=|0 10 0 |-
0O 0 -8

anaroHalribHaa MaTpuua TpeTbero nopgdaka.
Ecnu V4 AnaroHanbHou mMaTpuubl N -ro nopsagka Bce AnaroHanbHble aNneMeHTbl paBHbl edunHuLe, T

MaTpula Ha3biBaeTcs eAUHUYHOM MaTpuLen N-ro nopsiaka, oHa o6o3HavyaeTca GykBon E .

1 00
Hanpumep, E=|0 1 0] - eguHuuHas maTpuua TpeTbero nopsiaka.
0 01

Onepauun Hag maTpuuamu.
YMHOX€eHMe MaTpuLbl Ha YMCno

MpousseaeHnem maTpuLbl A hauncno @ waswisaercs maTtpuua B=aA , ONEMEHTbI KOTOPOM
b =aay npu 1=12,...m; j=12,...,n

-2 4 -10 20
A= . To BA=
3 8 15 40 _

CneactBue. O6WMIA MHOXUTENb BCEX 3NIEMEHTOB MaTpulbl MOXXHO BbIHOCUTb 3a 3HaAK MaTpuLlbl.

20 12 6)_ (10 6 3

. Hanpuwmep, ecnin

2 0 26 1 0)

Hanpumep,
A 0-A=0
B yacTtHoCTHK, Npon3BeaeHne maTpuubl Ha yucno 0 ecTb HyneBas MaTpuLa, T.€. .
N A ubB
CnoxeHue matpuu. Cymmon asyx maTpuu, OIMHaKOBOro pasmepa
mxn C=A+B . Cij:aij+bij
HasblBaeTCca Matpuua , ANIleMEHTbI KOTOPON npu
1=12,...m; j=12,...,n
(T.e. MaTpu1upbl CKNaabIBalOTCA MNOANIEMEHTHO).
2 30 01 -4 2 4 -4
A= , B= , C=A+B=
6 5 6 2 5 1 8 10 7
Hanpumep,
A+O=A.

B yactHom cnyyae
BbluntaHue matpuy. PasHOCTb [ByX MaTpuL, OOUHAKOBOro pasmepa onpeaensietcs Yyepes

. A-B=A+(-1)B.
npegblaywine onepauuu:
YMHOXeHue maTpul. YMHOXeHMe MaTtpuubl A Ha matpuuy B onpegeneHo, korga umcno ctonbuos
nepBon MaTpulbl PaBHO YMCAY CTPOK BTOPOW.

A B C
mxk kxn mxn

Torpa npousBegeHnem matpuy Ha3blBaeTCd Takada MmaTtpula , KaObl dnemMeHT

Cii .
koTopoit " paBeH cymMMe Mpou3BeaeHMIN 3NIEMEHTOB - CTPOKM MaTpuLbl A Ha COOTBETCTBYIOLLME

ANeMEeHTbI J-I'O CTOJ’I6LI,a MaTpuubl B:
k

c; =auby; +a,b, +...+ay by =22, 1=12,...m; j=12,...n.
s=1

A-B

Mpumep. Boiuncnuts nponssegeHve matpuy, ,
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-1 0 2

3 01
_ = 5 4 4
-2 0 1

roe

PeweHue. Hailoem pasmep maTpuubl-NponsBeaeHnst (€Crm yMHOXEHWE MaTpUL, BO3MOXHO):
23 33 23, Bbl4MCNIUM 3NEMEHTbI MaTpuLbl-NponsseaeHnst C, yMHOXasi 3rieMeHTbl KaXKaou CTPOKK
mMaTpuubl A Ha COOTBETCTBYHOLLME ar1ieMeHTbl CToNnbLoB MaTpuubl B cnegytowmum o6pasom:

R = (-)-3+0-5+2-(-2) (-)-0+0-4+2-0 (-1)-1+0-4+2-1
3.3+4-5+0-(-2) 3-0+4-4+0-0 3:1+4-4+0-1 )

-7 0 1
Monyyaem C = .
(29 16 19j

MHorue cBoincTBa, NpucyLLMe onepaumsam Hag Yucramu, cnpaBeanuBbl U ANs onepauni Hag
MaTpuuamm (4To cnegyeTt U3 onpeaeneHnn aTux onepauui):
1. A+B=B+A. 2. (A+B)+C=A+(B+C). 3. a (A+B)=aA+ aB.
4. A(B+C)=AB+AC. 5. (A+B)C=AC+BC. 6. a(AB) =(ad)B = A(aB).
7. A(BC)=(AB)C.
OnHako UMeroTes U OTNnYKS.

a) Ecnu npon3seneHne matpuy AB CyLleCTBYET, TO MNocrie nepeCctaHOBKA COMHOXUTENEN Mectamu
npon3seneHne matpuy BA MOXeT 1 He cyuiecTeBoBaTb. [encrButensHo, B npumMepe nony4yunnm

npoussedeHve matpuy 4, .-Bs ;. anpoussenenve B, ;- A, s He CylLECTBYeT, Tak kak 4Mcno

3 4 0)

CTONBUOB NEPBOWN MATPULbl HE COBMAadaeT C YMCIIOM CTPOK BTOPOWN MaTpuLbl.

6) Ecnn paxe npoussegenns AB n BA cyllecTByOT, TO OHW MOTyT BbITb MaTpuLamMmn pasHbix
pa3mepos.

B) Korna o6a npounssenernns AB u BA cyllecTByoT n 06a — maTpuubl O4MHAKOBOro pasmMepa (31o
BO3MO>XHO TOJSIbKO MPU YMHOXEHMU KBagpaTHbix matpuy, A n B ogHoro nopsiaka), KOMMyTaTUBHbIN

(nepemMecTUTENbHbLIN) 3aKOH YMHOXXEHUS, BOOOLLe rOBOPS, He BbINOJIHAETCS, T.€. A-B=B-A.
B yacTHoM crnyyae KOMMYyTaTUBHbIM 3aKOHOM oGragaeT npov3BeaeHne nobon KBaapaTHOW MaTpuLibl

A n

-ro nopsiaka Ha einHNYHY MaTpuly E Toro e nopsiaka, npuyem aTo npoussefeHne paBHo A:
AE=EA=A.
Takum 06pa3oMm, earHUYHas MaTpuLa UrpaeT NPK YMHOXEHUM MaTPULL Ty KE POrib, YTO W YKCro 1 npu
YMHOXEHWM Yuncen.

r) MpousBeneHne 4BYX HEHYNEBbIX MaTPULL MOXET PABHSATLCS HYTIEBOW MATpuLE, T.e. U3 TOTo, YTO

4-B=0, He crnegyeT , yto A=0 unu B=0O.
BosseaeHue B cTeneHb. Llenon nonoxutensHoi ctenensto A" (M >1) ksagpatHon Matpuusl A
Ha3bIBaeTCs NPOU3BEJEHNEe M MaTpuLl, PaBHbIX A, T.e.

A"=A-A-...-A

3ameTum, 4To onepaunda Bo3BeeHnda B CTeNeHb onpeaendeTca TONIbKO ANA KBagpaTHbIX MaTpul,. Mo

A°=E, A'=A.
onpegeneHnto nonararoT Heprﬂ,HO NMOoKa3aTb, YTO
Am 'Ak :Am+k (Am)k :Amk
2 12
A, tme A= g

Mpumep. Hantu

-1 2\(-1 2 17 6

2

8 4)| 8 4 24 32/

PeweHne. Heobxogumo 3ameTuTb, YTO M3 paBEHCTBA
m _
47=0 elle He cnepyert, uto matpuua A=0.
!
TpaHcnoHMpoBaHMe MaTpuubl — Nepexos oT MaTpuubl A K matpuue A , B KOTOPOW CTPOKU "

i
CTONOLbI MOMEHANUCL MECTAMU C COXpaHeHneM nopdaaka. Manmua A Ha3biBaeTCA
TpaHCﬂOHMpOBaHHOﬁ OTHOCUTEJIbHO MaTpuLbl A:
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A dy, Ay s, A d;; 8y Ao
A A .- A, a;, ady, ... Ay,
N3 onpegeneHns cnegyeT, 4To ecnu matpuua A vMeeT pasmep m>n , TO TpaHCMO- HUPOBaHHas
mMaTpuua A’ umeeT pasmep xm.
7 4
A N Y 2 5
2x3 — , 3x2 ™ .
) 4 5 6
-3 6
Hanpuwmep, B nwutepatype BCTpevaroTCs "

T
apyrve o603Ha4yeHnst TpaHCMNOHMPOBaAHHOW MaTpWLbl, Hanpumep A

OnpepenuTtenu KBagpaTHbIX MaTpuL
HeobxoamMmocTb BBeAEHMS onpeaennTens — Yncra, XapakTepm3yoLero KeaapaTHyto MaTpuuy A,
TECHO CBSI3aHO C PELUEHMEM CUCTEM JIMHEWHBIX YPABHEHWIA.

A, A
OnpenenuTens MaTpuupbl A o6o3HavaeTca | | unu det A.

A= (all)
Onpe,qenMTeneM MaTpuubl NepBOro nopsdaaka , N onpegenutTenem nepBoro

a11; A1 :‘A‘ =a

nopsigka, HasblBaeTCs ANIeMEHT 11 Hanpumep, nyctb A= (8) Toraa

A=A =8

A= (a.. )
Onpepenurtenem maTpuubl BTOPOro nopsigka Y7 wnn onpemenutenem BTOpOro
nopsaka, Ha3blBaeTCs YMCNO, KOTOPOE OTbICKMBaETCH no hopmyrne

a,, a -2 8
A, :‘A‘ = all alz = 85585 —a5,8y. A= 1 5
2 22 Hanpumep, nycTb
-2 8
A2=‘A‘= L 5=—2°5—8-1=—18.

d;p Ay Aygg
A=la, a,, a,

a a a
MycTb AaHa kBagpaTHas MaTpuua TpeTbero nopsiaka 31 32 33

A =\a..
OnpeaenuTenemM MaTpuLbl TPETLEro nopsiaka ( 1 ) , UNv onpeaenuTenem TPeTbero
NopsiAKa, HasbIBAETCs YNCIIO, KOTOPOE HAXOAMUTCS! Mo hopMyrie
ady Ay Ay Ay dy Ay
A3:‘A‘:all' — ag + a5
dz; dgj a3 Az a3 Aag
1 -1 3
‘A‘ =2 2 1
1 4 2
Mpumep. BbluncnnTb OnpeaenuTens TpeTbero nopsiaka
2 1 2 1 2 2
A=1 —(-1)- +3. =1.0+1-3+3-6=21.
4 2 1 2 1 4

PewieHue.
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OnpegenuTenb TpeTbero nopsaka yaobHo BbIMUCAATL MO NpaBuy TPEYroNbHUKOB (MK MO NpaBuny
Cappyca). Nokaxkem 3TO Ha cxeme

o o o=|oc e of+|lo o el +|® o ol—|lo e o|l—|® o o| —|o o e
Hanpumep,

1 2 3

~1 0 1/=1-0-5+2:1-2+(-1)-4-3-2-0-3—(-1)-2-5-4-1-1=
2 45

=0+4-12-0+10-4=-2.
MuHopom M jj 3nemeHTa @; MaTpuLbl A n-ro nopsigka HasblBaeTcd onpegenurens maTpuubl (n-

1)-ro nopsiaka, Nosy4eHHon 13 MaTpuubl A BblMEPKMBAHUEM i-i CTPOKU M j-ro cTonbua. Hanpumep,

a
MWHOPOM 3fiemMeHTa 12 maTtpuubl A  TpeTbero nopsiaka oyoet

A Gy Qg

_ (@ Gyl
= = Qy1Uzz — A31Uys3-
a3 Ay

M12 =

Ay, dy,, Ay

3 A3 Az

2
Kaxxgas maTpuua n-ro nopsigka umeet N~ muHopos (n-1)-ro nopsiaka.
AnreGpanyeckum fononHeHneM A sremeHTa &;; MaTpuLibl N-ro nopsiaka HasbIBaeTCst €ro MUHOP,

i+i i+]
y (7 Ay=(1)"My,
B3ATbIN CO 3HAKOM T.€. anreraMHeCKoe AonornHeHne coBnagaetT C

I+
MMHOPOM, €Crn CyMMa HOMEpPOB CTPOKK u ctonbua ( J) - YeTHOE Y1CIo, U OTNn4aeTcsa OT MMHOpPa

I+
3HaKoM, ecnu 1) HeuyeTHoe uuncno. Hanpumep,

Ay = (_ 1)2+3M23 =—My,; Ay = (_ 1)3+1M31 =M.
Mpumep. HanTtu anrebpanyeckme JONONHEHNUsT BCEX 3NIEMEHTOB MaTpuLbl
1 -1 3
A=l2 2 1
1 4 2
PeweHune
421 L2 1 L2 2
A11:(_1)114 220; Alzz(_l)lzl 2:_3’ A13_(_1)131 4:6’
4-1 3 L1 3 L1 =1
A21:(_1)21 A 2214; Azzz(_l)zzl 2:_1; A23=(—1)231 A =-5;
4-1 3 L1 3 L1 -1
A31:(_l)3 ' 2 1 =1, As :(_1)3 i 2 1 =9, Ag :(_1)3 ’ 2 9 =4.

Onpe,qenMTeneM KBa,D,paTHOI7I MaTpuLbl A Nn-ro nopdagka Ha3blBaeTCA 4uCcno, paBHoOe CyMMme
ﬂpOM3BeLI,eHVIl7I 3neMeHToB 1-i CTPOKN Ha nx anre6pa|/|quKV|e AONOJIHEeHUA:

n
A= a11A11 + a12A12 +.o.oF alnAln = zalsAls
s=1 (pasnoxeHue no anemeHTam 1-n CTPoOKK).
Tak, Hanpumep, BblYUCNEHMe onpeaenuTens 4-ro nopsiaka cBeAeTcs K BblYUCIIEHUIO YEThIpex
onpegenuTenen 3-ro nopsaka.
3HaHMe CBONCTB onpeaenuTenei No3BonuT n3bexaTb rpOMO3AKUX BbIYUCIIEHWIA.
CBowcTBa onpegenuTtenen
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1. Ecnu kakasi-Hnbyab cTpoka (cTonbel) MmaTpuLbl COCTOUT N3 OAHUX HyNen, To e€ onpegenuTernb
paBeH Hyrto.

2. Ecnv Bce anemeHTbl Kakoii-nnbo cTpoku (cTonbua) MaTpuLbl yMHOXMTb Ha uncrio & | 1o eé

onpegenntTesib YMHOXUTCA Ha 3TO YUCIIO
3amevaHue. 3a 3Hak onpepgennTena MOXHO BbIHOCUTb o0 M MHOXUTENDb NtoBOW CTPOKM UInn
cTonbu; 3a 3Hak MaTpuubl MOXHO BbIHOCUTb o0 MHOXNTEND NULLL BCEX SNIEMEHTOB.

3. [lpu TpaHCnoHMpOBaHUN MaTpuLbl €€ onpeaenvTenb He 3MeHAETCS: ‘ ‘A‘
4. Tlpn nepecTaHOBKe ABYX CTPOK (CTONOLOB) MaTpuLbl €€ onpeaenvTenl MEHSET 3HakK Ha
NPOTUBOMOSOXHbIN.
5. Ecnu anemeHTbl ABYX CTPOK (CTONGLOB) MaTpuLbl NPONOPUUOHanbHbI ( B 4aCTHO-
CTW, paBHbI), TO €€ onpeaenuTens paBeH HyIHo.
6. OnpepenuTens KBagpaTHOW MaTpuLbl paBeH CyMMe Npou3BeaeHnIn aNemMeHToB nobon eé

n
A= ZaisAis :
CTpoku (cTonbua) Ha ux anrebpanyeckme ONONHEHNUS, T.e. s=1
7. CymMma npousBeaeHuin 3N1IEMEHTOB KakoM-nbo CTpokn (cTtonbua) maTpuubl Ha
anrebpanyeckue JONOSIHEHMS ANEMEHTOB APYron CTpoku (ctonbua) STon MaTpulbl paBHa Hymo, T. €.

iaiSAjS:O opu 1 # j
S=1

8. OnpepenuTens MaTpuLbl HE U3MEHUTCS, ECIN K ANIEMEHTaM Kakon-nmbo CTpoku (ctonbua)
MaTpuLbl TpubaBuTb dNEMeHTbl APYron CcTpoku (ctonbua), npegBapuTenbHO YMHOXEHHbIE Ha OOHO U TO
Xe yucno.

9.Ecnu kaxablit anemeHT |-t cTpoku maTpuLbl npeacTaBnsieT coboit cyMMy ABYX CriaraeMbix, TO

onpepennTtesb aTON MaTpuLlbl paBeH cymme onpe,qenMTeneVl Takux MmaTpuu: y ﬂepBOVI N3 HUX I -A
CTpOKa COCTOUT U3 NepBbiX CliaraembliXx, a 'y BTOpOVI — N3 BTOPbIX. Bce ocTanbHble CTPOKKM Yy BCeX TpeXx
MaTpul HE USMEHATCA.

a;p T By A By Ay Ap + By Bp
ay ap Ay Ay @y Ap

10. Cymma npounssefeHunii Mpon3BoNbHbIX Yncen L'~ 27°°'™n ya anreGpanyeckne OOMNONHEHUS
anemeHToB ntobow CTpokM (cTonbua) paBHa onpegenqTento MaTpuubl,
NoJly4eHHON U3 AaHHOW 3aMeHOVi 3NIeMEHTOB 3TOM CTPOKM (cTonbua) Ha yucna L' 27"’ =n

11. Onpegenutens NPon3BeAeHNs ABYX KBaApaTHbIX MaTpu1L, paBeH NPOM3BEeaEHMIO UX

Cl=|A-B

Hanpuwmep,

, roe C=A. B; A n B - maTpuubl n-ro nopsigka.

, AB = BA, |AB|=|BA|

3ameuaHue. /13 ceonctea 10 cnegyet, UTO Aaxe ecnu .

MepeyncneHHble CBOMCTBA ONpeaenuTenei No3BoNnsaT CYLLECTBEHHO YNPOCTUTbL UX BbIYUCIIEHME,
0COBEHHO onpeaennTenen BoICOKMX NOpsiaKkoB. [Mpu BblYMCIEHNN ON-peaenuTeneit uenecoodpasHo Tak
npeobpasoBaTb UCXOAHYO MaTpuLly C MOMOLLbIO cBOMCTB 1-9, 4TOObI Npeobpa3oBaHHast MaTpuvla umena
CTpoKy (nnm cTtonbeu), coaepxa-Liyto Kak MOXHO GonbLue Hyrner, a NoTOM HaWTK onpeaenuTens
pasnoxeHneM no 3Ton cTpoke (ctonéuy).

onpenen nTenem:

4 6 -2 4
1 2 -3 1
‘A‘:4 _2 1 0
6 4 4 6

Mpumep. Boluncnnts onpegenvterns YeTBepTOro Nopsiaka

PeweHune. MNpeobpasyem maTpuuy Tak, YTOObI B 3-11 CTPOKE BCE 3NIEMEHTbI, KPOME o;u-loro
obpalyanuck B Hynb. 118 3TOro YMHOXUM, HanpuMep, anemMeHTbl 3-ro ctonbua Ha (-4) uHa 2 n
npubaBnM MX COOTBETCTBEHHO K anemMeHTaMm 1-ro n 2-ro cronbuos. PacknagpiBas Nony4yeHHbIN
onpegenuTens NO 3feMeHTam TPeTben CTPOKKU, Hangem

25



4 6 -2 4 [12 2 -2 4
12 2 4
1 2 -3 1 (13 -4 -3 1 33
Al = = =1-(-1""| 13 -4 1,
4 -2 1 0|0 0 1 0 0 1 6
6 4 4 6 |-10 12 4 6

MonyyeHHbIV oNpeaenuTenb TPETLEro Nopsigka MOXHO BbIYUCIUTL MO NpaBuiy Tpe-YrofibHUKOB Uin
C NMOMOLLIbIO CBOWCTBA 6, O4HAKO MOXHO NPOAOIHKUTb yrpoLleHne matpuubl. «OB6HYNMM» B matpuue
TpeTbero nopsigka anemeHTbl 2- CTpokn (Kpome ogHoro). [ns aToro anemeHTa 3-ro ctonbua matpuup,
npeaBapuUTeNbHO YMHOXMB Ha
(-13) n Ha 4, crnoXnMm ¢ anemeHTaMmn 1-ro n 2-ro cTondLOB COOTBETCTBEHHO:

12 2 4 |-40 18 4
A=12 -4 1={0 0 1
~10 12 6 |-88 36 6

PacknagpbiBasi N0 anemeHTam BTOpOVI CTPOKM N BbIHOCA obLwune MHOXMUTENM, nony4yaem

.a|-40 18 5 1

Al =1-(-2) g g =D (B)18 I=-144
Mpumep. BbluvcnnTb onpegenutens TPEYronbHON MaTpuLibl

2 -3 5 0

0 3 -2 1

0O 0 -1 3

O 0 0 4

(KBagpaTHas MaTpuua Ha3biBaeTCs TPEYIOnbHOW, ECNN BCE €€ SIIEMEHTbI, PACMONOXEHHBIE HIKE (MK
BbILLE) FMaBHOMW AMaroHanu, paBHbl HYIHo).

PacknagpiBas no nepBomy CTOJ'I6LI,y, nony4yaem

2 -3 5 0
3 -2 1
0 3 -2 1 » -1 3
=2-(-D)*0 -1 3+0+0+0=2-3 +0+0=
0 0 -1 3 0 4
0 0 4
00 0 4

=2.3(-1) -4+0=-24.
Ha yactHOMmM npumepe y6e>|<,u.aemc;| B TOM, 4YTO onpegennTesb Tpeyroanoﬁ (I/I, o4yeBUnaHO,

AvaroHanbHOI) MaTpuLbl paBeH NPOM3BeAEHUI0 3IEMEHTOB TIaBHOWN AMaroHarnu.
O6parTHas maTpuua

-1
Ona kaxgoro udvcna a0 cylecTByeT obpaTHoe umMcro @ ,  Takoe, YTO mpow3Besde-Hue
a-at=1
=, ,D,J'Iﬂ KBaﬂpaTHle ManVILL TOXXe BBOOUTCA aHanorm4Hoe noHATue.

-1
OnpepeneHue. Matpuua A Ha3biBaeTCs 06paTHOM MO OTHOLUEHUIO K KBaApaTHOM maTpuue A,
€CInu NPy YMHOXEHWM 3TOM MaTpuLbl HA JaHHYI0 Kak cripaBa, Tak U crieBa nonyyaeTcs eQnHu4Has

mMaTpuua: A_l A=A A_l =E .

W3 onpeneneHns crieqyeT, YTO TOSbKO KBaApaTHas MaTpuua umeeT o6paTHyto; B 3TOM Criy4ae u
obpaTtHas MaTpuLa siBMSieTCs KBaapaTHOW TOro e nopsiaka.

OpHako He kakgast KBagpaTtHaa matpuua nmeet o6paTHyro. Ecnn a# O SIBNSieTCA HEOOXOANUMbIM U
-1 -1
OOCTaTO4YHbIM yCloB/eEM CyLLeCTBOBaHUA Yncna a , TO And cyuecTtBoBaHUA MaTpuLlbl A Taknm

A\;tO.

yCcnoBuem aBrdeTcA Tpe6OBaHI/Ie ‘

#0)
Ecnn onpegenutenb MaTpuubl OTIIMHEH OT HynNA q ‘ , TO Takaa KBadpaTHas

26



u u (pu|A|=0)
MaTpuLa HasbiBaeTCs HEBbIPOXAEHHOW, UM HEOCOBGEHHOM; B NPOTUBHOM Cryyae -
BbIPOXAEHHOM, NI OCOOEHHOMN.

Teopema (Heo6xoQuMoOe U 4OCTaTOUYHOE YCIIOBUE CYLLeCTBOBaHUSA 06paTHOM MaTpuLlbl).

-1
Ob6patHas maTpuua A cyliecTByeT (M €4MHCTBEHHA) TOr4a 1 TONMbKO TOrAa, Korga ucxogHas
MaTpuua A HeBblpoxaeHHasi.  MoxHO gokasaTtb, YTo obpaTHas maTpuua UMeeT BUA

A’1=i~;&;(jA|¢O)

A , W

roe A. KBagpaTHas Martpuua n-ro nopsiaka, anemMeHTaMy KOTOpOW sBRstOTCs anrebpau-yeckue

~ !
A! . ai' = Ai' = A'i ,
OOMOMHEHMST  3NEeMEHTOB  MaTpuubl ,  TPaHCMOHMPOBAHHOM K A ) ] !
i=Ln; j=1n A 5 .
. MaTtpuuy Ha3bIBaOT NPUCOEANHEHHOW UM COKO3- HOM K maTpuue A.
Anroputm BblYMCNEeHUA 06paTHON MaTpuLbl
1. Haxogum onpegenuntenb ncxogHonm matpuubl. Ecnn ‘ ‘ o , To matpuua A — Bbl-
Al A

poxaeHHas n obpaTHasa maTpuua He cywecTtByeT. Ecnu , TO MaTpuua A — HEBbIPOXXAEHHas

1 obpaTHasa MaTpula CyLlecTByeT.

!
2. Haxogum matpuuy A , TPAHCMOHMPOBAHHYIO K A.
3. Haxogum anrebpaunyeckne 4ONONMHEHUSA 3NIEMEHTOB TPAHCMOHNPOBAHHOW MaTpULibl

A=A (i=12,..n; j=L2.n)

1 COCTaBISIEM U3 HUX MPUCOEOUHEHHYIO MaTpULly A.

a; =A;=A;(=12,.,n; j=12,..n)

ij
4. Beluncnsiem obpaTHyto maTtpuuy no gopmyne (1).

-1
5. MNpoBepsieM NpaBubHOCTb BbIYUCIEHNS 0OpaTHOW MaTpULbl A nucxoast U3 ee onpeneneHns

A7A=A-A"=E (n.5 He obsAsaTeneH).

1 -1 3
A=2 2 1
N y 1 4 2
MNpumep. Haitn matpuLy, o6paTHYO K AaHHOMN:
IAl=21+0
PeweHnne. 1. Onpepgenurtens mMatpuubl , T. e. matpuyua A — HeBblpOXAeHHas U
-1
obpaTtHasa maTtpuua A cylwecTByer.
1 21
A=|-1 2 4

3 1 2

!
2. Haxogum matpuuy A , TPAHCMOHUPOBAaHHYIO K A:

!
3. Haxogum anre6pamqe0|<me OONOoJNTHEHUA 3NeMEeHTOB MaTpuubl A N cocTaBlidemM U3 HUX

0 14 -7
A =A; A=[-3 -1 5
A 6 -5 4
NPUCOEOUHEHHYIO MaTpuLy -\, yuuTbiBas, 4YTo
1 ~
At=""-A
A

4. Bbluncnsiem obpatHyto maTpuly
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21 3 3

0 14 -7\ = —i —i i

L1 21 21 21
A :2—1 -3 -1 5 E _i i
6 -5 4 21 21 21

A -A=A-A"=E

5. MoBepsieM NpaBUbHOCTb BblMUCIIEHMS 06paTHOM MaTpuLbl MO hopMyram:
(pexoMeHayeM B 3TOM yGeanTbCs CaMOCTOSATENBbHO). [N HEBbIPOXKAEHHbIX MaTPULL BbIMOJTHAOTCS

Wik

cnegywowue ceonctea: 1) |AI ;
o (W =A g (AT = (A (W) =), (AB) =B AT
PaHr maTpuupbl

Ons peweHna n nccnenoBaHnda pdaga MmatemMmaTtn4ecknx U npuknagHbiX 3agad BaXXHoe
3Ha4YeHne nmeetT NoHATUE paHra MmaTpulbl.

B mMmaTtpuue A pasamepom mxn Bbl4EpPKMBaAHNEM Kakux-nmbo CTPOK ” CcTON6LUOB MOXHO BbIYSIEHUTb

k <min(m;n)
KBagpaTHble nogmatpuubl k-ro nopsgka, roe . Onpegenutenu Takux nogMmatpuy,

Ha3blBalOTCA MUHOpPaMM k-ro nopsagka matTpuubl A.

Hanpumep, 3 matpuubl A3x4 MOXHO MONYYNTb NOAMATPULbI MEPBOrO, BTOPOro U TPETHEIO
NopsiAKOB.

PaHrom MaTpuubl A Ha3biBaeTCsi HAMBLICLLUIA NOPSAOK OTAMYHBIX OT HYNSI MUHOPOB 3TOWM MaTpULbI.

PaHr maTpuubl A o6o3HavaeTcs rang A, rg A nnm r (A). VI3 onpegenenunst cnegyer:

A r(A) <min(m;n),
a) paHr Matpuubl ©  MXN He NPeBOCXOAUT MEHBLLETO U3 ee pa3Mepos, T. €. ;

6) r(A)=0

TOrga v TOJIbKO Toraa, Koraa afieMeHTbl MaTpulbl paBHbI HYIHO, T.€. A:O;
N r(A)=n

B) ONSA KBaApaTHOM MaTpuubl N-ro Nopsaaka

HEBbIPOXOEHHad.

Toraa v TonbKo Toraa, koraa matpuua A —

1 3 0 4
A=[3 2 0 1
-1 0 -3

Mpumep. Bblumcnutb paHr maTpuubl

A,, 1(A)<min(3;4)=3 )
PeweHune. [ns matpuubl = 34 ( ) ( ! ) . MpoBepum, paBeH Ny paHr Tpém, ans
3TOro BbIYMCIUM BCE MUHOPbI TPETLETO NopsaaKa, T. €. ONpefAenuTeny Bcex NogMaTpuL, TPeTbero
nopsiaka (UX BCero 4, OHU NoNy4atoTCs NPU Bbl4EPKMBaHUM OOHOTO 13 CTONGLOB MaTpuLbl):

3 0 4 10 4 1 3 4 1 30

> 0 1/1=0 |30 1]/=0 B 2 1|=0 [3 2 0/=0

10 -3  po-3 |2 -1-3 P -10
r(A)<2

nOCKOﬂbe BCe€ MMHOPbI TpeTbero nopdaaka Hyrnesble,

13

. Tak kak cyliectByeT HeHyneBoun

r(A)=2
MWHOpP BTOPOro nopsiaka, Hanpumep , TO .

B obwem crnyyae onpegeneHne paHra MaTpuubl nepebopomM BCEX MUHOPOB AOCTAaTOMHO  TPYAOEMKO.
[ns obneryeHns aToW 3agayvm UCMOMNb3YIOTCA Npeobpa3oBaHMs, COXPaHSALME paHr MaTpuubl.
HasoBem anemeHTapHbIMW NpPeo6pa3oBaHUAMMU MaTpULlbl CleayoLme:

1. OTOpackiBaHWe HyNeBoOW CTPOKK (cTonbua).

2. YMHOX€EHMe BCEX 3NIEMEHTOB CTPOKM (CTONOLA) MaTpuubl Ha YUCIO, HE paBHOE
HYIHO.

3. ameHeHWe nopsigka CTPoK (CTON6L0B) MaTpuubl.
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4. NpubaBneHne K KaxXaomy 311EMEHTY OOHOWM CTPOKM (CToNbLa) COOTBETCTBYHOLLUX SIEMEHTOB
OPYron cTpoku (cTonbua), yMHOXEHHbIX Ha foboe uncro.

5. TpaHcnoHpoBaHve MaTpuLbl.

Teopema. PaHr maTpuubl HE U3MEHSIETCS NPU ANeMeHTapHbIX NpeobpasoBaHnsX MaTpuLbl.

Mpun n3yyeHnn cBoNCTB onpegenuTenen bbino NnokasaHo, YTo NpU Npeobpas3oBaHMAX KBagpaTHbIX
MaTpuL UX onpeaenuteny nmbo coxpaHsaTCs, TMBO yMHOXAalOTCS Ha YMCOo, He paBHOe Hynt. B
pes3ynbTaTte COXpaHAeTCA HaMBbICLLUN nopAaaoK OTIMUMYHbIX OT HyNA MUHOPOB I/ICXOLI,HOVI mMaTtpuubl, T. €.
€e paHr He U3MeHsIeTCs.

C NMOMOLLIbIO 3J1EMEHTapHbIX npe06pasoBaan7| MOXHO npuBecCcTn MaTpuly K TakK Ha3blBaeMOMy
CTyneH4yaToMy BuAy, Korga Bbl4MUCrieHne ee paHra He npeacrtaBndeT Tpyaa.

Matpuua A HasblBaeTCA CTyneH4YaToMn, eCiv OHa MMeeT Bug

8 Gy e A e By

Az 0 a, .. 3, .. a,
0O 0 .. a, ay

a; #0,1=L2,...,r; r<k
roe .

r<
3ameuaHume. Ycnosue BCerga MoxeT OblTb JOCTUIHYTO TPAHCNOHMPOBAHNEM MaTpULb.
OuyeBUOHO, YTO paHr CTyneH4YaTon MaTpuLbl paBeH I, Tak Kak MIMeeTCa MUHOP F-ro nopsgka, He
PaBHbIN HYIHO:

8 8 .. By

0 a, .. a,
=a,; Ay .., %0

rr

0O 0 .. a

MokaxxeM Ha NpYMepe BbIUYMCIEHME paHra MaTpuLibl C MOMOLLBIO 3NIEMEHTapHbIX Npeobpa3oBaHui.

0 -1 3 0 2
2 -4 1 5 3
-4 5 7 -10 0
-2 1 8 -5 3

rr

A

Mpumep. Hantu paHr matpuubl

a,; =0 a, =0
PeweHune. 1. Ecrin , TO MpW NepecTaHoOBKe CTPOK unun ctonduos AobuBaoTcsa TOro, 4To

. B oaHHOM npumepe nomeHsieM MecTaMu, Hanpumep, 1-10 1 2-10 CTPOKM MaTpuLbl .

a,; =0 oA

2. Ecnu , TO, YMHOXasq anemMeHTbl 2-1, 3-1 1 4-i CTPOK Ha noaxoAsLume ymcna (MMeHHo Ha

-a,la,, =0, —a,/a, =2, —a,/a, =1
217711 ! 317711 ! 417 711 ) 1 NpMOaBnssi NoNy4YeHHbIe YMcilia COOTBETCTBEHHO

S o a
K aremMeHTam 2-i, 3-i1 1 4-i cTpok, AoGbemcs Toro, YToGbl BCe anemMeHTbl 1-ro ctonbua (kpome — 11)
PaBHAMNMCH HyIO:

2 -4 1 5 3 2 -4 1 5 3

o -1 3 0 2 0 -1 3 0 2
-4 5 7 =10 O 0 -3 9 0 6
-2 1 8 -5 3 0 -3 9 0 6

3. Ecnu B nonyyeHHon matpuue Ao 7 0 (B paHHOM crniyyae A = -1=0 ), TO, YMHOXas 3NeMEHTbI

L -a,la,,=-3, —a,/a,,=—3
3-11 1 4-iA CTPOK Ha noaxofsiime Ynucna (a UMeHHo Ha 327 %22 ! 427 =22 ) ,
Jobbemcs Toro, YTobbl BCce anemMeHThl 2-ro ctonbua

a,,,a .
(kpome 12 722 pagHanuck Hynto. Ecnv B npouecce npeobpasoBaHuii Nony4aTcs CTPOKM (Unu
CcTON6UbI), LEMNVKOM COCTOSALIME 13 Hyrnen (kak B JaHHOM nNprvMepe), TO oTOpacbiBaeM 3Tu CTPOKM  (Mnu
cTtonbupl):
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o O N
|
-
o O O

3
2
0

(@)
O O W -

2 415 3
) (o 13 0 2}
0 0 000
rlOCJ'le,D,HFIFl matTpulda wmeeTt CTyﬂquaTblﬂ Bl/lﬂ, n COOEPXNUT MUHOPbLI BTOPOro nopsaaka, He paBHbIe

2 -4
=-2#0

HYMO,  Hanpumep . MoaTomy paHr nonyyYeHHOW CTyneH4YaTon, a cnegoBaTenbHo,
W OaHHOW MaTpuLbl paBeH ABYM.
3AOAHMUE. Bouluncnutb onpegenurenu:

L 3 2 1 4 3 5 32 4 1134
a)253; 6)3—2 8| B)41—2 2 0 0 8
3 4 2 1 -7 -5 5 2 -3 "3 00 2
4 4 7 5
2 3 4 -5 4 2 1 11 0520
a)|8 7 =2|; 6)|5 3 -—2|; B) (1 3|; 8 3 5 4
2 -1 8 3 2 -1 36 "7 241
0410
3 1 5 3 3f>1_23_1
ayll 0 1f; 6)[0 1 O B)|7 1 6 > 3 4 4
1 A 31 2 2
1 3 7 6
4 1 5 25 12 3 10 )
a)[l 7 49 6) |4 )4 1 1 2 22
1 8 64 7 3 2 2 22
2 2 3 2
2 2 2 4
5. 1 1 1 2 1 0 1 23 |2 10 2
al4 5 9 6|3 -4 5 al2 14 |3 21 0
16 25 81 0 1 2 1258 "101 3
' 12 1 3

SAOAHMUE. YMHOXMTb MaTpyUbl:

R
N -

L 1 2)(-3 4 © ®)
11 -4 1)1 1 111
0 7)l5 8) 123
2) |- 9 -2|5 4 4
15 5 1){10 5
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2 1 2\(4 3 1 2 3Y4 1 2 1 1 1Y1 4
) 0 3\2 1) -11 2|0 11 1 2 32 5
| 3 2 -1)l1 2 1 1 4 9)|3 6
6) B) .
3 2 1)(-1 2 © ®)
1 -2 -1\/(-2 2 -3
0 3){3 5 1 2 -1
a) ; 3 1 2|4 3 -5
0 3 4
1 2 2)5 -4 7 1
4. -1 0)(2 5 0 2 -1\4 3 2 1 2
1 2 -1
4 307 1 -2 -1 2|3 2 1 0 3
a) ; 5 5 1 3 O
5) 3 -2 -1){1 3 5 ) 4 _
S. [_2 0](2 5) 1 3 22 2 3 { 3 { 1 2
" 4 113 1 ; -3 2 00 1 4 (2 0 Sjl
6) 4 -3 5S5\A-1 1 0 5)
3AOAHMUE. Hanntun obpaTHble maTpuubl Ans MaTpuL:
L. 3 2 1 -2 -1 2. 3 4 1 11
a) ; a) ;
2 1 6)|3 1 2 2 6)| 5 4 3
1 2 2 10 5 1
3. 2 -3 2 -1 0) |4 3 2 1 1
a) ; a) ;
4 7 6)| 5 3 -6 2 6)|0 2 1].
-1 -2 3 31 2
S 2 3 4 5 -5
N1 oa) 6|1 2 2
5 7 2
3AOAHME. Haitu paHr matpuupbl AByMS cnocobamu:
1. 1 3 50 2. 1 2 1 4 1 211
2 4 7 1 01 -1 3 2 515
3 7 2 1 2 5 1 11 3 819
4. 1 4 3 2 1 S 1 -3 50
01 -1 -2 2 3 -1 3 2
0 9 5 5 -3 2 3

2 4

Tema. CucteMbl MIMHENHBbIX YpaBHEHUN
K cucremam nuHenHbIX ypaBHEHUI NPUBOAUT MHOXECTBO MPUKNaAHbIX 3agay.
OcCHOBHbIe NOHATUA U onpeaerneHus
Cuctema m nNMHENHbIX ypaBHEHUA C N NepeMeHHbIMU UMEET BUA
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Ay Xy + X, et A X e+ X = b;
Ay Xy F AppXy e+ X F o+ Ay X, =D,

Ay Xy + Ao Xy o+ LX)+ A XD

mn“*n~m* (2)
a;,b,(i=12..,m; j=12,...,n)
roe - NPOn3BOJ1bHbIE YNCJ1a, Ha3blBaeMbleé COOTBETCTBEH-
HO K03dhdULMEeHTaMM NPU NepeMeHHbIX 1 CBOGOAHLIMU YNleHaMu ypaBHeHUn. B 60-
nee KpaTKOI7I 3anuncu ¢ NOMoOLLbO 3HaAaKOB CYMMUPOBaHUA CUCTEMY MOXHO 3anuncaTtb B BuAe

Zn:aijxj =b. (i=12,.,m)
-1

(%, =Ky, X, =Ky X, =K.)
PeweHnem cuctembl (2) Ha3biBaeTCs Takasi COBOKYNMHOCTb N yucen %, 1r 72 72 O ns,

npv NOACTaHOBKE KOTOPbIX KaXAoe ypaBHEHME CUCTEMbI 0DOpaLLaeTCcs B BEPHOE PaBEHCTBO.

Cnctema ypaBHeHVMIN Ha3blBaeTCsd COBMECTHOM, eCrvM OHa MMeeT XOoTs Obl OgHO pelleHue, u
HECOBMECTHOW, €eCnn OHa He wumeeT peweHun. CoBMecTHass CUCTeMa YypaBHEHWI Ha3blBaeTcs
onpenerneHHon, ecrnm oHa MMeeT eOWHCTBEHHOE pelleHVe, U HeonpeneneHHOW, ecrnn oHa uveeT
Honee ogHoro peweHns. Hanpumep, cuctema

X, + X, =10,
. %=X, =10
ypaBHEHUN - COBMeCTHada 1 onpeaerieHHada, Tak Kak umeet eJUHCTBEHHOe
2X, + X, =10,
2%, + X, =15 3
pewenue (10;0); cuctema - HeCOBMECTHas, a cuctema ypaBHeHUn
2%, + X, =10,
4x, +2x, =20

- COBMECTHas 1 HeonpeaeneHHas, Tak kak uMeeT 6ornee ogHoro, a Tou-
. (X =C, X, =10—2c, rne c— ar000€e qI/ICJIO)
Hee, 6eCKOHEYHOE MHOXECTBO peLleHuii \ 1 2 .
[iBe cncTembl ypaBHEHWI Ha3bIBAOTCSl PaBHOCUITbHBLIMU, UMY 3KBMBaNEHTHbIMM, ECINN OHW UMEIDT
O[HO U TO XK€ MHOXECTBO peLUEHUN.
3anuwem cuctemy (2) B maTpuyHon chopme. OB6o3Haumm

a; & - &,y Xy b,

a, a, .. a X b
A: 21 22 2n ; X — 2 ; B — 2 ’

aml amz amn Xn bm

roe A — maTtpuua koadULMEHTOB NPM NEPEMEHHBIX, UMM MaTpuua cuctemel, X — matpuua-ctonbel
nepemeHHblx; B —maTtpuua-cronbey, cBOGOAHBIX YNEHOB.

A X .
Tak kak yuMcno ctonbuoB mMaTpuubl ~ MXN paBHO 4mcny cTpok MaTtpuubl ~ ™1 ux npoussepeHue
A X 8 X, T+ X

AX — dy X + Ay X+ + 3, X,
a. X +a X, +..+a_ X
mi1 m272 mnTn/ - ecTb MaTpuua-ctonbel. AneMmeHTamu
Morny4YeHHON MaTpuLbl ABMAOTCA NeBble YacTu cucTeMbl (2). Ha ocHoBaHUM onpepgene-HUs paBeHCTBa
mMaTpuL cuctemy (2) MOXHO 3anucaTb B BUae

AX =B, 3)
Cuctema N nNUHENHbIX ypaBHEHUMW C N nepemeHHbiMU. MeTog obpaTHom matpuubl U hopmyrbl
Kpamepa
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MMycTb YMCno ypaBHEHUIN CUCTEMbI (2) paBHO YNCITY NEPEMEHHBIX, T.€. M=N_ Torga MaTpuua

CUCTEMbI ABNAETCA KBAJPATHOIA, a ee onpedenuTens ‘ ‘ Ha3blBaeTCs onpeaAenuTenemMm cMcTemMsbl.
Ons nonyvyeHus pewweHns cuctemsl (2) npu M =N npeanonoxum, uto kBagpaTHas MaTpuLa

A %

cuctemMbl —  M™N HeBbIPOXAEHHAS, T.€. ee onpeaennTenb ‘ ‘ . B aTom cny4ae cywecteyeT
A

obpaTHaga maTtpuua .

-1
YMHoxas crieea obe yacTi MaTpUYHOro paBeHcTBa (3) Ha MaTpuly A , ONy4nMm

A (AX)=A"B A(AX)=(ATA)X =EX =X

. Tak Kak , TO PELLEHNEM CUCTEMbI METOLOM
obpaTHoM maTpuubl OyaeT maTpuua-crtonodel
X=A"B _ 3)
Teopema Kpamepa. NycTb A onpegenuTens MaTpuubl cUCTeMsbI (2), a i onpegenuTerib MaTpuubl,

nonyyaemown n3 matpuubl A 3ameHon j-ro ctonbua ctondbuom cBoboaHbIX YneHoB. Toraa, ecnu A+ O,
cucTeMa UMeeT eQUHCTBEHHOE peLleHune, onpeaensiemoe no opmynam

A .
X, =— (j=12,..,n)
A
: (4)
®opwmynbl (4) nonyymnu HassaHue popmyn Kpamepa. B cootBeTCcTBUMM C chopmyrnon (1) obpaTHas
4 1 =
At=—A
mMaTpuua ‘ ‘ , roe A mMaTpuua, npucoeanHeHHas Kk matpuue A. Tak Kak aniemMeHTbI

Iy !’
MaTpuLbl A ecro anrebpaundeckne AoMOMHEHUS 3NIEMEHTOB MaTpULbI A , TPAHCMOHUPOBAHHOM K A,
3anuiemM paBeHCTBO (3) B pa3BepHyTON hopme:

Xl All A21 Anl bl
X2 i A12 A22 An2 b2

A
Xn Aln AZn Ann bn
Al=A
YuutbiBass, 4TO , Nony4YmMm nocne 